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MOTION IN INCOMPRES.SIBLE FLUID OF VARIABLE DENSITY 
By Santi Ram Mukhrrjee 
Mathkmvtkh Dfpartmrnt, Aiiahabad Univuwity 
(Yiminunicated by Prof \ C Banorji 
(Received on 2nd April, 1042) 

Motion 111 incompressible viscous fluid has been investijfated by various workers 
Oseen and others have investigated the uniform motion of a sphere^ and an 
ellipsoid’ through a uniform viscous liquid and also calculated the resistance ex* 
penenced by these bodies Bairstow," Filon* and others* have treated the problems 
of the steady translation of circular and elliptic cylinders and cylinders of arbitary 
cross section" in a uniform viscous liquid and found the resistance in these cases. 
In this paper motion in viscous liquid of vanable density has been discussed and 
solutions of hydrodynaimcal equations ansing out of motion have been obtained 

in series Three cases, where density p is given by (i) p= (>0 P = Po (1 + ^) 

and (ill) ^ being a constant and Po, the value of p at the ongin, have 

been treated. It is believed that motion in viscous liquid of variable density has 
not been considered before 

Neglecting extraneous forces, when the fluid is incompressible the equations 
of motion are 

D« . ni 

Do dp , — 1 




dp 


du , 


dur 


With where |* i* constant and p variable. 


d» 
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Following Oseen,' we write U+u for u and neglect terms ot the second order 
in u, V and w. These latter symbols now denote the components of the velocity 
which would remain if a translation — U were superposed on the whole system. 
The hydrodynamical equations accordingly take the forms 




P dx P 


dx p Cy 


‘hx 


I" + 

d-j f> dx p 

, 3m , 3r dir . 

with -t- '' 

ox ay 


(A) 


P = Po/(H 

The equations (A) then become 


Ax) 


TT 

3« 


1+A® 


U 

3® 


Po 

3x 

tt 



14X® 


U 

3® 


' ' Po 


TT 

3«' 


14- X® 


U 

3x 


Po 

3* 

3« 

3w 

. 3 IP 


3t 

; + 

dy 

3* ' 

=0 


Lot M=«Mi + Mj, t; = i)i + vi and +Wj such that 


3® Po dx 

[ ^ ^ 

3x Po dy 

3«’i 1 + Ax dp 1 + Xx „ i 


Vhii-~p 

Pi) 


(Ai) 



(AM 


(A',) 
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Let US first consider (A'l) 

Tf there be a velocity potential ^ such that 

9* 9« , 9« 

we get the modified form of (A'l) to be 

9«i l + Xa- 9p X 

9 j Po or Po 

9^ _ _ Ij+X-r 02J 
9a; Po 

u"""' 


provided 


9x Po 9a; 
with V** =0 


l + Xa- „9* 
— p=U^ 


I 


( 1 ) 

( 2 ) 


Now for Mg, vt and iPg we consider (A'll 
We can write (A'l) in the form 


9m ; 

9a 

I (l + Xir) V*r, -2 /m } =0 

{ (l + Ar) V*M'g-2/M^*-} -0 


X 


.u ^Mg , 9t>g , 9 m’| f. 
with — -^+ =0, 

CT cy cx 


where 2 / 1 = 


Upo 


8ince the vortea lines iiuist be circles having the axis of r as a common axis, 
we may assume 

c n - . 9X ... 

l=o,n- - 3,.;- j- . • w 

where X is a function of x and lo (the distance from the axis of x only) 

Now { (1 + Xa-) V* -2/., ~ I + XV =0 

{ (l + l:. V 


(1 + Xir) V’ 


X ^ 
|A h 

I dp 

dx f dx " p dx 


( (1+ W V -2k. ^ ^ =0 •■>■1 { (1+ W-2k. i 
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We know 



"dwt dvi 


Zwt 

and 

9t;i __ 



by 

_ 

' dx " 

dx 

9* 0t/ 



1 (l + Xr) V* -2A, ^ 

Kt-- 

3a; 

■) = - 

^|S + w 

(1 CX 

*7r, 


] (1 + X®) V* -2k^ ~ 

i(®f - 

9«, 

). 

-XV’ 



l 

car 

1 V 93- 

9?/ 

/ 

|1 07/ 



that 








1 

(1 + X*) V* 

h) 

= 

XV*«, 

_ X ^ 

(1 0* 


(4) 

{ 


C = 

-XV’r 

. X ap 

’ u 


(6) 

?'n _ 

9 ; ^ ^/9«, 

1 __ bv’i 


0 ( eVi 





'ey 9* 1 9* 

9 * 

/ 9^ V 9a- 

0V / 




= - 

9*t/’8 _ 

9*vi 

1 , 9*«i 




9** 

cxbz 

9yej 9y' 

1 




= + 

d*Vt 

-1 

4 , ^ 




9** 

V “ 

dz[ 

iy 

ex j 




^ S*u, 
tx* 

9*m, 

9t? 

9xV 

a«,\ 

ei"), 

0M, 

Since ^ + 

9t)t , a7£i 
by 9* 

= 0 


= V*?f* 







Similarly, 


.ndl? 

cy 

_ 

9a; 

= V*/^ 




Hence, substituting the values of V* 

toj and V*i>i in (4) and (5), we pet 



{(l + Aa-lV’ H 

' (X-2A 

1 ^ 

’' 0 r 

},=■ 

_ 1 ^ 1 ' 

|i 9* 




i (l + Xx)V* + ; = -^ 3 ^ since| = 0 by (3) 

Now eiibsiitutiDg the values of t| and from (3) in the above equations, we get 
the equation to determine X to be 

j {1 + X*)V* + (X-2Aj) 1} X = |- 2» («) 

an i^itive function of j only being obviously irrelevant. 
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5 


2kr -^={l + Xa:)V*u,+-^p 






2ki -^= (1+irr) V*t., 




= (I + It) 


,„=-^(l + W f-- 


1 ,, , , , 3X X f 9X . 

•Ik, 

I ,, , , , ax X f 5x . 


Now wp hftVfi to find the form of X Riven by 16) 

a*M V*+(l-!l,) -|-= ^‘-r= “ 8 * »«>» W 


Turning to the solution of the above equation, we find that since the problem 
IS one of preferential motion along the axis of x, we are justified in considenng the 
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solution of in the form ♦=R. S, where R is a function of x only and 8 that 

of w and ^ only, where w= and tan 0= so that from V* ♦•=0, 

y 

we get 

“ -^-^ + RVi*5=0, where 


-^Txvv 1 u-u. v i + -J^T 

This 18 satisfied if we write 

■^^-A,R=0 and Vi*S+4S=‘0, where is an arbitary constant 

Whereby RasCieV* *+<■1 e~ >/**, ci and ct being arbitary constants 
and =B'^ J, (Pi oi) } «0, if ^=pi* 

or B;I„ (P.m) }^ 0 . ifi=-p,‘ 

In the differential equation for X we put X«» VS, where V is a function of x 
only, so that 

I- = » 8 ^ 

Then we get 

s[(i+w(4jT-iv)+(i-5(,);JJ]= /w- •'« s 

So that V 18 to be determined from 

where R=ci *+ ric * 

Put 1 + Xa;=b'i so that fia-ssfl®! 

Henc, (0 -iv)+R- 21.)£. 




2 kt 

I 


_L ^ 

Xi dxi 


d*V ^ dV , „ 6 dR . X-2jfc, 

r + «;^;;:-fcriV=--^,wherea=-^-‘ a 


d®7 d®i 


2 kj 

X 


Let us first solve Xi + a 4^ -fet, V =0 
d*i dxi 
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Let V= A, X\ =sAi Xi’”' +Aj xi'"^ + + Aj Xi"" + — 

Substituting for V we get 

Ai iHi (/Mi + ffl-1) xi®' — Ai A, xi”' 

+ As i», (w, + a-l) x,*‘-' - A, A 
+ Aj w^^ (wi + rt-l) — Vj A 


No 


+ A.-1 /«i-] («/i- i + rt-l)x,"-i‘ A, iAxi'",-i + ’ 
+ A, Uli (h«j + 0-1) — Ai k Xi“i+i 


(7) 


From (7) we get wi, (wij+«~l)=0 «ii=0 or l-« 

>«j — l=wii + l or ;«i = i«i + 2 

Wg««ti+2 

«=wi +4 

HL = mi + 2(«-l) 

and Ai-iA = Ai »W((mi+a-l) for 6 ^2 

A. X i* Xi* At/ 

A.-i ?»« (»L + a-l) (wi + 2s — 2) (»«i + 2s+a-3) 
— ¥ 0 as s ■ — 


Hence, the series thus found is absolutely and uniformly Convergent for all 
values of Xi 

Now the roots of Wj are zero and I— a 
X— 2Ai 2Ai 2Ai 

1-0*1 X ""X ~X~ *** integer, either positive or 

negative, we get two independent senes for ntt =0 and , Aj obviously is not 


2Ai 


happens to be an integer other than unity, the solutions in that case 


W.U b. [v].,4«.d[^].,.„ 
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AgaiD, if \=2Li, our equation wiil reduce to 
d*V b rfR 

-j — j— i:i.V= -"T -3 — , 

X\ dxi 


whereby the eolutione can be easily found 


A, - 

A,= 


(»ii +2s-2) (»Mf»-2s + a-! 

(wi +2) (wt + o+1) (/«i+4) (/«! + « + 3) 

V 


1 , for At 


(»»i + 4)(wii + iH»«i + o + 8)(»«; +a+l) 


A* 


(/Wi + 6)(hii + 4)(?«i + o+5Hmi + o + 8K»Mi +fl + 1) 

Hence, 


Aj, etc 


V= 1 + 




f E, F beiDK arbitary 
constants 


(wii +2)(mi +(7 + 1) (»»t + 4)!»?i +2)(»«i +a + 8)(/«j+fl + l) 

, AW . 1 

(«ti + 6)(«» j + 4)(wi +2K»»i + a + 5)(ni j + a+ 3)(«ii + ot + 1'"’’ J ’ 
where Aj is an arbitary constant 

For the particular Integrals wo write the equaUon as 

+ « dV ^y_ h dR 

dzi* Xi dx\ Xi* dxi 

The complete solution is given by (9) V=BV, + AV j 

Jxidxi 

Now let us consider the integrals contained in A and B .4fter substituting for 
R we find that they are of the form — 

6VT| ^ “Cl* e~'^^ j aii'’ dxi, where 9=1 or 2. 

Thus we see, we have to evaluate integrals of the form 

j x^* dx,ii kia positive 

and 1 1 atx, x^' dx, if & is negative 

J sin J 

or j x^' log X dx and | lo* *■ 

But the above forms are integrable. Hence, the solution of V Csn be obtained 
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Again, X Vs and siiuo X is a function of * and w onlj, S must he independent 
Hence, S is a fuintion of o) oidi Heiu c tlic ((pintion for S bn omes 


wlieuby J., ip, ©* 

oi T» (P. to) 
Thus X has been found \gun ♦ is gneii 


Ihusi X has been found \gun ♦isgi\pnb> ♦-RS Hciu c, we ( an hnd the 
value of p fiom (?), sun e ♦ is known Substituting the value ol Xi Mj, Fj and fCj 
can be determined and 4 being known, we can g(t I’l and I hiis a complete 

solution of the problem has been determined 


The equations of motion become 

m 

dx ^afl + Xa^) dx #>oll+Xa:)'^ 

H r7»„ 

dx Pa (1 + Xr) a© (l + Xar) '' ’ 

TT ^ 1 H T-fi 

^ dx ~ Pa(l + kx)dx'^ Po(l + Xx)^ 
dll .Sv, dir f. 


». u(i+w|;=-|j;+i.v’. 


M CM . dv . Civ 

with a + ?^ - + — = 

cx cy dx 


=tri +irt, such that 


Po (l-f lx) + Po UXmi= - j^+hV’mi 

p,na+u®,"j =-®J’+i.v’», 


w,.h + f > +“a =0 

dx dy cx 
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7^9/ a 

Po U (1 + Xi) ~^~Po U Xtti=nV*W| 


Po ud+M - 


Po U (l + la;) 


^x 




*.th f"'+ ?-•+ ^<^=0 

9a: cy 9* 


Fust wo cnii«*i(ier the omutioiis (A,'). 

If there be n \eloeit> potentiul ® Rncli that 

£* _ 




oy 


nnd 7^ 1 " — 


we get the modifiod form of ( to be 


Po U (l + Xa)l-‘ 


Po U(1 + Xt) 


9i/'i 


- 

dr 


dp 
~ dx 


9* 


(A,') 


provided 


P-Po U (1+lx) 


Now for Ui, Vi nnd //•, We consider (A/) 


111 the form 







ei--" 


. dui , iVi ,diVi „ i n, _Upo 
with 5 * + « * + -5- =0, whore 2/ 1 = — 
ct oy ex H 


Hinop thi' vortex lines must be < ireles hnving the nxis of t as a eommon axis, 
Wft may nssnnie 

ov riv 

(3 ]) 


to 9X . 9X 


where X is a function of x nnd (o (the distance from tl)e axis of tf) only 
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3//J 

1 + 1* ix 

_ 2L 1 X v/ij 

1 + Xa: 5 // 


1 additivo fiiiiotioii of f <»tih beitipr ob\ KiiisU irrdfn mt 


= ‘V X " + * I 1 

' ‘ ‘ 1 + X t I + ) I \ 9* cy / 

_ 1 (^-'5^+315^^ 

' I+Xj H-X»Uy'‘ 5**/ 
I + XtB/"* lu + Xx) ^ J I 


1 _ 1 /5§ (ri\ 

■ 1+Xa^ I'-tX/ (<y'9a-) 

1 1*^ 

■ 1+Xa 3®:* 


_ _Lr_l ^,/rl 

_ir 1 5X, /• X 3X 

2A:iil + Xa;f* J(l + Xcr)*9* 


Now let US turn to (b 1) which may be written as 


Followinn the same argument, is in Case I, and writing 

/itf 

♦=R8,X = V8 and l + Xx-XsTx, where ^-XR- 0 and Vi’S + K8=^0, 
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we get the equation to determini. V to be 
id^V 


i'Z f. 

Let 118 hrst get the Coin|ilcmentar> function given by 

V.-0 


Let V = i P; -fi * + + |is 

S = 1 

Substituting, we get 

(ii //M* y/"' ■ ‘-Pi UiX«/i + /.)x-,"'- + ‘ I 

+ lij -pj (2/. iAW2+/e) 'j/"*'*'* I 

+ P, {.>4ilwj+/.)xi'"‘ + ‘ I 

+ ' =0 

+ 1 

+ p,- !?«*/_ ‘-p,. I + 1) ^ + ‘ 

+ Pi /i""‘ ‘ -P; ilkihn, + A) Xi’”s + ' 


From this we get 

7«1* = 0, 

7«1 + 1 = W2 — 1 


Pi wii* Pi-i f2A,* X J«i - 1 + L) or 


nil - 0 

mi = mi + 2 

nts =7ni+2=Wi +4 

7Ati=7Wi + 2 (a-1) 

PiXi’ 2A:iX7ni.i + X , 

Pi-i " m* 

_ |2AiX (t«i + 2 a-4H A;} 

(«ti + 2v-2)* 


Hence, the senes thus found le absolutely and uniformly Convergent for all 
values of Xi, 
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Since the two values of Mil have toiucided into one vi/ xeio the solutions 
will be given by 




by suitably modifying the .iibitary constant 
Now B = 


V il. + 

Uni + ‘’s- 


■41 + / , 


B,: 




(wi + 21 


, Bi Bh 


_J/i^(w<i + “>) + / , 
(/wi + 4l‘ 


V,X (;«,-» ’)+/ 

(//i M)> 


„ 2/ Oni +4) + / V iMwti + ‘’)'''/ ^1 I It 

(»rti + 6)* (w +4)* (i«i+»)* ^ 


/i^r«i+/ 

(mi+’l * 


\r-Ti 1 r, , ‘’/iJ^»'i_+/ , , V,X(//, + 2)+/ /iA/i/, + / 

V-JliM [1+ (,,, ^2)» '* + (///,+4)* (;//,+ ^)‘ '■ 

, Vi^0«i+4) + / /,M7ni + 2ljW V,h>u+I , 

(j«i + ())* (wi+4V’ («<, + ’)* ’ 

where Bi is an arbitary constant 


0V 


2li\(mi + 2)±k Vjhn +/ I V|X 2 l 

mi +4)* (mi+'l’ l2/il.(mi+ )+k ^fiknii-^l ?/ii+4 mi + 2J 




^ ■ 21 jk ( wi + 4) + / /iA(wi + 2)+_/^ 2/iXm,+/ 

(mi + (i)’ (mi +4)’ (»«!+>)' 

21 j k 2Lik 2 2 ^ 

2liX (mi + 2)-tA; 2/iXwi + / mi + h mi + 4 mi + 2 

so that 

m 1 


/iX iTOt+4) + / 


Vi = 


[3m 1 jwi =0 


Hence the complete solution of (6 1) is given by 

X = S(BVi + AV,l wheieS=Ao Jb iPi to\if pi» = X 

or Bo lo (0f to), if Pi* = — X 

A- *1^1 


JO A - XiiXiT i , 

and A=E~2X,X j Vit>/ • ®i 

F+2XiX Jj~V,e/ ®1 


E and F being aibitary 
constants 


and B- 
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The forms jjiveii in A und B are integrable ns in Case I Hence, we can have 
a complete solution of (A|) 

Cask III 

p = f>0 e-^ 


The equations of motion become 


j |ie' 

9a: Po 9a: p 

j ft) _ _ dp 

9a- Po W 


M 

^ V*« 

Ho 

M 

- V’p 
I'o 


u ‘“Ip+C'-’v.,,, 

9a: Po cx Po 

. 9« , 9» . 9«’ A 
with ^ + ^— + 0“=^* 
dx dy ?* 


Let «=«i+«j, +»j and = 

such that 

U V - 

9a: Po Po 

£7® Po oy Po 

9® Po 9* Po 

. 9/<i , cvi ,dii I _n 
with + - - + — =0 
9® dy dx 


uf 


u «»! = i«r v>, 

c® 




17, 


FT 

^ 9® " Po 

j. ^ 


9® dy 


V*M7, 

0 


First we consider (A'j) 


(A.) 


(A',) 


(A%) 
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If there be :i velocitj potentinl such that 

c* 9# 9* 

ox ^ cy ' 9 * ’ 

we get the modified form of ( to bo 

X. 3«, _ cp 

1 1 ;r— — ^ p 

OX Po C3 I'O 

TT ^ ^ Cp 

^ 9® “ Po fy 


9?Pi dp 

?T Po f* 

With V*4^“0 

9* 

provided IJ 5— = — p 

Cx Po 

We now write (A''«) in the form 

V*-2/., = 0 

9 «, 9 pj 9 «», ^ L o; Upo 

with + “s— + =0 where 2Lt = — 

cx cy cx 


Since the vortex lines must be circles having the axis of x ns common axis, 
we may assume 


E=0, T, =• 


n 9X 
■ d%' ^ dy 

where X is a function of r and w onl), where (Ois the distance from the axis of t 
Proceeding as 111 Case I, we get 


(3 2) 





_ 0/. 


-h-^ V 

V.+ ^ 



\ 

‘ CT / 


[A cy 


or 

1 VU 1 



p OX 



{ e’^V‘+| 

- ?x, 

)fj 

t= A 3y 
^ li 3y 


80 that 

{e**V+( 

Xe^ -•2i, 

)4}« 

= A e^’*' p 

(h-J) 



1() MATHI-MATICS h n MUKHFmFn 

an additive function of x only being obviously irrelevant 

2 /.. + 

£*T Jl ^ 




whereby 


2/., 

’'’•=2? 


Now we solve for X given b> (62) 

,** VX t (X.»* -2i,)“= ‘ /' ,, = "-i" X 

dx n ^ H Sr 


I* 


wheie V'#' =0 


Following the same argument in Ciise I and writing ♦ = RS and X = X^’S, 

./ip 

where -KR=0, V i *8 +KS=0 and X* is a function of x only, we get the differ- 
ential equation for X' to be 

or 4 ^ +(X-2A, -/.X*=2AiX ~ 

ox »r ax 


^=x,, ie,Xx=log“ 
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dj^ 

dx ~~ dxi dx ^dxi 



Sabstitutug, we get 

h’ I? +*■ f '§-^ 

Let US first find the complementary function eiven by 

DX*= X' xt * ^ + 2 X,Xa;t* ~ -Ar =0 

uXi nX\ 

Constructing an expression 

V =Coa!i* +ciaJi*+^Cf xi®'*'* + +Cu xi“+” + 

we have DV=co{X*a(a-l)— A.} xi® 

provided 2 AiX 1 (a+ — 1 ) =s|X*|o+n) (o+n~l)— A} c« , for uSl 


So the indical equation is given by 

X*a(a— 1)-A=0 
c* xi _ 2XiX(a+n--l) 
c«., ^X*(a+«) (o+«-l)-A^* 


Hence, the series thus obtained is absolutely and uniformly Convergent for 
all values of Xt 

Now X^a*— X*a — A =0 

X*±>/X*+4AA* X± ^/x*+4A 
“ " 2X 

If the roots ui and oi do not differ by an integer we shall get .the two solu- 
tions as 

5tl* = lv]a«o, Bod Xj = [V]a,a, 
for»Sl 


Now 


" X*(o+«) to+n— 1)-A * 

2AiXa 

“‘“xWiii-t'* 
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_ 2ki\{a^l) _ 2iliX (a+ll 2kxka 

X‘(a+2){o+l)-il®‘~ X*(a+2)(a+l)-l \HaA)a-k 

_ '!_ ^ ^iXfg+lL UiXa 

X*(a+d>(a-r ) / X»Ui+2)|a-l) + X X‘(a+l)a-/ 

Hence 


V 


g / , . 2k,Ka ^XiX(o+l) >1 Xa , 

-Co*! [ 1+3^ (a+l)a-X ‘ X‘(a4- )(a + l)-X X’(^+l)o-X®‘ 

. 2XiX(a-t- ) V,Xfa+_U ZXiXa , 

■*'X*a+3)(a + 2)-/ X*(a + 2) a + l)-/ XV+l)a-X 


) 


Hence the complete solution is given by 

X=S(BX,*+ \X,)® where S= \o Jo IpiO)) iiPi* = / 

- Bo loiPtO)) ifp,* = -/ 


ind \=F 

B= h + ^X, {^X, Ui 

which are integrable 

Now R=< 1 e^/^ ^ +c , e 


F and F being arbitary 
I constants 


= tieA log 


-s/i 
e ,e X 


log 


1 

■fi 


- c'l (a,i) 


y/i , Jk 
A +c a(a;i) x 


Hence a complete solution of (At) is found 

My best thanks are due to Prof A C Baner]! for hie kind help and encourage 
ment in bringing out this paper 
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THE ARMS OF A SPIRAL NEBULA IN RESISTING MEDIUM I 
By Bru Basi Lal 

Mathematics Department, Ailahabau University 
(Tommuuicttted by Prof A C Baiierji 
(Received on (rd August 1942.) 

In this paper we have investigated the actual path of an ejected material from 
the equatorial plane taking account of resistance The space outside a nebula is not 
totally devoid of matter, and thus the ejected particle would travel in resisting 
medium Moreover Eddington’s* theoretical researches ns well as Plaskett'^ and 
Pearce’s observational investigations show that interstellar space (within the confines 
of the galaxy) 18 not empty blit 18 fitted with a veiy rarefied gas of “Substantially 
uniform density” 

We have assumed Banerji’s* configuration of a rotating gaseous mass of uniform 
density which surrounds spheroidal homogeneous mass of incompressible material 
The total intensity of attraction /**** at an external point in the equatorial plane is 
assumed to be made up of two parts — one part is due to the attraction of the larger 
spheroid of equatorial radius a and density and the other is due to the smaller 
spheroid of equatorial radius K# n and density (l>o”Pi) 

Now, 


2 4 2n 2n+3 ^ // J 


By keeping only upto 
Hence we have 


Ao»2j«i’'(l-e’)*Pol{Ko*+~(l-Ko* )} =2;r«Vo 

A,-2iio''(l-e*)SoU’e*{K,‘> + ^(I-Ko‘)) =2.,r aVo(l-e*)*a*c*oi 



A- 

’« + .3 
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where 




a. — ^ 3 . ( 2 n*~l) 2 ( »» a«+8 4 . ?i / 1 _ K 2»+8 \ 1 

"- 24 2n 2n+8 H 

(a) ResisUnce* varies as , where v is the velocity and r, distance from the 
centre 

The radial and transverse components are — ^ ^ and — ^ rP where L is 
constant and small. 


Equations of motion now become 


-r- : 


( 1 ) 

( 2 ) 


1 du 


ff ) +2«~® «* +«■“ ff*=(A«+ . . A, f 

Equation (2) becomea 

) = -Li- 
# s= Ao— Lff*H 

here Ao is constant, when 4=0, u^Uo, we have Ao=n*ci) 
where o) is the initial angular velocity. 

Now equation (3) becomes 


( 3 ) 
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where higher powers of L are neglected 
Now put 2 =wi 

By putting the values of TTi Po, aa end (o’, we see that m is less than 1. 
Le, m 18 snuill and less than 1 
m < 1 


_ ««£o_r 1 . 

ate* 



Oo««* 

“ J 

keeping terms up to e* 



To the first approximation we oan 

take the value of d*'*’ 

\ 4 oo / ' 

^ 8in~' 

2tt-m«o n \ 


—e'mtto 1 ^ (mo “«)(*<+ M od “!w)l + ■ ] 

I 6oo«o ' " ' fto «+«o(l”w») ‘ 

'hua we have 

d*u , muo f t j. Gjg* t «* 1 

. Lwmo r / , . ai»i*e* e* \ I -i 2«-»iUo TT ^ 

+ te. "Til"" 

Oo«o \ (2— »»)wo / 


witto 2tt-«»ttol j_ <*'«* .1 2t«-Nma _TT\ 

2^ "" { 2 =^. / + aS? I 3 r” (2-mH., 2 ' 
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+ «,> .in-' ] + 1 

where E is the cuQstBnt of inteii^tion, which caa be found out by putting 
the initial conditions, m=«# and ^ = 0 
Here we introduce new constants 

®= ]t 2 ^ 


, 2Lwtfo F/ , lOjotV e'wl , 2u -'mut _ TTU ) 

+ ~Ao‘ (2-»w)«o 2)r^ 2 / 


, sf 2 «:lwmo all'll 


- e^mut 2 — ^]V(«o-«)[« + Wo(l-”»*)l 


d$ ~ ^ (m 0 ~ tt)t« t Mp ( I — w)] I 


, 2LffiUe f / , . oiwi’e* e* \ I **” 2 , 

— t) — 


I 2tt~wMo TT ^ 


m) [u+u, (1~w)J 
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^ \ 40,1 2 ) ^ oie* ^ \ (2 ~/« )mo 2 / 

y(Mo - «) [m + Uo ( i — »M)T ao«o* L (M6-M)lu + ?to(l”«l)] 


3 // («o~w) l» + «o 


. zu—mua II 

8m ~r, r — n 

, (J— ot)?/o 2 

"«)[“+ «o(l-»i)] 


L 6aof<o* V ({to-ttHtt + Mod-wj)! 

(2— m) *wo 


*«o* / -1 '2u—mu^ TI ' 

y __ (2-w '»t ^ 

(?to — ?t)f« + «i( 1 — ml] 


Mo <v/(«o -«)[»+ Mo M« 


/ . . 2 u~inuo TT 

12 — 7»)mo 2 


IJfJ‘ 


'^(uo — u) [m+Mo'I—w*)] 


Uto-M)* [m + «o (1 — W<)]i 


»m(t\( . 1 2u—fn Uo TT ^ 

2 (2~m)uo'~ 2 ' 

}(md~«)[m + Mod- r«)J }* 


rfw |. Ml g 

(«o~m) («+«♦ (1 »»)] a# M 0 ' 


Afiili 
»J >“»- 


^ ?n«Mo + Bi Mo* 

-tt)(M+Mo(l“»»)I ^ 


f /* “* / .1 2u—muii TT \ 

I I i (Mo “M)tM+ Mod -»»)]}* 

.,B 

* J {(«o-«)[m+mo11~»»)]}1) 
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j-SH- f (“-T-h . _aL, 

I 6aoU$‘ J 2(«o 600W0* 

!)««,» f («"'* jr. 

B J («.-uV I 


(2-«i)«a 


1 2u--muo TT \ 

J — Wt^Mp 2 / 

lu+ttod-TM))’ 


j du 1 B (2-m)Mo 


J (Mo-m) lM + Mc(l-ff*)t M« 2 

(mo-m)’[m+MpII-»j)P ^ J 


Henc« we get 




c |_®i \/{«o-m)1m + MoI1- 

(2'm)ttp * I 6atMi 

+ -B./ u«-u ) LwiMp f.. . aiwV _ 11 ) 

“0 M+Mo (‘—twj ) fco I 4oo 2)1 V {'>-~‘m)uo 2 / 


I , u+tt«(l— wi)l . I, , » 


-log 


a < + « o (l-7w) 


(2— w)wp'''* Mo“« ) ' V* ‘ 4op *” 2 /(2“W»)ue ” Mo-u 

cic* f f/rt , V f r (2~ffl)*«p*-’(2u-wmp)* 1t , (2--w)uo _l 

"Sootto* 1 L i L (2-m)uo J ^ * - (2«-»:«oT’]* i 

r (2 «-wi« 4) _.i 2u-m«o 1 

" (2- m)«o J 

dm*Uo* 1 . {2u-mut) ] 

1(2— — (2m— wu«)*J (2— wl* 1(2— w»)*Me*-(2M-»iMpPT* j 

3m* ut . M+Mod-wi ) Mofw* i„_4/ (2~- vi) *Mo * - (2m - 1 

+ 2(2-.«) J / 

* {- f - !&[(>-'•- “-±^> 

- A+i JlOg{tt*-M)[M+«,(l-Wt)J 
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(2-7W,*[ — ! ' ? . l ”i!!£o — -)' “ 1 lor\'^^^ 1 

:^-^o 1 

-e’mMo I - 

IJaoUo {i~m)uo 

., "U-WMa TrU„ ^ 

_-.'S ”) wi)*Ho*- 2 m wwq)' 


r -r k 

l-ao«o 


«r« «o-« 




I ^ 1 ^ 

Wq- 

+ log\/ (2 - myuo*-('u- mut » * 1 ■) 1 


7 j(2M - tnua) 


( — W Mq 


We substitute i loguo~u) + i log (u4MoU~»«)l’“log^-^ — for 

log\/— -^ 7 ® — i;dL_'?Moi gn^ g^m „£ j^e coefficients of all the terms 

<2->« t/o 

which become infinite on putting initial conditions, vanish 
Hence we have 

,=(l±HVa, ) Zur.™*. . 1 I 0, '',»Fi;fR+«. U-«l 

v 4oo M ( 2 -m )«0 I } "I fiootto 

+ uq-u •) hmuo \i l+aifn'e* e*\ I i ^U'-muo n\ 

, *<o u + Uo{[-m)) ho L' 4ao 2/ V <2 - m uo Si / 

K 2 - m) *Mo'~ (2 m - wi« o) * li 

_. UlC’ I r . /n , I r(2- w)*Mo*-(2M-WM,)* ]j ■ ( 2~ot) Mq I 

I I L U^)«o J [(2-wi)’uo*-(2M-mM,)«|4 I 

/ ?M 1, .1 2k -WMo 1 

I 1(2- OTj*Mo ’ - (2« -l«Mo)*J ^ (2- w»/Mo J 

+ f (2«-?»Me> r-llFsin-^ 

(2—»i)* 1 1(2— jn)*Mo *”■(-«'' w*w»l*]f J JL (2-wijM# 2 J 
- [2(u-«.)-j».„, { (.m ‘ |ES)’- (7] } ] 

lt‘2- w»)*mV* “I'-M-inttorJ* 
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[(2-w)*Uo'-(2tt-m«c)'li 

A )] l 


With a little siraplificatioii we ffet 


■»,». ''iB.-n) l«+». 

i6ao«o 


_ \ 

Ui ' ^^+UoU“«^) ) 

■ I iu—muo TT'\ 

" (J-w i)uo 2j 




V (J-jw)uo g / j .^ 2u — tuu o n\ (^)e* 'J(u„-’u) l7/ + «o (l“w)| 

v'(«o— m) l« + «o(l“»»)l \ (2— tw)«o 2/3ao»to' 

‘2Be*»< . it + u«(l-W.4 Ojc’ , V 
wi)®® (2~»w)tto 9 o««o* 


l 2u-w«o _ TT\* 

(2~w)Mo” 2/ 


L 4 12(2-^)* “3 24j“ 




la order to see the curve at a sufficieotly great distance we expand the above 
in powers of — , keeping only upto ^ and neglecting its 2nd and higher powers and 


« r 2 p4‘fw*e*ai '\ e*ai»»* . e*wB(2-»w) 

*ttoL2“»«' 40o /” 12ao 

Lin I 1 r 2(ct-C|7n) _ / m . TT^j (2~»t)*C;~wc») 1 

” Ao 1 ^1-fnL (2'-wt) "’\2-w 2/1 2U-»«) 1 

,a,c\, ^u/_2 /TT ■ m \ m ] 2Be*w 

”*^M2-»n b 2 -»i/2(1-wj)J U-»n)(l-m) 9ao 

. a,e'mn H / m . ^^/. . wiVaA »we*oi(l-»i)J 

+ 25,1^1 J:iFs*2H‘*“isrr 6«. 
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*»jB . Lot f / Ci~eiOT \/ m TT \ 
-OTji Ao ^ 2 j 


, ^TT . m \( ate*(l— , 2Be*w, \—m 4 c*Oi 


2 -wA 3a, 

which can be put in the form of 


(2— w) ^2— w 9 Oo 


^ ®(Ai —AjWo *) — ’‘~ks’¥LiUQ* (4) 

«o 

where A], Bod ki are all conetanta and = ~ (constant) 

o 

Thus the curve given by equation (4) is a deformed spiral 
In the end I wish to record my respectful thanks to Prof A C Banerji, for 
his keen interest in ray work 
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ON THE THEORY OP A SPIRAL NEBULA II 
By Bru Ba8i Lai. 

Mathematics Department, Allahabad University 
Ciominunicated by Prof A C Banerji 
(Received on 3rd August, 1043) 

In this paper we have assumed Banerji’s^ configuration of a rotating gaseous 
mass of uniform density which surrounds a spheroidal homogeneous mass of incom- 
pressible matenal The size of the central ma|^ is assumed to be small compared 
to that of the outer boundary of the gaseous structure. We have investigated 
the actual path of an ejected matenal from the equatonal plane In a recent paper,' 
I have worked out a case of a rotating spheroidal central mass of a small but finite 
dimensions and uniform density surrounded by a spheroidal structure of rotating 
compressible gas of variable density 

Lindblad' has considered the case of a condensed point nucleus which is sur- 
rounded by a spheroidal galaxy of stars of uniform density from which arms emanate. 
Now recent investigations by Plaskett* and Pearce about our galactic system show 
that ** the whole galactic system is immersed in a gaseous substratum consisting of 
atoms of various elements . . . the separate atoms while obeying ordinary gas laws 
participate in a rotational movement around a distant central mass lu galactic longi- 
tude S-6' so for a mathematical investigation it seems proper to assume that the 
central core is surrounded by a gaseous mass instead of a galaxy of stars, as assumed 
by Lmdblad. Moreover Eddington’s* theoretical researches as well as Plaskett’ 
and Pearce’s observational investigations show that interstellar space (within 
the coniines of the galaxy) is not empty but is filled with a very highly 
rarefied gas of “substantially uniform density” Smart* remarks “Tne observed 
feature of galactic rotation may be ascribed to a highly concentrated central mass 
together with a uniform spheroidal distribution of matter” For mathematical 
anal) SIS we have nsnumed a configuration in which there is a central rotating 
spheroidal core of homogeneous and iDCompressible material whose density is Pq 
and which is of smalt but finite dimensions This core is again surrounded by a 
rotating gaset'us configuration of mean density Pi which differs slightly from the 
actual density at any point of the gaseous mass, where Po^Pi 

The total intensity of attraction f* at the external point in the equatonal plane 
IS assumed to be made up of two paru, vtx., one part is due to the attraction of the 
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\uger apbsroid of equatorial radiua a and density Pi and the other is due to the 
smaller spheroid of equatorial radius ko o and density iPo —Pi) 

Now 

/'=2n( l-e«)* [!“T{A's»Po + P.a-V)) + i ^ {ifco‘Po+Pi 

~3 + Pi (1 


,18 (2n~l) 


2 4 2« 2«4-3 Y 

By keeping only up to e'", 


+ 

Y Y 


where Ao = 2TTa"(l-e’)%o 


-(l-4'’)}=2TTaVoa“'’*)*ao 


Ai=2rro* (l-eYPoa’<‘*l{/lo‘+ =2na'‘Po ll-e*)Vp*a, 

Po 


. , /, 13 2«-l 

A«=2ITa- a-e’)p,-^ jj- 

=2170* (l-c*)ipoa’"e*''ao 


-e*)*a’p*ai 


ao = SUo*+^(l-A(,’)J 

Po 

Po 


J”ri 5_. II *>«+ixPL/i-1„*«+s)} 

2n 2«+3 ^P, ” 


In addition to the force of attraction f there is also a repulsive force pro- 
portional to the distance from the centre of the core which follows from the general 
theory of relativity Thus the repulsive force is p*r where p* is very small 

The equation of the orbit of an external particle which has just been ejected 
in the equatorial plane is 


dju 

du* 




A-'-i-ife 


where ~ and p* w very small 
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The effect of some such disturbing factor as tidal action will be to cause a slight 
perturbation but this leaves A unchanged, i.e, Asa’wiwhere o) being the angular 
velocity. Therefore 


, +E 


-p [ f"'* • sin ■ 

where E is the constant of integration We can get the value of E by putting the 
du ^ 
d9 ' 




Ao (m-«o) ^ 


An 
2n + 






Putting 


where w is ¥ ve and less than 1 On substituting the values of Po, TT, Uo and w”, 
we see that m is actually less than 1, i e., m <\ 

By keeping terms only up to e’ we have 

L J 


/ 


A'tio*#/' 


(wo—w)* |^K + We(l~w»)+ ^ 


J («,-«)! «+«o(l -♦»)+' 
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By keeping only up to p* tile Ist part can be put in the form of 

I __ du _ I f du 

{ho- w)i(M+no{l~»t)J» 1 J (m# — + Woll “ wi)Jl 

uodtt I 

These on integration give 

log 


1 2 u — w mq _ _ 


^u+t/ ei I - »t) + Vn - «j)(Mo “ ««)) 
V» I 


. W «o-w . fi yi</-l-//o( l-m))|><o ->/) 

A'MoMii — wHl— ml* ’ If + 2A*/<o*U— // 

Now wo take the “’nd part i e 


wiffof’ 



+ + I (I// 


By keeping lerms only up to p’ we have 

1 r f 

WJttoC — M) 4 [u+Mo(i-Wl)J' 

. p* f (u^+uufhuo^Hu+ t/Jdu 1 

A*«o’ j tt’lUo-tt)il«+MoU-»n)h J 


fflMpC^ r I" du J 

M L»'(«0 - «)*!« + “oil 


3p* f f}L'*'J!o]du 


These on integration give 

,7 Bin ‘ \ 

L3ao«o* I 2 (2— mlttoi 

fill n + I </ “tt~« 

(2-»n)l8ao' ’ J «+Mo( 1-»«) 2aoA*«o*il”«i)* ti + Wpll-wtl 

, «iwip* 1 ( o/tt+MpH ~wi) I 


_ _aiyp» (l-»-»«^-OT) f ■[ MjL p l ,1* + v ^ «o7«_ I 

2aoA^Uo *(1 - «)(2 - tup r Lw + «oIl “«») J ^M+Mo(l-m) I 
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_ _aL + . f ^/m-wod -m) + y(l- wi 

2ao A’lto'd-w/i*®* 1 y— 


+ — .r 4 / {«+wo(t — »» }(!-»») iup—u) 

- ^Hiog I yu-¥ Uo{\-Tn)+ j/jl-m) up^) | j 

+ _ , i^J'^tf+uon ^)+y(\-myuc^) \ 

JaoA’«o‘(l-»«)’ ( / 




hi 

L I w+ttod-w) 


|. ^ Hq 1 .a ^ Uo~u 

’^«+Uod~«») J ^« + «oU“W 


”y*- J Ho- u 4.1 J Ut-u 

* ' M + uod-^) 

_j-. ^ 1^ f«+tt>(l -ni)-f v^d-»»)'Uo-u> l 

^ A «o*d“W)i I / 1 


^~h*u 


)*d-M)’d-wj)* L l it+ttod-m|J ' ft+Mod-m)J 


_3 l*!>« >/[» + w«n - m l(tto -tt) 

A‘Mo*d-»n)® u 


h losrj 


</w+«td-m)4-y(I-w) wp-t/) 1 

yir ^ 


|J«L X ll %*>” A _ J uo-u 

14 *} 2A'«o*(l-»w)* ’ A*Mo *( 2-m)d -tn)* ^ « + «od ~ w) 


-i-. 




r . ( («, - u)(l - Wi) U _ W (i - m) 

I. ’u+uod-m)^ tt+Mod-wi) . 


_ J , ■ >** .?* V «9-e< 1 

A*«o*( 2 “»»Ul”»»)** tt+uod--m)J 

Thus we have 

„ . . _ .8 __l**w / v'u+M,(l-m)+ fu.-u^ 

2 A*tt,*d-»«)* I * — 
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+ r, J . ^(f<o-M)( M + «o)a-ffl) 

A*ttoM2-w)(l-m)*’' M + MoU-wi) ” m 

__ muoax ^ " ^(ug — u) [n+Mp (1— w)] 

3ao««o* 2 


Mq- U 


[ fa+9w 5wai j + /7o( 1 - m)+ (l-m)(Ho-n) ] 

4A''moMI-w) 5 1. 2 *ao / ^ I 7^ ) 


2h*UQ 


wV * I (H-»»*-7w)ai 1 1 1 «o -u 1 i 

•(I— w)’(2-)«)* 1 3ao * J !«+ ! 

^i!__ %+»»(! - m)J [np^ j ^ 


^4F«7 

where c is the constant of integration We can get the value of the constant by 
noticing the initial conditions, te , u=uo end 9=0, we have 

n/,.e*wroi\. n*w ...1 r p’ 1 6 + 9/» 5wmi 1 _ol 

V a, 1 H 

Hence, we have 

.. TT/. . e’'m*ai^ . n’w , ,, ,[ e’ (f) + 9wj Swioi 1 ,,1 

*+ i ^ - -irl ’i 

2«- m up , . f >^(l-w)(»o-« ) ) 

(2-m)Uo ^h*uo*(l-7n)i •Jji I 


- mup 

-m)uo 


. .r wJMoa, ^(uo~«)[m+«#{1~w1) J.W** t 

L~8W T"' ' 4 (2-» 
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, f °t_3 \ '^i//+ «o iL— ?«)]<«o-«n . 

4A*Mo*( 1-»*)“' Oo u 

J Vq-u •^(Mo -«)[t<-»-Ma(l-w)] 

A’m(,*(2-»»)(1— + 2h*Uo\l—m)* ti 

To see how the ejected particle behaves at a sufficiently great distance we 

expand the above terms in powers of — and keeping the terms only up to neg- 
Mo »0 

lecting its 2nd and higher powers and also neglecting 8rd and higher powers of 


^ 

2 u-mno , n*»» (3 w-4) (% ''*• 

^3 _ !**w 2-m H . p* \u^ . m u f S-Tw y..] 

^ 2(l-wt) WoU^wtj 

4. » r I mti* / 6-f9?w 5wiai \ 2— w> \ ■ 

^ L ISA'ttd* (l-m)i\ 2 Co / l“WiJ«o 


1 + 


m 2u-wwo 

2(l“w) ’ Mo J ^ 4 a# ’ <2-m)«p 


+ 2*5T,TTi-«l*ia-».)‘“ • S} 

I ilK I ”* “ 

4 A‘Mo*(l-»«)l\ao Mq »»/ J J 


With furthei^ simplification, we get 




4ap / w^Ufl—wt) t 2 
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m / c*w*ai \ ti*w>(6--6m ) 1 . i\ 

^(2-«i)r^ 4ao / 4A*«o*{2-w)a-TO)* [ 

_m 

(2— /») 

mV*e* fa, 

8A’Mo*'l~»w)iVao 

_ H r 2 ^i*(24-2ot)* j. *i W ftA*(‘2— ?w ) / 6+ 9 w_ Rwa i ^ 

+ ]2(i”7r 

m'ai m* oi 1 wi* *(2-»n)* /oi i['\)1 

^ 12ao 2 ■ oo * 2—m 32A*«o‘U— fw)* Va® /)J 

We introduce new constants 


\ n*m r e* 1 

1 6 + 9m 

5moi| Jj 

J'’'4^Wo*(l-»«)«L2ll-«i)' 

1 2 

0, i J 


. m (, . |t*w(6 — Stw) 

■*' ^2-w)r^ 4a, 4A*«o*(2-w)(l-7n)S 

2A*«o*(2— »»)‘(l-«i)i iSa, ^ ^<*9 

+ ♦» V* . - a 

9VttoMl-w)iVao vJ’ 
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„ _ _2 n*(2 + »?)* 1 1 wn*<2- w) / 6 4-9m .waa 

‘2—m i6A*»#oMl-iH)i Lsfe’wo* 2 ao / 

+ 1&. -■’”>-^20^1 
T WJ*U* /f_l_ » \ i 1 

* P?^o^(2-»j)(l ~w*i* '3ao ^ Tiuod-'/nH 

, tti 1 /ai_-t\'| 

2 ao(2-»«) 32A*Wo‘(l~w )^ '<*0 

d I- »^>*V /oi 

4A*»/o‘(l -w*)ncto */ 

lere 

K>1 

B£1 

d C<1 

Hence, the path is simplified to 


Now — IS small, nnd — is therefore very great 
iio u 

Therefore is the dominating term which will give the mam part of the 

i urve Thus we consider C ~ f K which gives a deformed spiral of Archimedes 

In the end I think it my great privilege to record my grateful thanks to Prof 
A C Ihuicrji, for his keen interest m the preparation of this paper 
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TWO SELF-RCCrPROC\L FUNCTIONS 
H C Gupta 

Christ Church Coi i eoe Ca\vnporl 
C ommunualed by Dr R Varma 
(Received on October 21, 1942) 

1 The object of this paper is to investigate functions which are self-reciprocal 
in the Hankel transform of order v and following Hardy and Titt hrairsh we shall call 
such functions Rk The functions are obtained by the application of the theorem' 
that if f{y) 18 Ri, then the function 

g(x) =1 f(y) {xy) ~ _i) (xy) dy (1 1) 

0 

18 R», where Hv (*) is Struve's function defined by 

’ ^ r(r + i)r(v + t + !i) 

r =0 

= (4*^+1 iF,(l,^,v+3, -i*’) 

It 18 interesting to note that the Rv functions investigated in this paper are 
in the form of generalised hypergeometne function rFs 

2 We know* that e *'+* T®" Ir*) is Rp or skew Rp according as n is 
even or odd Let us take v = l and w to be an even integer Then 

f{y)=yU-^' T," (y*) 

18 Rj Taking this value of f(y) in (1 1), we have 

Oix)^ j {xy) !/’ e Ty-iy*) dy 121) 

0 
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Now the series for y iy) IS uniformly convergent in any arbi- 

trary mtervai of values of y and the fnnotion 




18 continuous Also the integral (21) is absolutely convergent Hence we may 
integrate the senes in (2 2) term by term Thus 

1_ J/lllil V (-iyV V (~vr(i + s-r) r<«-s+r+g) 

r(«-t2)-^ r(r+§) r(iv+r+l)r(i -r)^ s!(»-s)' 

r-0 i=0 

where we have used an integral due to Varma * 

If we use the formula r(*) r(l— «)=* coseos-*, it is easy to see, after 
some simplification, that the function 


/■O 


is Br. 


8 TakiDgMn(n) 


M-y'^ D*i«+, (v), 

which 18 Ri, wo have 

gfa;) =*■•''1^ (y) Bgr-i) (yj) rfy 


=S 


term by term integration being easily justified. Since* 
3n+l 
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?(®)- s 


r(r+^)r(iv+r+l)(sl)*(2m+l-s)lJo^ Do(!/)D,. (y) dy 


= V yr { (2m + l)^}*2 ^ -*‘'-^a: {r<+l^}* r(s + i) 

^ ^ (rl)' (2m + i- /•)!«! rCs+i) r(s + iv + l) r(s-r + l) ' ' 

r»0 j-0 

where we have used an integral due to Watson * 

We therefore conclude that the function 


a«+i 

^ (r!)* I2»i+l-y)' r{l-r) 

r-0 

18 R» 

My best thanks are due to Dr R. S Varma for suggesting the problem and for 
his guidance in the preparation of this paper 
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AN INFINITE INTEGRAL INVOLVING WHITTAKER'S FUNCTION 
By R S. Varma 

Mathematics dppartmfkt, Lucknow University 
(Roceived on 2l8t October, 1943 ) 

The object of this paper is to investigate an infinite integral involving 
Whittaker's function (xi The method adopted is that of integration by parts 

and it IS interesting to note that this simple method gives a pretty general result 
We start with the following integral due to Erdelyi^ 


= j y*"- J, (2VSy) Wi, „ [y) dy . . (1) 

R(v+1) >0,R(»-2»»+l) >0 andR(2«»-2A:-.-) >-J 
I, say 

Using the relation* 

(-fj' [ «*’«', +,..+,(») ] 

where 

^“1= a(a-l)(o--2) (a-p+l) 

We can write (1) in the form 


HjL+A+w) f/ 
r(A+m+2«+i) ]\ 
0 




^(-dyT f e^W^, .*+/?) ]dy 
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InteKTatiDg the left-hand aide by parts and noting that 


and henco, 


uyV\ } 


__ l-_^yY I'(v~2m-i- / i- 1) 

y Zj rirvv + ) + l)r(i--2m + / -?s+1) 


= *> 

^ r(u+i)r(v-2w?-j<i+i) 

X jFj (v— 2iii + I, v + 1, v—‘2m— '<+1 , —ory), 


we get that 


_ r (i +L+m)T (w -2w 


. 1 ' 


r(i/ + l) r(A+TO+2s + i)r(v-2wi-2« + l) J 

iF| v-2fW + l, v+1, w-2r«-2»+l, ~xy | «+/ (y) dy 


Hence we obtain that 
W, 


ia+lw---!,, i(y+k-m+i) 


<x) = e~ x' 




X T{i-lr+ m)rji + k+m) _ ( vv^, , , , („) 

^(v+l»^(v-2w^-2^+l)^a+w+2^+i) J 

X iF,|^i;-2w + l, v+ 1, v-2/w-2s+l, -riyjdy 

valid when s la a positive integer, R{k + II 0, R(v» — Cw? + 1) 0, and 

R(2m-2/c— v + j) >0 
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ON SELF-RECIPROCAL FUNCTIONS 


By P C MiTAn 
( 'oininunieated by Dr U S Varmn 
(Raceived on October 31 IMS) 
Wo know* that if f{r) is Rm, then 


18 Rf 

For n= — i, 


<;(t) = 




v = i, this gives* that 


- ^ht 


( 1 ) 


g(p)-p I # (*’) 

18 R,, if /•(»•) 18 R 

In the present paper I have used this result to deduce some functions which 
are self-reoiprooal in the sine transform 

(1) The function 

sm (t 

Using this function in (2), we get that the function 
sin \ 2 8 / 

(2) Using /tr)= — ^ in (2), 

cosh ( a: ^ a ) 

dy __ 

^ J (2^* + 2J*)cosh(t^V^-y) 

Evaluating this integral, we get that 


is Rt 


jr(p)a3 




+ 2 

»»0 2p*— r (2n+l)’ 
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(d) Takini' 
we Ket that 


ON 'iKLt'-llEClPKOCAI. I'UNCTltJNs 
cosh Ujc 




cosh(rV n) 
cosh (ij/ 


14) Taking ft 


(,‘+pW(#7T) ■'*' 

CO.| ]fV^) V i”";*- 1 ) 

o cos ip ^/n) 4])*- |2»i + l)*Jt 




r sinh ( i/V -J ) 

i/(i>)=4>J - ^ r n,v^y 

0 iy' + P’} 8inh (yV a ) 


IS Hi 

(5) Taking /■(a-) = 
we get that 


^ e.a^pV-6) - (-l)"-^‘siuW 

sin (pV~a j w=0 

cos Ia:’ + euiia:* 
cosh a ^ 


f cos jy*4- Biniy* 

^ I (»’ +i'*) co8h(jV-3 ) 

s= — c os ip* — BI D jj>* 

COS 

I am indebted to Dr. R. 8. ^«rma for his helpful suggestions 
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RADIAL OSCILLATIONS OF IHK GENERALISED ROCHE’S MODEL 


By H K S^N 

Mi.THEMATl(B DfPARTMENT Ai t AHABAI) UMVFKHITY 
Coramunitatod by Prof A C ffaiierji 
(Ktccivcd oil April 18 I94i) 

bUMVlARY 

For btuall radml oBcillationa of the genoraliiied Roche h model it bus been fouiul that the 
radiui of the nucleus must bear oertaiii defined ratios to that of the whole sphere and that only 
one mode is txwsible for a jiartioular value of the ratio The branny of this on the oiigin of the spiral 
iiebuha has been eonstdered The generalised Roche s model has further been shown incapable of 
large radial oscillations 

It 18 well known that the extreme limit of non-homogoneity is reached by the 
Roche’s model, vtx a small and intensely dense solid nucleus surrounded by tn 
atmosphere of negligible density The model so takes its name as it was extensively 
utilised by Roche m his researches on Cosmogony As the whole of the mass is 
supposed conceutrited at the ccntie, the density is infinite at the centre and isero 
elsewhere and in this lespect the model resembles the polytropic one with index 
» = '> ihat the model is not a muthematiuil fiction but has i definite physical 
bearing, has been explained by Jeans ^ 

The small radial oscillations of Roche’s model has been considered by Sterne,** 
who has obtained the penods of the different modes P L Bhatnagar, in his 
unpublished thesis for the D Phil degree of the Allahabad University, has shown 
that the model is unstable for large radial oscillations 

In his researches on the stability of a rotating comptessibie gaseous mass, 
Jeans bas established two distinct methods^of breaking up of a rotating configu- 
ration (1) fissioual and (21 equatorial A rotating mass of small central con- 
densation breaks up by fission, when a furrow forms near the middle and the 
pear>8haped figure divides into two detached masses On the other hand, a 
lotating mass of great central condensation, eg, the Roche’s model, becomes 
lens-shaped and finally matter is shed from the equator in a continuous 
stream 
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To bnd|{e over the wide nap between the two extreme uibes and efiect a 
continuous transition from homogeneity t non homogeneity Jeans considered the 
generalised Boches model vix a nucleus of uniform hnite density with an 
itmospherc of dnite extent but of infinitesimal density Jeans* * established the 
quite general result that if the ratio of the volume of the atmosphere to that of the 
nucleus be less than one third the rotating mass will brcik up by hssioi otherwise 
cquatonally 

We have m this paper considered the radial oscillations of the generalised 
Roches model bor small oscillations we have found that the ladius of the 
nucleus must bear certain dehned ratios to that of the whole sphete and that only 
one mode is possible for a particular value of the ratio We have calculated this 
ritio for the fundamental mode and we have found that the nucleus can at the 
most occupy about 30/ of the volume of the whole sphere The bearing of this on 
the origin of the spiral nebulse has been considered binally the generalised Roche s 
model has been shown incapable of large radial oscillations 

Let mitially R be the radius and p the mean dcnsitj ot the model Let the 
nucleus be of radius a and let there be a ontumons density distribution 
Po=//?o* 10 the annulus where Po is the density at a point distant lo from 
the centre and / is a constant which we shall presently allow to approach 
zero 

Now we have that mass inside the nucleus 


Hence wo have thit mass within the spl eie of ladius §o 


The value of gravity at is 


<7o=5^,lj-R*P-4Jt/ (R-lo)] 


The pressure at is 


K”p-3m J 1 

-taO/ [, |;ti - 31 ^ + 57-5— girl 
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Now as ^-so, i<o and Po separately approach 0 except in the nucleus, while 


. 43tG RV 

"•“* r ■ 

Po _ 

P« 4jtR’Gpa-T=>) ’ 

where ^ =x , 

iPffllo = X 'I 

Po l-»® ’ 

RVo«* ^ _ Sw'a 

PoY 4nOYP(l-J*) ’ 

and (uRpo^o/Po*)-*3o/a;*(l— a'®), 


(1) 


where 0=3- 4 /y. vbeMig the ratio of the specific heats (regarding matter and radi- 
ation as one system) 

Chauging from the indepeudeut variable to a*, Eddington’s fundamental 
differential equation® for smalt adiabatic oscillations of amplitude li reduces to 




where the dashes denote differentiation with respect to t 

With the substitutions (1), the difleieutiai equation (2) becomes in the limit 

(l-*’)li"+ ^)li = 0, (3) 

where 


/•- 


t)n® 

4jiGyp 


. (3') 


Equation (J) has regular singulanties** at *=0 and at *=1 The roots of the 
indicial equation ^ ® are db V Assume 


0 

as a senes solution of (31, 
where 

9= ± VH 

and we leave bo arbitrary for the present 


(4') 
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Substituting (4) 111 (B) we find that nil coefficients vanish except those which 
are multiples of 3, and that these obey the recurrence formula 


a+g'+3)*-Sa 

where X is a multiple of 3, saj X=3y, where j is integral or 0 

We have from (li) that the senes solution (4) terminates when 

/’=(3j+f/) {3i+r/ + 3) 




(b) 


Otherwise, (l) is an infinite senes which can easily bo shown to be convergent 
for a:<l but divergent for r= I (tliat IS, on the surface of the model) In this case 
we shall have, by the extension of Abel’s tlieorem* to senes divergent on the circle 
of convergence, the limit of the amplitude infinite on the surface 

Hence, the modes of small radial oscillation are given by (6), where ; is a 
positive integer or zero The value j=0 gives the fundamental mode 

The atmosphere being of infinitesimal density exerts no appreciable pressure 
on the nucleus Hence, the nucleus oscillates as though the atmosphere weie 
non-existent The modes of small oscillation for the homogeneous sphere have 
been obtained by Sterne** If p' be the density, the griviti and pressure will 
respectively be given by 

go= -^OloP'and P»=~G?*(R*-|o*) 

In this case. 



With these substitutions, equation (2) reduces to 


where 


(l~r*)E,'' + 


4-6a;* 

X 


li'+.l|, = 0, 


3» 

2«G<>^ 


(7) 

(8) 


Reasoning as in (-J), Sterne* * finds the modes to be given by 

J=2/(2/+5), (0) 

where f is integral or zero The fundamental mode is given by / ■= 0 

For the generalised Roche’s model, the periods given by (6) and (9) should 
agree Eliminating n between (6) and (9X we hare 


(8j><yX3j4»g4-3) ^ ^ 

2/(2/+f))+2a p 


( 10 ) 



48 


MATHEMATICf* • M K. SEN 


As the whole mass of the sphere ultimately condenses into the nucleus, we 

have 

\ = 1 jm’p', 

whence we have p7p”=R'/«’ (11) 

Substituting (n) in (10), we have 

«1 = Wf + ft) + ^ / I 

R' (^J+9)(3;+7+3) 

We see from equation (12) that the volume of the nucleus cannot be arbitrary 
in the generalised Roche’s model In order to give a well-defined period of radial 
oscillation, the ratio o/R must satisfy equation (12), where j and f are integral 
(including the value zero), and q is given b> (4') 

Further, the amplitude of the oscillations must agree on the surface of separa- 
tion. The values for the first three inodes of oscillation of the homogeneous sphere 
are, ns given by Sterne,* * 

/ = 0 , i, = 1 , 1 

/ = l, (13) 

mi 3=2, 3-!c‘ J 

From (fj), we obtain the following corresponding values of the amplitude for 
the^innulus 


; = 0 , ll=ftoa:^ 1 

.„d , = 2 , = + I 


In view of the importance of the fundamental mode of oscillation, we will 
work out this case iq detail 

For the fundamental modes of oscillation of nucleus and annulus, we have 
y=/=:0, and we have from (IJ) ’ 


a* g 
R*’o+ 


( 16 ) 


We do not consider the value q - '/Sg » as it will give a negative value 

for d/R, 
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We have from (18), £i = 1, and from (14), —booc^. In order that these 
may agree on the interface, wc choose /io = («/R)'^ where a/U is given by (16) 
Thus b(s 18 no longer arbitrary 

The ratio a/R given by (16) depends on the value of a which lies^’ between 
0 and 6 We cannot have a=0, as then h = 0, and the period becomes infinite. 
We very well know that the value a=0 or y= 4/3 separates the regions of stability 
and instability for radial oscillations ® Below we tabulate, for different values 
of a, the values of the ratios o/R and a®/R', that is, the ratios between the radu 
and volumes, respectively, of the nucleus and the whole sphere 
0 1 2 3 4 6 6 

rt/R 63 69 62 65 06 68 

«’/R' 15 21 24 27 29 .11 

Thus wa see that the nucleus can at the most occupy about 30% of the volume 
of the whole sphere For actual stars, a lies between’ 4 and 6, and for these 
values of o the nucleus will have about 26 to 30 per cent of the total 

volume. 

We have established agreement between the fundamental modes of oscillation 
of the nucleus and the annulus by choosing a particular value for the ratio a/R. It 
IS evident that, on putting this value of a/R in (12), it will not in general be possible 
to get a pair of integral values, j and /, (other than both zeros), satisfying (12) , 
and that, oven if it were possible to get such a pair, the pair thus obtained 

would hardly give the same value of in (IS) as in (14) when the 

chosen value for a/R Thus there would not be agreement between the higher 

modes, when the fundamental modes of oscillation of the nucleus and annulus 
agree 

A similar argument to that given above would show that the generalised 
Roche’s model can vibrate in only one mode 

We will now consider the large radial oscillations of the generalised Roche’s 
model. The instability of large radial oscillations for the homogeneous sphere has 
been shown by A C Bancrji in connection with his very interesting and entirely 
novel Cepheid theory ‘ of the origin of the solar system The nucleus, which is 
homogeneous, will therefore be unstable for large radial oscillations We will 
consider the annulus. 

The fundamental differential equations for large radial oscillations have been 
obtained by Banerji’ and Bhatnagar * It has been assumed that 
li = ai «08 wf— a, cos 2nf— as, 

where fti is a small quantity of the first order, and a| and as are small quantities 

• Unpublished thesis for Ph. D, of A U 
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of the second order in 1 1 (the aoiplitude) Neglecting small quantities of the third 
and higher orders, the equations obtained are 



„.4~v /,rw®Po av”] « 

. (16) 


,/.4-v ,.r4«*Po avl fy, 

«. +!;-"■ +|.p.7'-|;;3j»-=« 

. (17) 

and 

„ , 4--V , av 

«3 '*'"1^®® 

(18) 

whore 

v=loMo,a=3-^ 

Y 

. (19) 

and 

0,= j^il(3Y-l) + 

. (20) 


and the dashes denote differentiation with respect to 

With the substitutions (1), the diflerential equations (16), (17) and (18) become, 
in the limit, 


+ + . ( 22 ) 

„d + • . W 

where P = |^ i (Sy-l) fr'-j o(t- 1)]^ +1 (y+l) (/i’-Sn) ^ 


+ [i(I-8v)-w'](^^)’ 

. (24) 

and /■*= 9n*/(4n Gyp) . 

. . (26) 

Assume the following senes solution for (31) 


oi —al> 2 /a a:^ . 

0 * 

. . . (26) 

The roots of the indicial equation are 


^=» ± Via 

. e . (27) 
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Substituting (26) in (21), we find that the only non-vanishing co-officicuts are 
those for which 

. . . (28) 

where j is zero or a positive integer, and that the co-ell'icients obey the recurrence 
formula 




' (X+<z + 3)‘-3a ^ 


(29) 


When 

f ={\+q)(\+q+3), m 

the series (26) terminates , otherwise, (26) is an infinite senes, which can be shown 
to be convergent for a!<l but divergent when x = l (that is, on the boundary) 
Hence, by the extension of Abel’s theorem^, /'must satisfy (30) in order that modes 
of radial oscillation may be possible 

Suppose that the equation ^30) is satisfied and the series (26) for ai terminates 
Let the complementary function for (22) be 


a,= xi'i. Cx 
0 


(81) 


We find that the indicial equation gives the same roots as m (27), and the 
recurrence formula for the co-efficicnts is 


. _ (Uo)(X+(7+3)-4/ ’ . 

Cx+8-— 


(32) 


where X is of the form in (28) 

As a 1 18 a terminating series iii x, so is P by (24) Hence the co-efBcieuts of 
the particular integral of (22) will ultimately satisfy the same recurrence formula 
as (32). 

As before, we find that for the modes of radial oscillation to be possible, the 
series (31) for at must also terminate, that is, we must have 

4/’=(1+9) (X+g+3) . (38) 

Let us suppose that (30) and (33) are simultaneously satisfied and that the 
series for at and at both terminate ^ 

The complementary function of (28) is 


08=0!* S dx 


(34) 
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where the indicial equation gives the same roots as in (27), and the recurrence 
formula for the co-efficients is 

(W 

where X is of the form in (28) 

As before, it can be shown that for the radial oscillations to be possible, we 
must have 

(X+g)(A+94-3)=0 . . (36) 

Hence, wc have that the equations (30), (33) and (36) must be simultaneously 
satisfied in order that inodes of radial oscillation may be possible From (27', we 
have the following two cases . 

Case (rt) 

It 18 evident that (30), (33) and (3b) are simultaneously satisfied when 
}.=q—f=0 In that case, we have from (25) that n=0, or the penod w infinite, which 
means that the sphere is in neutral equilibnum This is also evident from the fact 
that when <7=0 then a=0 and Y=4/3, from (19) We know that the value v= 4/3 
18 where the transition from stability to instability sets in for radial oscillations * 

As we can have only the positive root in (27) for the Roche's model, we obtain, 
as a particular case, Bhatnagar’s result* that the Roche’s model cannot execute 
large radial oscillations 
Case (5). q=-V35; 

As a lies** between 0 and 6, in this cose one possibility is as in Case (a) above, 
which has already been discussed The other is X=—g=l in (36) In this case we 
have^ if (30) and (33) are to be simultaneously satisfied, 

(X-1) (X+2) = 4(X'-l)(A'+2) 

for mtegral pairs of values of X and X' 

From (37), we have 

^ 2 


(37) 

(38) 


We have from (28) that both X and X^ in (38) must be multiples of 3 We find 
that amongst the lower modes this condition is only satisfied by the pair X=6, X'=3 
X'=3 means ;=1 in (12), that is, the first mode in the annulus. Putting 
i=l, gss — 1 in (12), we have 


3j’^(2/+5)+l 
R»“ 10 


. (39) 


as 


a^g*l3-HS. 
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(39) 18 only possible when / =0, and in this case we have 
a® a 

^ = •1, whence we have 46 . . . (40) 

Thus amongst the lower modes the only possible combination for large radial 
oscillations of the generalised Roche’s model la the fundamental mode of the nucleus 
and the first mode of the annulus, and the ratio of the radii of the nucleus and the 
model must satisfy (40) 

The sharp value of y that we get, vtx , 1 5, shows that the model will be 
unstable for large radial oscillations if the actual value of y differs appreciably from 
the theoretical value (l 5) 

The homogeneous nucleus in any case cannot execute large radial oscillations, 
as shown by Banerji,® and therefore the generalised Roche’s model is incapable of 
large radial oscillations 

This enables us to draw a tentative picture of the origin of tho spiral ncbulre 
We imagine a nebula of the form of tho generalised Roche’s model, oscillating 
with small amplitude A catastrophe, such as explosions of stars in the nucleus, 
increases the amplitude of the oscillations, so that instability ensues and matter 
IS ejected in the equatorial plane, ^ * which forms the spiral arms This possibility 
in the case of the Roche’s model has been indicated by Bhatnagar * 

The author considers it a great privilege to record his sincerb thanks to 
Professor A C Banerji, under whose guidance he has earned out the above 
investigation 
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CHEMICAL EXAMINATION OE THE SEEDS OF NIOELLA SATWA, 
LINN. (MAGREL) PART II THE COMPONENT GLYCERIDES 
OF THE FATTY OIL 

By Bawa Kabtar Singh and Raji Das Thwabi 
Chemistby Dipautment, Allahabad University 
(Received on November 36, 1942) 

SUMMARY 

The eomijonent glycerides of the oil of Ntgeik saitva hsvo been examined The percentages 
of oleic, Imoleic and sohd acids have been calculated from the thiocyanogen value and these results 
have been found to bo m fair agreement with those reported previously in Part I The component 
glyoendes of the oil m round figures are as follows — 

Tnlinolein 2%, oloodilinolein 26%, dioleolinolein 42%, palmitooleolmolein 24%, and stearoolco- 
hnolein 7% The palmitoglyeende contains small amounts of mynstic acid 

In a previous communication^ the authors examined the component acids 
of the fatty oil, from the seeds of Ntgella sattva In the present investigation the 
percentages of oleic, Iinoleic and solid acids have been confirmed by the determina- 
tion of the thiocyanogen value and also the component glycendes of the oil have 
been examined by brominating the neutral oil in petroleum ether (BP 40*— 60*C) 
at — 5*C and resolving the brominated product into a number of fractions ® 
No solid was obtained by chilling the oil in acetone showing the absence of fully 
saturated and disatnrated glycendes The absence of fully saturated glycendes was 
further confirmed by oxidising the oil with potassium permanganate in acetone 
solution according to the method of Hilditch and Lea* when no neutral product 
was obtained 

The component acids of the oil determined by this method are in fau: agree- 
ment with those reported in Part I. The comparison is shown in Table 3. 

The component glycerides of the oil in round figures are as follows (Table 4) . — 
Tnlinolein 2% ; oleodilinolein 25%, dioleolinolein 42%, palmitooleolinolein 24% ahd 
8te|^leolinolem 7%. The palmitoglyoeride contains small amount of mynstio acid 

Experiments have thus shown the actual number of chief glycendes to be five, 
wbetwis (be maximum number of individual glycerides, vrhiph may be obtained by 
54 
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any permutation of the four mam acids, in combination with the tnhydric glyceryl 
radical CHj-CH-CHj, is 40 


Experimental 

The thiocyanogen values of the oil and of the mixed fatty acids were determined 
and found to be 81 20 and 82 22 respectively The percentages of the oleic, linoleic 
and solid acids in mixed acids were then calculated from the thiocyanogen value 
(8222) and the iodine value (11910) of the mixed fatty acids They are as 
follows 


Acids 


Percentage in mixed acids 


Oleic 

LinoIeic 

Solid (saturated) 


60 43 (49 67) 
40 70 (40 22) 
8 87 (10 11) 


These results arc in fair agreement with those obtained by Twitchell’s lead 
salt-alcohol process and bromination of the liquid acids, which are also given above 
in brackets for componson 

The oil was then made neutral by treating with sodium carbonate and purified 
with animal charcoal and Fuller’s earth 

The neutral oil (118 2 gms ) was dissolved in six times its weight of dry acetone 
and kept in a fngidaire for about six days No solid separated showing the absence 
of any fully saturated or disaturated glycerides 

The absence of fully saturated glycerides was further confirmed by oxidising 
101 8 gms. of the neutral oil in ten times its weight of acetone with 410 gms of 
powdered potassium permanganate according to the method of Hilditch and Lea 
(Joe. (it). The process was repeated two times when ultimately no neutral 
substance was obtained 

One hundred grams of the neutral oil was then dissolved in a litre of dry 
petroleum ether (B P 40*--60'C), cooled to — 5’C and bromine added till it was in 
slight excess which was indicated by the colour of the solution turning to perma- 
nently brown. This was kept overnight in a fngidaire when some solid mass 
separated This was filtered off and washed with chilled petroleum ether. The 
solid mass left on the filter paper was resolved into two fractions and F} 
by crystallising from absolute alcohol The petroleum ether filtrate was treated 
with a solution of sodmm thiosulphate to remove excess of bromine, washed 
with water, dned over fused calcium chloride and the solvent was distUled 
off when a dark viscous liquid was left. This was extracted with alcohol, 
Tho alcohol insoluble portion was then treated with a mixture of alcohol and 
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acetone (I 1 ) vhea the whole of it dissolved The scheme of separation is shown 
below “ 


Neufeal Oil (100 gms ) 

I Brominated in dry petroleum ether 


r 

Insoluble 

I Treated with alcohol 


Soluble 

Extracted with 
alcohol 


Insoluble Ft 
2<21 gms. 
(Solid M P 
80-81‘C) 


Soluble F} 

31 4 gms 
(Semi-solid maae) 


Insoi 


uble Soluble Fa 

115 0 gms 
(Dark viscous 
liquid) 


Extracted with alcohol + acetone (I 1) 


All dissolved F* 

23 70 gms 

(Dark viscous liquid) 


The fractions Ft, Fs and F 4 were then debrominated by taking them in methyl 
alcohol, adding zinc dust, saturating the solution with dry hydrochloric acid gas 
and then refluxing for several hours The debrominated products were then sap- 
onified with alcoholic potassium hydroxide, the unsaponifiable matter removed with 
ether and the fatty acids liberated with dilute sulphuric acid The saponification 
equivalent, the iodine value and the thiooyanogen value of the liberated acids from 
all the three fractions were then determined and from these the quantities of 
individual acids were calculated. The amount of saturated acids being too small 
for estimating them separately they were considered as one acid. The fractions 
oontainmg solid acids were then oxidised with potassium permanganate in alkaline 
solution according to the method of Lapwortb and Mottram,® the oxidation product 
extracted with petroleum ether and the saponification equivalents of the acids so 
obtained were determined 

The amount of Ft being too small, it was not subjected to debromination and 
other subsequent operations. Its bromine contents were determined by the Pina 
and Schifih method This was found to be a triglyceride of tetrabromo linoleio acid. 
(Found Brs: 52*039%, Ctf H »8 0« Brn requires Br— 52 26 % 

The results of bromination and analysis are given below in Tables I, II 
and lit 
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Table I 



Fi 

F. 

F, 

F, 

Weight in grams 

2 21VJ 

31 10 

115 00 

23 70 

Wt, of the debrominated product (gly- 





ceride + unsapoDifiable) 

1 0868 

16 37 

68 87 

13 59 

Wt of the unsapornfiablo matter 


0 000 

0 02 


Wt. percentage of glycerides (free 





from unsaponifiable) 

1 00 

16 38 

()S 0-1 

13 60 

Saponification equivalent of liberated 





acids 


-80 30 

280 50 

280 30 

Iodine value 


lo2 33 

111 18 

123 35 

Thiocyanogen value 


00 42 

78 77 

82.31 

Saponification equivalent of saturated 





acids 



264 81 

282' 10 

Table II 





Mol pci cent of acids in each fraction 


Fi 

F* 

F3 

F* 


100% 

1« 30% 

68 02% 

13 60% 

Linoleic acid 

100 

68 45 

35 65 

45>46 

Oleic acid 


31 5j 

50 90 

45 74 

Saturated acids 



13 36 

8 80 


Table III 



Mol. per cent of acids 

on total acids 


Fi 

P, 

Fa 

Fi 

Mean 

LinoIeic 

109 

11-22 

24 57 

619 

43 07 (4019) 

Oleic 


5 17 

35 14 

6 22 

46 53 (49 29) 

Saturated 



9 21 

119 

10-40 (10 52) 

These results are in fair agreement with 

those 

obtained for 

the component 


fatty acids of the oil aa reported in Part I ^ Their mol. per cent are given in 
brackets for oomparison. 

From the above figures the component glycerides of the oil of Nigella snttva 
have been calculated as shown below in Table IV. 
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Tabie IV 


Estimated Component Glycerides of the Oil of Ntgella saHva (mol per cent ) 



Glycerides in 

Fi 

I» 

Fb 

Fi 

Mean 



109 

16 39 

68 9’ 

13 60 

100 

1 

Fully saturated glycerides 

ml 

ml 

ml 

ml 


2 

Disaturated glycendes 

ml 

ml 

ml 

ml 


8 

Monosaturated diunsaturated gly 
cerides 

(a) Monosaturated oleolinolein 



7 03 

3 "7 

31 *>0 

4 

Tnunsaturated glycendes 
(a) Tnlinolein 

10 ) 

088 



197 


{b) Oleodilinolein 


16 51 

4 7 ) 

4 )7 

05 07 


(c) Dioleolmolein 



36 60 

"06 

41 6 () 


In the above calculations all the siturated acids have been considered as one 
acid According to the Kw of even distribution there are greater possibilities for 
the presence of glycerides with all the three different acids than with only two 
different acids, hence wo are justified to assume that the saturated acids in P 3 
and Fi are combined as saturated olcohnolein rather than as saturated dilinoleiii 
or as saturated diolein Also as all the saturated acids of the oil of Ntgella saHvn 
are combined as raonosatarated diunsatnrated glycerides we can assume that the> 
are proporbonally divided in saturated oleolinoleiu From the above considerations 
the component glycerides of the oil of Ntgella aativa may be given in round figures 
as follows ~-Tnlmolein iy oleodilinolein M dioleolmolein 42^ palmitooleolinolem 
24% and stearooleolinolein 7/. The palmito glyceride will contain small amounts 
of mynstic acid as in the above calculations the amount of mynstic acid being too 
small (less than 1 %) it has been included in palmitic acid 
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STUDIES ON THE NATURE OF RACEMIC MODIFICATIONS OF 
OPTICALLY ACTIVE COMPOUNDS IN THE SOLID STATE. PART I- 
ANILINE, 0 -, m- AND i)-TOLUIDINE. a-NAPHTHYLAMINE. P- 
NAPHTHYL AMINE, AND a^-TETRAHYDRO-a-NAPHTHYL- 
AMINE SALTS OP CAMPIIOR-P-8ULPHONIC ACIDS 

By Baua Kartak Singh and Onkau Nath Pertx 
CH tMiSTEY Department, University of Allahabad 
(Received on November 25, l'J4i) 

In previous studies^ of enantiomoiphs and then racemic modifications by one 
of US, the question of tho nature of the racemic modifioation has never been thoroughly 
investigated In this paper we have undertaken the study of the nature of tho 
racemic forms of salts of d-, 1-, and dl- camphoi'P-suiphonic acids with anihnc, 
0 -, )«-, p-toluidinc, a-naphthjlamine, P-naphthylamine, and a) -tetrahydro-a- 
naphthylamino 

According to P.isteui’s pnnciple of Molecular Dissymmetry, the d- and h 
forms must possess the same total energy They must also possess the same scalar 
properties such as density, viscosity, cry stal lustre, solubility, etc But they must differ 
in such vectorial physical pioperties, as for example, the direction of rotation of the 
plane of polarisation of light, unsymmetneal distribution of hemihedral facets in 
the crystal forms in which these facets are developed,* and also in the enantioraor- 
phous distribution of pyro-and piezo-electncal polarity The magnitude of these 
vectonal properties is, however, identical for the enantiomorphous forms 

The enantiomorphous modifications may occur in equimoleculsr proportions to 
constitute what is known as a racemic form The properties of the racemic modi- 
fication will vary according to whether it is (i) a mixture of the two optically active 
and opposite forms lu equal proportions, (d~ and /-), or {ti) a compound of these 
two forms, ( dl - ), or (ui) a solid solution of the dextro and laevo forms due to the 
enantiomorphs being isomorphous, each crystal containing both the forms The last 
case differs from the first in constituting a single phase unlike in a mixture 

Hoozeboom’ has devised two methods for distinguishing between the above- 
mentioned types of racemic modifications Tho first of these methods is tho 
Freextng-potnt Method It i». possible to determine the nature of the nmcmic 

♦Contrary to Pasteur’s dictum that hcmihcdry was invariably associated with molecular dis- 
symmetry, subsequent work has shown that this does not hold m all cases (Fninkland, Pasteur 
Memorial Lecture, hur Chtm Sa , 1897, 7 1 , 693 ) 
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modificatiou from the meiting-point determinations * A racemic modification 
may melt at the same temperature as the optically active forms or at higher 
or lower temperatures If the meltmg-point of the racemic form is higher than 
or equal to that of the active forms, it is a true racemic compound But if it is 
lower, then the nature of the racemic form cannot be decided without making a 
meltiDg-point'Composition curve We may, therefore, discuss the types of 
molting point-composition curves that can be obtained from muctures of racemic 
modification and d- and f-components 

Tjpel — Melting-point-coraposition curve of racemic mixture and its d- or 
/ — modification 

In this case the racemic form is the eutectic mixture of d- and i-compo* 
neiits in equal proportions Iho melting-pomt-composition diagram will consist 
of two symmetrical curves as shown m Fig I as none of the compounds investi- 
gated here are racemic mixtures, a racemic mixture was prepared by mixing equal 
quantities of salts of ^-naphthylamine with d~ and f-camphor-^-sulphonio acid 
One such case,* namely, the racemic modification of /l-phenyleiie-bisimino-cam- 
phor, which was found by this method to be a racemic mixture, has already been 
reported by one of us 

Type II— Melting-point-composition curves of racemic compound and its d- 
or {-modification 

Three kinds of curves are possible under this type, vix , (a) wliere the racemic 
form has a melting-point lower than that of the enantiomorphs (Figs 2-6), ib) where 
the racemic form has a higher melting-point (Fig 7), and (c) where the racemic form 
has the same melting point as the euuutioinorphs iFig 8) In this case, unlike, in 
Type I, there will be two eutectic points, symmetrically placed, giving rise to three 
distinct curves— Figs 2, 3, 4, 6 and 6, correspond to aniline-caropbor-P-sulphonates, 
o-toluidine-camphor-^sulphonatee, m-toluidine-campbor-P-BulpboDates, p-toluidine- 
camphor-^-sulphonates and a-naphtbylamine-oamphor-P-suIpbonates respectively , 
and Fig 7 to p-naphthylamine-campbor-P-suIphonates, and Fig 8 to or-tetrahydro- 
a-naphthylamine-camphor-P-sulphonates. 

Type III- In the case where the reoemio form is a solid solution, its melting- 
point may be the same as that of the optically active components, or it may be higher 
or lower, but the melting-point-composition diagram will be a single curve 

A study of the curves referring to Types I and II indicates a convenient and 
quick method for determining whether the racemic modification is a compound or 
a mixture , a small amount (less than that required for the eutectic mixture) of the 


* Thu will not chBracterise racemic solid solutions It will be nocossary to prepare a melting- 
pomt-composition diagram of the mixture of the racemic modification and the optical enantiomorphs. 
1 1 a sbigle cun e is obtained then we are dealing with a racemic solid solution 
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d- or /•form is added to the racemic moditication , if the melting-point is raised 
it 18 a mixture, and if, on the other hand, it is lowered then it is a compound 

There is a second method (due also to Roo 2 seboom“ and Brum*) derived from 
phase rule depending on the aolnbihty relationships existing between the optical 
isomers and their racemic mixtures, compounds or solid solutions The solubility- 
composition isotherms, which they have derived theoretically, have not yet been 
established experimentally The reasoning is as follows —the addition of a solid 
fusible phase lowers the melting-point of an organic compound , similarly, a second 
soluble phase alters its solubility Hence if a solubility-composition isotherm of a 
racemic modi6cation with its dextro and Isovo isomers is plotted, a racemic mixture 
should give two curves, a racemic solid solution one curve and a racemic compound 
three curves Wc propose to undertake this experimental study as soon as sufficient 
amount of materials have been prepared 

ExPfcUlMENTAI 

The salts of the organic bases with (/-cainphoi-(i-8ulphonic acid have been 
found, on heating to a high temperature, to lose a molecule of water with the forma- 
tion of the conesponding anils* In order to overcome this difficulty, the melting 
points were determined instead of the freeAing-pomts as the latter process involves 
heating the compound above its melting point for a considerable time An intimate 
mixtnre of accurately weighed quantities of the racemic modification with 
d- or /-form was made and the melting-points were determined by the capillary 
tube method The results are given in Tables I to VIII 

|5-naphtbylamine-camphoi-P-BuIpbonate8* The racemic modification, prepared 
from P-naphthylamme and df-camphor-P-sulphouic acid, melts at 183’5®C As is 
evident from Fig 7, it is a racemic compound and it corresponds to Type If 
The melting point determinations are given in Table VII 

As in none of the cases reported here we have come across a true 
racemic mixture by synthesis, a racemic mixture of the substance was 
prepared by mixing equal weights of the d- and /-isomers This eutectic 
mixture melts at 161 5®C which is the lowest melting-point of all the mixtures 
(vide Table I) and, therefore, conforms to Type I (Fig l) discussed above When 
this racemic mixture was dissolved m water and the solution allowed to 
evaporate spontaneously in vacuum at room temperature (60*0*^C) it yielded the 
above-mentioned racemic mixture melting at 161 indicating that the transition 
temperature of the system is above SOO^C 

* This salt aud the subsequent ones described hero are new compounds and will bo treated m 
detail in a later communication, fho nniiinc salt of (/oamphor-iS-siiliAonic acid has, houcvei, 
been reported by Schreiber and Shnnci " 
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Aailme-camphor-p-sulphonates The racemic modification aa prepared from 
aniline and rf/-camphor-P-8ul phonic acid melta at 170 0®C As is evident from 
Fig 2, it IS a racemic compound and it conforms to Type II The melting-point 
determinations are given in Table 11 

o-Toluidine-camphor-P-sulphonates The racemic modification as pieparcd 
from o-tolmdme and di-oamphor-p-sulphonio acid melts at 144.0" It is evident 
from Fig 3 that it is a racemic compound and it corresponds to Type II The 
melting-point determinations are given in Table IIL 

?«-Toluidine-camphor-P-8ulphonate8 The racemic modification as prepared 
from m-toluidine and rf/-camphor-P-8ul phonic acid melts at 145 0"C Ab is evident 
from Fig. 4 it 18 a racemic compound and conforms to Type II The melting-point 
determinations are given in Table IV 

jj-Toluidine-camphor-P-sulphonates The racemic modification, as prepared 
from p-toluidine and <f/-camphor-P-sulphonic acid, melts at 155 0"C It is evident 
from Fig 5 that it is a racemic compound conforming to Type 11 The melting- 
point determinations are given in Table V. 

a-Naphtbylamine-camphor-p-sulphouates The racemic modification as pre- 
pared from a-naphthylamine and cff-camphor-P-sul phonic acid melts at 1650'*C 
As IS evident from Fig 6 it is a racemic compound and it is of Type II The 
melting-point determinations are given in Table VI. 

nr-Tetrabydro-a-naphtbylamine-campbor-^-suIpbonates The racemic modi- 
fication as prepared from oMetrahjdro-a-naphtbylamine and d/-camphor-8ulphonic 
acid melts at 163 0°C. It is evident from Fig 8, that it is a racemic compound of 
Type II The melting point determinations are given m Table VIII 


Table I 

^Napbthylamme-campbor-^ulpbonates 
Mixed melting-points of the racemic modifications, Type I (mixture), with 
l~ and d-isomers 


Wt %of 

Wt % of the 

Melting-po 

1, or d- 

racemic 

of the 

componeut 

mixture. 

mixture. 

0 

100 

161 5'C 

20 1- 

80 

162 5'C 

40 „ 

60 

168 0'C 

60 „ 

40 

164*0 C 

80 „ 

100 „ 

20 

164 5*C 

0 

165 5 C 

20 d- 

80 

162*0'C 

40 ^ 

60 

163*0"C 

60 „ 

40 

164*it'C 

80 „ 

20 

166*0'C 

100^ 

0 

165*5'C 



P-Naphthylaroine-camphor-P- 

sulphonates 
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Table II 

AniIine-cnmphor-0-8ulphonate8 

Mixed melting-points of the racemic modification, Type II (compound), 
with I- and ^^-isomers 

Wt. % of Wt % of Melting-point 
I- or d- racemic of the 

component compound, mixture 

0 100 170 O'C 

10 I- 90 169 «°C 

20 „ 80 169 0°C 

30 „ 70 167 4*C 

40 „ 60 169 8‘C 

.^jO „ 50 172 0(' 

60 „ 40 1744*0 

70 „ 30 17b 6*0 

80 „ 20 179 0*0 

90 „ 10 181 2*0 

100 „ 0 183 5*0 

10 d- 90 169 6*0 

20 „ 80 168*8*0 

30 „ 70 167 4*0 

40 „ 60 lb9 4*0 

50 „ 50 172 0*0 

60 „ 40 174*6)0 Fig 2 

70 „ 30 Aniline-camphor-P-sulphonate 

80 „ 20 179 0 0 

90 „ 10 181*2*0 

100 „ 0 183*5*0 

Table III 

o-Toluidine-camphor-P-sulphonates 

Mixed melting-points of the racemic modification, Typo II (compound), 
with I- and d-isomers 

Wt % of Wt % of Melting-point 
I- or d- racemic of the 

component compound mixture 

0 100 144 O'O 

10 I- 90 143 8*0 

20 „ 80 143*6*0 

80 „ 70 143 2*0 

40 „ 60 142 4*0 

60 „ 60 143*6*0 

60 „ 40 144'6*C 

70 „ 30 146 8*0 

80 „ 20 146*8*0 

90 „ 10 148*0*0 Pig. 8 

J.00 „ 0 149*0*0 o-Toluidine-oamphor-§-8ulphoD»tes 
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Wt % of 

Wt % of 

Melting-point 

1- or d~ 

racemic 

of the 

component. 

compound. 

mixture. 

10 d- 

90 

143 8'C 

20 „ 

80 

148 6*C 

30 „ 

70 

143-2‘C 

40 „ 

60 

I424‘C 

50 „ 

>=10 

143 6‘C 

60 „ 

40 

144 6*C 

70 

30 

146 6 C 

80 „ 

20 

146-8'C 

90 „ 

10 

147 8‘C 

100 „ 

0 

140 0*C 

Table 


m- 

-Toluidine-camph 

Mixed molting points of the racemic i 
with 1‘ am 

Wt % of 

Wt ‘/.of the 

Melting-point 

/- or rf- 

racemic 

of the 

eoniponont 

compound 

mixture 

0 

100 

145 O’C 

10 l- 

90 

144 8*C 

20 

80 

144 6*C 

30 

70 

144 2'C 

40 „ 

60 

143 8'C 

60 „ 

60 

144 6'C 

60 „ 

40 

146 4'C 

70 „ 

30 

146 2'C 

80 

20 

147 _>'C 

90 „ 

10 

148-2'C 

100 „ 

0 

149-0'C 

10 d- 

90 

144 8’C 

20 

80 

I44 6’C 

30 „ 

70 

144-2'C 

40 „ 

60 

148-8’C 

50 „ 

60 

144-6'C 

60 „ 

40 

145 4’C 

«“70 „ 

so 

146<2*C 

80 „ 

20 

147 2'C 

90 

10 

148-0’C 

100 ^ 

0 

149 O'C 




^ Fig. 4 

wf-Toluldme-camphor-P-snlpbonBtea 
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Taru V 

2 I-To 1 uidine-camphor-P-8iil plionates 

Mixed melting-points of the rneemic modihention, Type II (compound), 
with /- and d-isomers 


Wt % of 

Wt % of the 

Melting-poin 

Z- or d- 

racemic 

of the 

component 

compound 

mixture 

0 

100 

155 0*C 

10 Z- 

90 

154 5'C 

20 „ 

80 

163 0*C 

30 „ 

70 

152 0*C 

40 „ 

60 

164 0‘C 

60 „ 

50 

167 0*0 

60 „ 

40 

159 0*C 

70 „ 

30 

161*5*0 

80 „ 

20 

166*5*C 

90 „ 

10 

168 0*0 

100 „ 

0 

170 0*0 

10 (/- 

90 

164 0*0 

20 „ 

80 

163 0*0 

30 „ 

40 „ 

70 

162 O'O 

60 

153 6*0 

50 „ 

50 

156 6*0 

60 „ 

40 

158 6*0 

70 „ 

30 

161*6*0 

80 „ 

20 

165 0*0 

90 „ 

10 

168*0*0 

100 „ 

0 

170 0*0 



Fig 5 

p-Tohiidine-camphor-P-siilphonates 


Table VI 


a-Naphthylamine-camphor-p-snlphonates 


Mixed melting points of the racemic modification, Type IT (compound), 
with Z-and fZ-isomers 
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VVt % of 

Wt % of the 

Melting-point 

1- or d- 

ricemic 

of the 

component 

compound 

mixture 

10 d- 

90 

164 8‘C 

20 „ 

80 

164 6*0 

30 „ 

70 

164 0G 

40 „ 

60 

1632*0 

50 „ 

50 

164-6*0 

HO „ 

40 

1668*0 

70 „ 

30 

168 2*(" 

80 „ 

20 

170 0*0 

90 „ 

10 

171 6*0 

100 „ 

0 

173*0*(' 



Table VII 


P-N 'iphthylamine*cnmphor-P-8ul phonates 


MiJted melting pointg of the racemic modiilcntion, Type II (compound), with 
/- and ^-isomers 


Wt %of 

Wt % of the 

Melting-point 

or d- 

racemic 

of the 

lomponent. 

compound 

mixture. 

0 

100 

183 5*0 

10 1- 

90 

182 0*0 

20 „ 

80 

180 0*0 

30 „ 

70 

177 0*0 

40 „ 

60 

174 0*0 

60 „ 

60 

169 6*0 

60 

40 

188 0*0 

70 „ 

30 

162-0*0 

80 „ 

20 

163 5*0 

90 „ 

10 

164 5*0 

100 „ ' 

0 

166-5’C 

10 <7- 

90 

1820*0 

20 „ 

80 

180-0*0 

30 „ 

70 

177 0*0 

40 „ 

60 

173 5*0 

50 „ 

60 

169-6*0 

60 , 

. 40 

166-5*0 

70 „ 

30 

162-0*0 

80 „ 

20 

163-5*0 

90 „ 

10 

164*5*0 

100, 

0 

165 6*0 



Pm 7 

P-Naphth> lamine-camphor-P- 
gulphonates 
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Table VIII 

ar-Tetrahydro-a-naphth>Iannnc-piimphor-p-8ulphonateB 

Mixed melting points of the racemic modiOcntion Type II (compound) 
with I- and d-isomers 


Wt, % of 

Wt % of 

Melting point 

1- or d- 

the racemic 

of the 

component 

compound 

mixture 

0 

100 

163 0*C 

10 l- 

90 

162-5*0 

20 „ 

80 

162-0*0 

30 „ 

70 

161-0*0 

40 „ 

faO 

160 6*C 

50 „ 

50 

159 0‘C 

60 „ 

40 

lb0 5*C 

70 „ 

30 

161-6‘C 

80 „ 

20 

1620*0 

90 „ 

10 

162 6’C 

100 „ 

0 

163 0*C 

10 d- 

90 

182 5*C 

20 „ 

80 

162-0*C 

30 „ 

70 

161 5*C 

40 „ 

60 

160 6*C 

60 „ 

50 

159-0'C 

60 „ 

40 

160 5*0 

70 „ 

80 

161-0*0 

80 „ 

20 

1620*0 

90 „ 

10 

162 6*0 

100 „ 

0 

163 0*0 



«r-Tetrahydro-a*DBphthyIamine- 

caraphor-P*8ulphonates 
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THE CHEMICAL EXAMINATION OF THE FRUITS OF 
TERMINALIA BhLhRICAROXh PARTI THE COM- 
PONENT ACIDS OF THE FATTY OIL 
By Baij Mohan Saran and Bawa Kartar Singh 

Tht Chtmtstty Department, University of Allahabad, Allahabad 
{Kecetved—2i December, 1942) 

The kernels of the seeds of Termtnalia helenca Rosb on extraction with petroleum 
ether (40-60 ’’C) yield 38 6% of a clear light yellow fatty oil having o 9108, n^*”" 
1 4601, [oJJJj*;, -f 0 04° acid value 2 28, sap value 198 8, acetyl value i8 72, Hch- 
ner value 94 8, R M o 82, lotline value (Ilanus) 89 14, thiocyanogcn value 63 0 and 
unsaponifiabk matter (sitosterol M P 135 °C) o 5 3% 

The component fatty acids were found to be oleic (43 21%), Imoleic (28 99%), 
palmitic (ii 80%) and stcanc (16 00%) acids 

Termtnalta helenca, Roxb commonly known as Baheda or Bahera in Hindi 
and Sanskrit and haslard tuyrobalan or Baleric myrobalan in English belongs 
to the combretaceae family It is commonly found in the forests of India, 
Burma and Ceylon upto a height of 5,000 feet The fruit is nearly globular, 
suddenly narrowing into a short stalk, i to | inch m diameter The stone 
IS hard, pentagonal and contains a sweet oily kernel having three prominent 
ridges from the base to its apex 

According to Kirtikar and Basu,^ Chopra,* Dey,® and Dymock*, the 
fruits of the plant ate highly njedicinal, neatly all the parts being used in 
various ailments The fruit is an ingredient of the reputed A5rurvedic 
medicine Tnphala (three fruits), the other two bemg Har (Jermtmlta chebula) 
and Aonla (Phyllanthus embeltca) The fruit is bitter, pungent, acrid, diges- 
tible, laxative, anthelmintic and astringent It is useful m dropsy, piles, 
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leprosy, diarrhoea, bronchitis, sore-throat, asthma and eye diseases. In 
combination with other drugs it is used in snake bite and scorpion stmg. 
The kernel is popularly believed to be narcotic and intoxicant when taken 
mternally and is useful m thirst, vomitmg, bronchitis, eye troubles and 
urinary diseases It is used with betel in dyspepsia and with honey m 
ophthalmia The kernel oil is used as a dressing for hair and as a substitute 
for ghee by poorer classes of people in the Central Provinces It relieves 
pain and swelling when rubbed in rheumatism and soothes the skin m bums. 

In spite of the great medicinal value of the fruits very httle work has 
been done on its chemical exammation A prehminary exammation of the 
fnut is reported by Hooper* who showed the presence of tanmc aad, gallo- 
tanme acid and a fatty oil, the characteristics of which are recorded and 
given in table I Shnkhande and Godbole* exammed the oil for its cons- 
tants which are also given in table I. None of these workers have smdied 
the component aads or the component glycerides of the fatty oil and the 
other constituents of the fruits. The present mvestigation was, there- 
fore, undertaken and the component aads of the oil are reported in this 
paper. The component glycerides of the oil and other constituents of the 
fruits are under examination. 

The constants of the oil as found by us (table I) are in fair agreement 
with those reported by Hooper (Joe. at ), but differ shghtly from those given 
by Shnkhande and Godbole (he. at ) 

The oil has been shown to consist of the glycendes of oleic, Imoleic, 
palmitic and steanc acids together with a sitosterol (MP. 

The percentages of oleic and Imoleic aads m mixed acids have also been 
calculated from the thiocyanogcn value’ of the mixed fatty acids and the 
results have been found to be m agreement with those obtamed by other 
methods (table 8). 

Experimental 

The material under mvestigation was collected from the Central Pro- 
vmces and obtamed through Prmapal Surendra Mohan, Dayanand Ayur- 
vedic College, Lahore. The fruits consist of 59.4 percent, of the pulp 
(mesocarp) and 40.6 percent, of the seed stones. The average weight of a 
seed stone is 2 5 grams and it consists of 78% of the stony shell and 22% 
of the kernels. The latter were white m colour havmg a charaacnstic 
smell and sweetish taste resembling that of almonds. 
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The moisture content of the kernels was 10 62% 50 grams of the 
kernels were completely mcinerated in a porcelain dish when 2 1 grams 
(4.2%) of a greyish white ash were obtained contaimng the following 
radicles • — 

Water soluble portion (20 %) — sodium, potassium, carbonate, chlo- 
nde, and sulphate 

Water insoluble portion (80%) — aluminium, calcium, magnesium, 
carbonate, sulphate and phosphate 

50 Grams of the crushed kernels were successively extracted with 
various solvents m a soxhlet apparatus with the following resujts — 

I Fetr oleum ether (40-60 °C) — 38 6% — The extract was light 
yellow in colour On distilling off the solvent it gave a cleat yellow 
thin oil 

2. Ether' — 2 17% — A light yellow coloured extract was obtained 
which on distilling off the solvent gave an oily residue mixed with some 
white solid mass 

3. Chloroform — o 47% — The extract gave a sticky resmous mass. 

4 Ethjl acetate : — o 5%— The hght brown extract gave a clear brown 
residue 

j. Absolute alcohol' — 2 8% — ^It gave a yellow extract from which a 
viscous oily residue was obtained This gave tests for tannins and sugars. 

For complete analysis, 5 kilograms of the crushed kernels were exhaus- 
tively extracted with petroleum ether (40-60 "Q, when 2 kilograms of a thin 
clear hght yellow oil was obtained havmg a smell characteristic of the 
kernels. 

The material left after removing the oil was dried to remove petroleum 
ether completely and then exhaustively extracted with 95% alcohol The 
residue obtamed on distilhng off the alcohol is under examination, the 
results of which will be pubhshed m a separate commumcation 

Examination of the Oil 

The oil obtamed as above jvas purified with animal charcoal and Ful- 
ler’s earth when a transparent hght yellow non-drymg oil was obtained, 
it deposited no residue on keepmg. The characteristics of the oil are given 
in table i : 
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Tabix I 



Hooper’s results* 

Shrikhandc 

& 

Godbole* 

Present authors 

Specific gravity 

at i^°co 9168, 

0 9093 

at 30°<-/3o°c 


0 9193 


0 9108 

Ref index 


at l-j I 4640 

at 30 I 4601 




r 13 °“^ 

Rotation 



[aj^+^o +° °4 

Aad value 

2 48, 3 97 

Nil 

2 28 

Saponificauon value 

205 8, 205 3 

181 0 

198 80 

Acetyle value 


23.72 

18 72 

Iodine value 

79 04, 85 38 

97 0 

89 14 

Thiocyanogen value 



65 0 

Hehncr value 

94 2. 95 6 

9a 0 

94 * 

R M value 

0 76, 0 78 


0 82 

Unsaponifiable matter 


1 5 

0 53 % 


The oil (500 grams) was saponified with alcoholic sodium hydroxide 
solution, unsaponifiable matter removed with ether and the soap solution 
was decomposed with dilute sulphuric acid when fatty acids having the 
followmg characteristics were obtained — 

Tabi^ II 


Consistency 

Solid 

Titre value 

z-!°t 

Neutralisation value 

202 99 

Saponification equivalent 

276 40 

Iodine value 

92 60 

Thiocyanogen value 

66 22 


The mixed fatty acids were separated into ‘solid’ and ‘hquid’ acids by 
means of the differmg solubility of their lead salts in alcohol (Twitchell’s 
process)*, with the following results — 

Table III 


Adds 

Percen»ge 

Iodine value 

Neutralisation 

value 

Sap equivalent 

Sohd (saturateel) 

27 80 

I 7 

207 6 

270 2 

Liquid 

72 20 

128 4 

199 4 

281 3 


hxamtnatm of Solid Acids 

The methyl esters (79 i gms) prepared from the ‘solid’ aads (80 
grams) were fractionally distilled at ii m m pressure from a Willstattcr flask 
The results of distillation, analysis and calculations® are given in table 4. 






No j Temp tange 
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The esters from the different fractions were saponified and the liberated 
acids were fractionally crystallised from dilute acetone 

Fraction ^i— The acids, MP 53-54“^ on fractional crystallisation 
from acetone gave palmitic acid MP 61 "C and steanc acid MP 66 °C 
The melting pomts were not depressed by the addition of authentic samples 
of these aads 

Fractions SzA, SzB and ^’3 — ^These fractions also gave palmitic acid 
M P 61 and stearic acid M P 67 and were confirmed as such by tabng 
their mixed melting point with authentic samples 

Fractions S4A, S4B, and ^"5 — Palmitic and steanc acids were isolated 
and identified in these fractions 

Fractions S6 — The liberated acids M P 54°C gave only stearic acid 
on crystallisation, the melting point of which was not depressed by the 
addition of an authentic sample 

Fraction J7— Residue— The acids were hght yellow in colour On 
extraction with petroleum ether (40-60 ®C) a product was obtained which 
after crystalhsation was identified to be steanc acid (M P 66°C, S E 285) 
The percentages of the mdividual solid acids m ‘sohd* aads and mixed 
acids are given m table V 


Tabui V 

Acids 

% m solid acids 

% in mixed acids 

Palmiuc 

4* 4J 

II 80 

Steanc 

57 55 

16 00 


Examination of the Liquid Aads 

The hquid acids on oxidation with an alkalme solution of potassium 
permanganate gave a dihydroxy stearic acid (M P i30°C) and two tetra- 
hydroxy stearic acids (M P 171° and ij6®C) showing the presence of oleic 
and Imoleic acids only 

The quantitanve determmation of these acids was done by bronunat- 
ing^ ^ a known weight m ether at — j “C, the results of which are recorded 
m table VI 
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Tabm VI 

Weight of adds btommated 

12 7160 

gms 

Weight of the tetrabromidc (M P ii4°C) 

5 3002 


Waght of the residue (di+tctrabromides) 

17 5739 


Percentage of bromine in the residue (Piria and Schiffs method) 

41 69 


Weight of tetrabromidc m the residue 

5 6430 


Weight of dlbromldc in the residue 

11 9329 


Total waght of the tetrabromidc 

10 9432 


Weight of the Imolcic aad 

5 1060 


Waght of olac aad 

7 6100 


Percentage of oleic aad m liquid aads 

59 85 


Percentage of linolac aad m hqmd aads 

40 15 


Percentage of oleic aad m mixed aads 

43 


Percentage of linoleic acid m mixed aads 

28 99 


The ‘hquid’ aads (6j grams.) were converted mto methyl esters (62.0 


gms.) which were distilled under reduced pressure (9 m m ) The results 
of distillation and calculation are given m table VII 

TABtB vn 


No. 

Temp, range 

wt in gms 

lod value 

S E 

Methyl 

olcatc 

Methyl 

linoleatc 

Li. 

165-168 

6 49 

105 I 

292 9 

5 038 

I 45* 

L2 

168-170 

9 97 

131 I 

294 4 

4 750 

3 220 

L3 

170-171 

iot.64 

117 2 

294 5 

6 773 

3 863 

L4. 

171-172 

II 24 

120 4 

295 6 

6 744 

4 496 

L5. 

172-175 

9 29 

120 9 

295 6 

5 520 

3 770 

L6 

173-180 

9 315 

120 0 

296 3 

5 659 

3 701 

L7 

above- 180 
Loss 

3 98 

I 03 

119 7 

295 8 

2 421 

I 559 



62 00 



36 907 

24 063 


Percentage of oleic aad in 'liquid' tads 60 ; } 

Percentage of linolcic aad in ‘liquid’ aads 39 47 

Percentage of oleic aad m mixed aads 43 70 

Percentage oflinolelc aad m mixed aads . . 28 jo 


The acids &oin the various fractions are oxidised by alkaline potassium 
permanganate solution^: Dihydro:^ stearic aad (MP. i3o''C) and 
tetrahydroxy stearic acids (M.P. 156® and were isolated from the 
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oxidation products showing thereby the presence of oleic and hnoleic aads 
in the vanous fractions 

The percentages of oleic and linoleic acids in mixed acids calculated 
from their thiocyanogen and lodme values are given below for comparison 
with the results obtamed by bronunation and ester fractionation methods 

Table VIII 



Percentage by 

% by ester 

% calculated from 

Acids 

bronunation method ' 

fractionation 

SlN value and I V 


{Ik at ) I 

method 

of mixed acids 

Lmoleic 

28 99 

28 50 

29 12 

Oleic 

43 21 

45 70 

44 30 


Examination op the Soap 

The iodine value of the oil (89 14) and the titre value of the mixed 
acids of the oil ate very similar to those of ground nut oil (titre value 
aS^CandlV 90 108), which is very widely used in the manufacture 
of washing soaps The washing soap prepared from a mixture of 40% 
Ttrminalta belerica oil and 60% ground nut oil was found to give good 
results by practical tests* The ground nut oil on hydrogenation is largely 
used m the preparation of toilet soaps The Terminalia belerica oil could, 
therefore, be similarly used after hydrogenation as its properties are so 
similar to those of ground nut oil The possibihty of the mdustrial uuhs 
ation IS thus indicated, and we reserve it for future study 

Examination of the Unsaponifiable Matter 

The unsaponifiable matter obtained by extracting the soaps with ether 
and distilhng oflF the solvent was resaponified m order to free it from any 
adhering oil On crystallisation from rectified spint it gave a white solid 
melting at 133 The acetyl derivative melted at ia4°C It was 

identified to be phytosterol by colour reactions Thus the sterol is sitos- 
terol commonly found m most vegetable oils 

• These piacucal tests were caiiicd out by the soap expert, Mr P S Mcnon, 
Senior Chemical Assisttnt m charge of the Industrial Chemistry Section, Department of 
Industries, Bihar, Patna, to whom our thanks are due 
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THE TIME OF SETTING AND CHANGES IN H-ION 
CONCENTRATION DURING THE SETTING OF 
NICKEL HYDROXIDE GELS FORMED BY THE 
ADDITION OF ELECTROLYTES TO THE NICKEL 
HYDROXIDE SOL 

^ S D Mehta 

Kojol Institute of Sctmt, Bombay 

{Commumcattd By Dr Mata Prasad — Kecnvtd 19 February, 194 f) 


The time of settmg (T) of the nickel hydroxide gels m the presence of varying quanti- 
ties {A) of different electrolytes has been measured at jj ® and it has been found to follow 
the relation T^RA-a m, in which m and R are constants The order of different electro 
lytes 18 

Baa^>CaSO^>AICl^ >Ai^SO^>H^/t>{Ha>Nat> {SOt>Naa 
The pH of gel forming mixtures has been found to mcrease during gelation the 
increase is largest in the early period of gelation and it decreases m the later stages 

It 18 now well known that one of the pnncipal methods of preparation 
of inorganic gels is by the addition of electrolytes to a fairly concentrated 
sol, dialyscdor undialyscd, of the gel-fomung substance Thus transparent 
gels of ferac,^ chromium and stanme,^ cenc® and zircomum* hydroxides, 
of vanadium pentoxide,® and of ferric and chromum arsenate,® have been 
obtamed 

It has been observed that in certam cases it is not quite necessary to 
use concentrated sols, for example, Grimaux^ obtamed feme hydroxide and 
Ravmervon’ the vanadium pentoxide gels by usmg fairly dilute sols of these 
substances 

It 18, however, quite necessary to use solutions of electrolytes of con- 
centrations lymg withm certam detotc range, and if these limits are exceed- 
ed either no gel is formed, or a gelatinous precipitate is obtamed These 
conclusions have been experimentally confirmed by Weiser® in the case of 
stanmc hydroxide gels 
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The Ttme of Setting and Changes in H-Ior[ Concentration 

The time of settmg of gels prepared by this method has been measured 
by Prakash and coworkers® who have also examined the effects of the con- 
centration of the sol and of the electrolytes added, on the time of setting 
They found that the time of setting (fl) is related to the concentration of 
electrolyte {c) as fl =RC-'’ in which R and p ate constants Previously Prasad 
and Hattiangadi had shown that the time of setting (T) of silicic acid gels 
IS related to the concentration (Q of ammonium accetate solution as 

The expression in the second bracket is of the same form as obtained by 
Prakash and co-workers ® 

In this investigation the time of setting of gels of nickel hydroxide 
formed by the addition of electrolytes to the nickel hydroxide sol prepared 
by a new method, has been measured and the effect of the concentration of 
electrolyte added on the setting time has been examined The changes 
in the H/-ion concentration during the formation of some of these gels 
have also been measured 

These gels were first prepared by Tower and Cook^® by the addition 
of normal alcoholic solution of KoH to a glycerol solution of mckel acetate 
Laterthcy found that transparent gels are obtained if NaOH or KoH is added 
to a concentrated solution of nickel tartrate The author has found that the 
gel obtained by the addition of NaOH solution to a saturated solution of 
nickel hydroxide in tartanc acid gives rise to a stable, transparent green 
coloured sol when it is immediately shaken with suitable amount of dis- 
tilled water This sol sets to a transparent gel when suitable amounts of 
certain electrolytes are added to it 

Experimental 

Preparation of the nickel hydroxide sol 

Approximately 2.0 N-NaOH solution was added to the nickel chlonde 
solution (iog. in }oocc of water) until the mixture was distinctly alkaline 
The precipitated nickel hydroxide was washed with distilled water, until 
free from chlonde 10ns and then dissolved in 3qg of tartaric acid The 
required amount of 2 z.oN — N^H was then added to the clear solution 
which rapidly set to a clear transparent gel, which, on shaking with dis- 
tilled water, Aspersed completely and gave nse to a stable transparent green 
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coloured sol. The colloidal content of thesol corresponded to 0.30/g. of 
nickel in 100 ^ of the sol 

Solution of electrolytes 

The electrolytes used were solutions of NaCl^ HgCl^, BaCl^^ 

CaSO^^ AlCl^ AI2 (TOjjj and HCf prepared from pure chemicals in distill- 
ed water. 

Method of measuring the time of setting 

The time of setting was measured at 35 ° in an air thermostat by Hurd 
and Letteron’s method^^, in which certain modifications were mtroduced 
for the sake of accuracy 

Experimental procedure 

A number of test tubes were filled with 5 ^ r of the nickel hydroxide sol 
and another set with different known volumes of the solutions of an elec- 
trolyte diluted with distilled water so as to make up their volume to j r r. 
Both sets were put m the air thermostat for half an hour to attam the con- 
stant temperature The sol and electrolyte solution were then mixed a 
number of times and well shaken The mixture was then transferred to a 
small weighmg bottle, and a glass tod 3" long and 1 mVn m diameter was 
mscrted m position, a stop watch was also started simultaneously A 
number of rcadmgs of the time of setting were taken, each time distutbmg 
the gel-formmg mixture as few times as possible The minimum time 
obtained in this manner was taken as the time of setting of the gel. 

The small volumes of the solution of electrolytes used m this mvesti- 
gation were measured out from a micropipcttc measuring up to o. 01 c c. 

Measurement of pH 

The pH values of the gel-formmg mixtures were determmed by Cole- 
man’s electrometer, which was standardised and occasionally checked with 
the freshly prepared standard buffer solutions 

Results 

The results obtained are given m the following tables m which 
A^c c of electrolyte solutions added to the sol , 
r=*time of setting in mmutes. 

The range of the change m the pH durmg and after the setting penod 
are given m the third column of the Tables. 



Tht Time of Setting and Changes in H-lon Concentration 8i 

Tabus I 

Electrolyte NaCl (i oN) 


A 

T 

1 

PH 

log A 

log T (Obs ) 

log T(Cal) 

2 zoo 

4 0 


0 3424 

0 6021 

0 731 

2 100 

5 5 


0 JZIZ 

0 7404 

0 708 

2 030 

8 0 

8 37-8 39 

0 )1I8 

0 9031 

0 904 

2 000 

12 0 

8 32-8 36 

0 3010 

I 0792 

I 106 

I 975 

16 3 


0 2956 

I 2175 

I 210 

I 930 

20 5 

8 30-8 33 

0 2900 

I 3118 

1 312 

1 925 

25 5 


0 2844 

I 4063 

I 418 

1 900 

54 0 


0 2788 

I 3578 

I 522 

T 830 

60 0 


0 2672 

I 7782 

J 753 


»ri=i8 73 log Ri=6 75 


Tabib II 

Electrolyte Na^Ot (o zN) 


A 

T 

pH 

log A 

log T (Obs) 

log T (Cal.) 

3 00 

1 0 


0 6990 

0 3010 

0 3630* 

4 85 

3 0 


0 6857 

0 4771 f 

0 3000* 

4 75 

4 0 


0 6767 

0 60ZI 

0 6020* 

4 63 

5 0 


0 6675 

0 6990 

0 7020* 

4 53 

6 0 


0 6380 

0 7782 

0 7970* 

4 45 

8 0 1 

8 jr-S 36 

0 6484 

0 9031 

0 9070* 

4 31 

10 0 

8 30-8 36 

0 6383 

I 0000 

1.0300 

4 23 

20 0 

8 16-8 19 

0.6284 

I 30x0 

I 3100 

4 II 

37 0 

8 13-8 21 

0 6180 

I 3682 

I 5700 

4 00 

63 0 


0 6021 

I 8129 

1 9900 


*1=2 5 69 log R, =17 43 ♦iw,=ro.69 *log'R,»:7 83 
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Tabjub III 

Electrolyte /^gC/, (o i JV) 


A 

T 

pH 

1 

log A 

log T (Obs ) 

log T (Cal) 

2 00 

0 75 


0 3010 

-0 1249 

-0 2500 

I 80 

I 00 


0 2533 

0 0000 

-0 0300 

1 60 

2 0 


0 2041 

0 3010 

0 2610 

I 40 

3 5 


0 1461 

0 J44I 

0 5901 

I 30 

6 0 

7 31-7 59 

0 1139 

0 7782 

0 7731 

1 20 

10 0 

7 34-7 65 

0 0792 

I 0000 

0 970Z 

I 10 

iJ 5 

7 5 J -7 7 ^ 

0 0414 

1 1903 

I 1848 

1 00 

23 0 

7 40-7 79 

0 0000 

T 3617 

I 4200 

0 90 

6j 0 


-0 04)6 

I 8129 

I 6801 


68 logRj=i 4z 


Tabijj IV 


Electrolyte BaOf (o 025JV) 


■ 

T 

pH 

log A 

log T (Obs ) 

log T (Cal) 

2 30 

0 2J 


0 3979 

-0 6021 

-0 6000 

* 45 

0 50 


0 3892 

-0 3010 

-0 3000 

2 40 

I 00 


0 3802 

0 0000 

0 010 

» 55 

2 0 


0 3711 

0 3010 

0 330 

2 30 

3 0 


0 3617 

0 4771 

0 660 

» »5 

7 0 


0 532a 

0 8431 

0 990 

2 to 

12 0 

8 37-8 44 

0 3424 

I 0792 

I 330 

2 150 

20 0 

8 31-8 42 

0 3324 

I 3010 

I 670 

2 125 

30 0 


0 3273 

I 4771 

I 830 

■HI 

90 0 


0 3222 

» 9542 

2 000 


Wi =}4 61 log Ri=i} 17 
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Tabus V 

Electrolyte C < lSO ^ CN/30) 


A 

T 

pH 

log A 

log T (Obs ) 

log T (Cal ) 

2 50 

I 0 


0 3979 

0 0000 

0 1300* 

2 40 

2 0 


0 3802 

0 3010 

0 298* 

2 30 

3 0 


0 3617 

0 4771 

0 474* 

2 20 

4 5 


0 3424 

0 6532 

0 657* 

2 10 

7 0 


0 3222 

0 8451 

0 849* 

2 00 

12 0 

8 70-8 82 

0 30T0 

I 0792 

I 030* 

1 90 

18 0 

8 68-8 82 

0 2788 

I *553 

I 261 

I 80 

23 0 

8 67-8 82 

0 *553 

I 3617 

I 362 

I 70 

50 0 

8 63-8 82 

0 2304 

I 477J 

I 477 


»i=4 log Ri=2 55 

*«r,=9 50 *log R,=5 91 


TABtB VI 

Electrolyte : AlCl ^ (o 05 N) 


A 

— 

T 

pH 

log A 

log T (Obs.) 

log T (Cal ) 

3 60 

0 50 



0 5363 

-0 3010 

-0 3000* 

5 50 

0 75 


0 5441 

-0 1249 

-0 0700* 

3 40 , 

I 50 


0 53*5 

0 1761 

0 18* 

3 30 

3 0 


0 3185 

0 4771 

0 44* 

3 *0 

3 5 


0 5051 

0 7404 ‘ 

0 68* 

3 10 

7 5 


0 49*4 

0 8751 

0 70 

3 00 

10 5 

7 18-7 5 ‘ 

0 4771 

I 0212 

0 92 

2 90 

15 0 

7 35-7 73 

0 4624 

I 1761 

I 14 

2 80 

22 5 

7 35-7 76 

0 4472 

I 3522 

I 36 

* 70 

40 0 

7 51-7 84 

0 4314 

I 6021 

* 59 

2 60 

70 0 


0 4IJ0 

I 8451 

I 84 

* 50 

hrs 

4- 





Wx-14 8z log lli=7 99 

•*,=19 13 *log R,=.io4o 
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Tabis VD 

ElectrolTte : (o ojN) 


A 

T 

pH 

log A 

log T (Obs ) 

log T(Cal) 

3 60 

0 J 


0 3563 

-0 3010 

-0 23* 

3 50 

I 0 


0 5441 

0 0000 

-0 06* 

3 40 

1 73 


0 3513 

0 2430 

0 22* 

3 30 

3 0 


0 3185 

0 4771 

0 50* 

3 10 

3 3 


0 5031 

0 7401 

0 80* 

3 10 

7 3 


0 4914 

0 8751 

0 73 

3 00 

10 3 

7 18-7 60 

0 4771 

I 0212 

I 06 

2 90 

16 0 

7 28-7 68 

0 4624 

I 2041 

I 17 

2 80 

23 0 

7 31-7 83 

0 4472 

I 3617 

i 38 

2 70 

42 0 

7 38-7 89 

0 4314 

1 6232 

I 61 

2 60 

72 0 

... 

0 4130 

I 8573 

1.84 


»i=i 4 28 log Ri=7 77 

94 *log R,-=sii 90 


Tabab vni 

Electrolyte HO (o 1 N) 


A 

T 

pH 

log A 

log T (Obs.) 

log T (Cal) 

2 58 

I 0 


0 4116 

0 000 

-0 16* 

2 56 

I 3 


0 4082 

0 114 

0 10* 

2 34 

2 3 


0 4048 

0 398 

0 38* 

2 32 

4 3 


0 4024' 

0 633 

0 63* 

2 30 

7 0 


0 3979 

0 843 

0 82 

2 48 

10 0 

7 30-7 83 

0 3945 

I 000 

I 01 

2 46 

24 0 

7 46-7 83 

0 3909 

1 146 

1 20 

2 43 

20 0 

7 52-7 84 

0 3892 

I 301 

1.30 

2 44 

40 0 


0 5874 

I 602 

I 38 


wi=.53 09 log 95 

*'»i-=79 so ^log R»=«S» 48 
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The Time of Getting and Changes tn H-Ion Concentration 
Discussion of Kssults 

The gels obtained by the addition of all the electrolytes used were 
firm and transparent, excepting in the case of NaCl and Na^O^ which are 
required m high concentration. 

The foregoing tables show that the time of setting decreases at first 
rapidly and then slowly as increasing amounts of electrolytes are added to 
the same amount of the nickel hydroxide sol 

The concentrations (x) of various electrolytes in the gel-formmg 
mixtures reqmred to cause the setting in 20 minutes have been read from 
the curves drawn by plotting (A) against (T) and are given in Table IX 


Table IX 


Electrolytes 

X 


Electrolytes 

X 

NaC/ 

0 195N 

Ala, 


0 014N 

Na^Oi 

0 083N 

HgPlt 


0 oioN 

HO 

0 024N 

CaSOt 


0 006N 

AitWt 

0 014N 

BaClt 


0 oo5jNF 


The order of these electrolytes is thus 
BaCl{>CaO^>HgCl{>AlCl^>Alf^SOf)^>HCl>Na^O^>NaCL 


This series does not follow the valency rule according to which 
the gelating power (analogous to coagulating power) of tnvalent 
alumimum salts should be the highest Such exceptions hav^ been found 
m the study of the coagulating power of electrolytes m the case of several 
sols. 

On plotting log A against log T a single straight line or two intersec- 
ting straight hues, are obtained The results, therefore, in general, show 
that T=RA~'* where iw and R at^, constants. The values of m and log R 
arc given below each of the tables I-VIII and summarised in Table X m 
which nil and log refer to straight lines corresponding to lower con- 
centrations of an electrolyte and ixr, and log R^ for those cortespondmg to 
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higher concentrauons. The latter values are marked with an asterisk m 
each case. 

Tabm X 


Electrolyte 


log Rj 


log R, 

NaCI 

i8 75 

6 75 



Na^Ot 

23 69 

17 43 

10 69 

7 83 


5 68 

I 42- 



BaCU 

34 6t 

13 «7 



CaSO^ 

4 63 

i 35 

9 50 

3 91 

AlCl^ 

14 82 

7 99 

19 »5 

10 40 

AltWi 

14 28 

7 77 

21 9a 

II 90 

HCl 

53 09 

21 95 

79 30 

32 48 


It will be seen that excepting for aluminium salts the values of m and 
log R are different for different electrolytes 

These values of m and log R have been used to calculate the values 
of T for the corresponding values of A employed in this investigation and 
the results obtained are given in the 6th column of the Tables I-VIII The 
values maiked with an asterisk are calculated from and log Rj A com- 
parison of the calculated and observed values of T shows that the relation 
Tt=KA~^ reproduces the experimental results fairly accurately. 

The changes m pH during and after the settmg of the gels were obser- 
ved with all electrolytes exceptmg Nad and Na^O^ The pH mcreases 
for some time and then reaches a constant value. These results arc similar 
to those obtained by Kugelmass.^*. 

Also the pH ceases to change earlier, greater is the concentration of 
the electrolyte added. This is illustrated m the case of gels formed by the 
addition of alumimum sulphate, in Table XI, m which */* represents the 
interval m minutes after introducing the mixture m the electrometer, at 
which the pH readings were taken. 
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Table XI 


t 

A—z 70 
pH 

A= 2 #0 
pH 

A- 2 90 

pH 

.fd— 3 00 
pH 

I 0 

7 38 

7 51 

1 z8 

1 18 

2 J 

7 54 

7 48 

7 47 

7 38 

J 0 

7 67 

7 60 

7 5 (i 

7 47 

7 J 

7 71 

7 66 

7 60 

7 51 

10 0 

7 74 

7 69 

7 63 

7 54 

12 5 


7 71 

7 65 

7 57 

13 0 

7 79 

7 75 


7 60 

17 5 



7 68 

No change 

20 0 

7 81 

7 76 

No change 


25 0 

7 83 

7 78 



33 0 

7 85 

7 80 



43 0 

7 87 

7 82 



60 0 

7 89 

7 83 



70 0 

No change 

No change 



T 

42 0 

23 0 

16 0 

10 3 


Tables I to VIII reveal that mixtures contaimng greater amounts of 
electrolytes set earlier. It may, therefore, be surmised that the changes in 
pH are related in some way to the process of setting of these gels It will 
be seen from the table XI that the rapid increase in pH takes place during 
the early period of gelauon process, that is, m the first few mmutes This 
IS probably the stage of coagulation of the sol. The slow increase m pH 
which takes place m the later period of gelation process and continues 
even after the gel has set, probably occurs dunng the formation of specific 
gel-structure 

The author takes this opportunity to thank Dr. Mata Prasad, D.Sc., 
F I.C , under whose guidance the work described in this paper was com- 
pleted. 
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CHEMICAL EXAMINATION OF SPHAERANTHUS INDICUS, 
LINN PART I— THE COMPONENT FATTY ACIDS AND PRO- 
BABLE GLYCERIDES OF THE FATTY OIL 


Bj Bawa Kartar Singh and Ram Das Tiwari ' 

(Chemtstty Dtpartment, Allahabad Unnerstty — Received 2j January, if 4)) 

Sphaeranthus indrcus Linn has been found to yield 5 03% of a semi-drying oil having 

Q 9298, I 4882, and value 15 97, sap value 179 40, acetyl value 25 75, 
Hehner value 90 33, un saponifiable matter i 8t%, R M 1 24, iodine value (Hanus) 
1 17 40 and thiocyanogen value (24 hours) 80 50 

The component fatty acids were found to be linolenic i 02%, linoleic 46 08%, 
oleic 44 32%, palmitic I 06%, stearic 3 70% and arachidic 1 82% The unsaponifiable 
matter consisted of a sitosterol m p 1 3 5 °C and another compound, m p 78 °C 

The glyceride structure of the fatty oil has been determined by brominatmg the 
neutral oil, separating the bromoglyceridcs into simpler fractions and estimating their 
fatty acid composition The component glycerides of the oil arc — palmitodilmolcm 
(o 8%), stearodilmolein (4 1%), arachidodilinolein (i 3%) palmitoolcolmolem (i 5%), 
stearooleohnolcin (7 9%), arachidooleiolinolein (2 5)%, palmitodilocin (i 1%), stear- 
odiolein (6 0%), arachidodiolein (i 9%), linolcooleolinolenein (3 0%), mlinolem (3 1%), 
oleodilinoltin (32 9%), diolcolinolcin (33 6%) and trioUin (o 3%) 

Sphaeranthus tndicus Linn commonly known as Mundi or Gorakh- 
mundi m Hindi and Mahamundi in Sanskrit is a much branched annual 
herb belongmg to the natural order compositae. The herb is very common 
m the rice fields of India where it grows m abundance after the rice is 
harvested It is also distributed throughout India, Ceylon, China, and 
Africa 

The drug generally consists of the whole plant or only capitulas and has 
been desenbed by various writers to be highly medicmal. Accordmg to 
Kirtikar and Basu,^ Chopra® and Dymock, Warden and Hooper® the herb 
IS bitter, laxative, tome, anthelmintic and appetiser, useful m msamty, 
mdigestion, anaemia, dysentery, scabies and ringworm and enriches blood. 
The aqueous distillate of the herb is the most common preparation used. 

In spite of the great medicinal value of the plant, very httlc work has 
88 
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been done on its chemical examination Dymock {/oc. cit ) reports that on 
distillation with water the herb yields a dark sherry coloured essential oil 
and that the most important principle that could be detected in the leaves, 
stems and flowers was a bitter alkaloid provisionally named ‘Sphaeranthme ’ 
The constants of the essential oil have also been recently reported^ and will 
be compared with those obtained by us in a subsequent communication 
It was, therefore, thought desirable that a complete systematic chemical 
examination of the drug would be interesting and with this object in view 
the present work was undertaken In this part the work on the component 
acids and glyceride structure of the fatty oil is described The results of 
the exammation of the other constituents of the drug will form the subject 
of subsequent commumcations 

The material was so light and voluminous that the use of petroleum 
ether or benzene for the extraction of the fatty oil was found to be too ex- 
pensive The difficulty was further aggravated by the low percentage 
yield of the oil The whole material was, therefore, extracted with recufied 
spirit in lots of 600 grams The alcohol was distilled off and from the 
residue fatty oil was separated by the method described in the experimental 
part 

A detailed chemical examination of the oil has shown that it consists 
of the glycerides of linolenic (i 02%), linoleic (46 08%), oloeic (44.52%), 
palmitic (1 06%), steanc (j 7%) and arachidic (i 82%) acids, together 
with an unsapomfiable matter consisting of a sitosterol mp 135° and 
another compound m p 78 °C 

The component glycerides of the oil have been examined by brommat- 
mg the neutral oil m petroleum ether (B P 4o°-6o°C) at-j°C and resolv- 
mg the brominated product into a number of simpler fractions 
The absence of any fully saturated or disaturated glycende was established 
by chillmg the oil m acetone solution in a frigidaire for about a week when 
only o 2 gms. of the unsapomfiable matter was deposited A similar small 
quantity of the unsapomfiable matter was obtamed on oxidising the neutral 
oil m acetone with powdered potassium permanganate accordmg to the 
method of Hilditch and Lea,® confirming further the absence of any fully 
saturated glyceride. 

The component acids of the oil determined by this method are m fair 
agreement with those obtained by lead salt separation and ester fractiona- 
tion methods. The comparison is shown in table 12. 
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The probable component glycerides of the oil are as follows : — 
palmitodilmolein (o . 8%), stearodilinolem (4 1%), arachidodilinolein (i . 3%) 
palmitooleolinolem (i 5%), stearooleoUnolem (7 9%), arachidooleolino- 
Icin (a. 5%), palmitodiolcin (i 1%), stearodiolein (6 0%), arachidodiolem 
(i .9%),linoleoolcolinolcnein(3%), trihnolein (3 i%),oleodilinolcm (32.9%) 
dioleohnolein (33.6%) and triolem (o 3%) Our experiments have thus 
shown the actual number of glyerides to be 14, whereas the maximum num- 
ber of individual glycerides, which may be obtamed by any permutation of 
the SIX fatty acids m combination with the tnhydne glyceryl radical, 
HoC-CH-CHo, IS 126 
III 

Experimental 

About twenty kilograms of the crushed material was extracted with 
rectified spirit The syrupy mass left after distillmg off the alcohol was 
subjected to steam distillation whereby the volatile oil was removed. Now 
there remained m the distilhng flask an aqueous layer and above it an oily 
layer. The oily layer was separated from the aqueous layer with a separat- 
ing funnel This was then treated with petroleum ether (B.P. 40-60 *Q 
which dissolved out the fatty oil On disalling off the solvent a dark vis- 
cous oil was obtained which was further purified with animal charcoal and 
Fuller's earth The oil did not deposit any residue on keeping It was 
found to be a sermdrying oil having the foUowmg physical and chemical 
constants (Table I) ; — 

Table I 


Yield 

J.03% 

or _ oil 50”C 

Spofe g»v.t 7 

. 0.9298 

Refractive index at 15 ®C 

1 

Acid value 

• iJ 97 

Saponiflcation value 

179 40 

Acetyl value 

75 

Hehner number 

90 55 

Reichert Meissl value 

I 24 

Un$apomfiable matter 

I 85% 

Iodine value (Hanus) 

117 40 


- Thiocyanogcfl value (24 hours) 80 50 

Four hundred and seventy-five grams of the oil were then sapomfied 
with an alcohohe solution of sodium hydroxide, alcohol distilled off and the 
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unsaponifiable matter removed with ether The soap solution was then 
decomposed with dilute sulphuric acid when fatty acids (425 grams) havmg 
the foUowmg constants were obtained (Table z) 

TABLB 2 


Consistency 
Neutralisation value 
Sapomficauon equivalent 
Iodine value (Hanus) 
Thiocyanogen value (24 hours) 


— liquid, became solid on keeping. 
—194 20 
— 288 95 
—123 32 

- 83 85 


The mixture of fatty acids was then separated into sohd and hquid 
aads by the Twitchell’s Lead Salt- Alcohol process *. The percentages, the 
lodme and thiocyanogen values, the neutrahsation values and the saponifi- 
cation equivalents of the solid and hquid acids are given below (Table 3) : — 


Table 3 


Aads 

% 

Iodine 

value 

Thiocyanogen 

value 

Neutralisation 

value 

Saponificaticxi 

equiv. 

Sohd 

8 }8 

0 88 

— 

189 90 

293 40 

Liquid 

91 42 

136 00 

90 86 

200.30 

280 20 


Examination of the liquid acids 

Ten grams of the hquid acids were oxidised with a dilute solution of 
alkahne potassium permanganate according to the method of Lapworth 
and Mottram^® when a dihydroxy stearic acid M P. i3o“C, a tetrahydroxy- 
stearic acid M P. and a hexahydroxy stearic acid M.P zo2®C were 

obtamed showing the presence of oleic, hnoleic and hnolemc aads m the 
hquid aads. 

The quantitative determmation of these acids was done^by brommating 
a known weight of these acids in ether at-io^C accordmg to the method 
of Eibner and Muggenthalor^^ modified by Jamieson and Boughmann,^ 
the results of which ate given below (Table 4) : — 

^ Table 4 


Weight of liquid aads 

Weight of hnoleoic hcxabromldc 

Meltuig point of Imolemc henbromide , 


. 8.6896 gins, 
o 2622 gmi. 
176*C 
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Waght of linoleic tetrabromide 

j 8965 gms 

Melting point of Imoleic tetrabromide 

ii3«C 

Weight of the residue (di-+ tetrabromide) 

9 9416 gms 

Bromine contents of the residue (Pina and Schiff’s method) 

4 A oj% 

Weight of Imoleic tetrabromide in the residue 

5 4030 gms 

Waght of oleic dibromide m the residue 

6 5386 gms 

Total weight of linolac tetrabromide 

9 2993 gms 

Waght of Imolcnic acid 

0 0962 gms 

Weight of Imoleic acid 

4 3400 gms 

Weight of oleic acid 

4 1730 gms 


From the above results the percentages of linolenic, Imoleic and oleic 
acids in liquid acids, in mixed acids and in the oil have been calculated and 
are given below (Table 5) — 


Acids 

LinoIcnic 
Linolcic . 
Oleic 


Tabu 5 

Percentage la 
liquid aads 
1 ii( o 72) 
50 41(49 03) 

48.47(50 »5) 


Percentage in 
mixed acids 
1 02 
46 08 
44 it 


Percentage in 
oil 
o 92 
41 62 
40 03 


The figures in brackets are those calculated for these acids from the 
thiocyanogen value of the liquid acids 

The theoretical iodine value of a mixture of i 12% linolemc, jo.41% 
Unoleic and 48 47% oleic acids is 157 92 which agrees fairly well with the 
iodine value of liquid acids (Table 5) 

The percentages of linolenic, hnoleic and oleic acids in the mixed 
acids were calculated from the thiocyanogen and lodme values of mixed 
aads. These results ate given below (Table 6) for comparison with those 
obtamed by brommation of the liquid acids 


Aads 


Linolenic 

Unoleic 

Oleic 


Tabu 6 


Percentage in mixed aads 
by biominauon 
method 


Percenttge m mixed aads by 
calculauon from thiocyano- 
gen and iodine values 


I 02 
46.08 
44 


I II 

45 

4669 
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Examination of the Solid Acids 
The sohd acids were rubbed over a porous plate to free them from 
traces of hquid acids They were found to melt at 58°C The acids (38 
grams) were then converted to methyl esters in the usual manner when 40 
grams of the mixed esters were obtamed The esters were subjected to 
distillation under reduced pressure, the results of which are given below 
(table 7) — 

Fable 7 

Wught of esters thsiillcd — 59 88 gms 

Fraction No Pressure Boiling range Wnght in grams 

1 15 mm 187-190 ®C 2 70 

2 ijmm i9o-i93°C 12 42 

3 15 mm i93-i97‘’C 1037 

4 13mm 197-200 °C 6 95 

j 1 3 in m 200-205 °C z 64 

6 (Residue) 4 28 

The saponification value, the sapomfication equivalent and the iodine 
values of all the fractions were determmed and the amounts of various 
acids m different fractions were calculated according to the method of 
Jamieson and Boughmann’® (Table 8) . — 

Table 8 


Fraction 

Iodine 

Saponifica- 
tion value 

Saponifica- 
tion equi- 
valent 

Palmitic 

-icid 

Stearic 

acid 

Arachidic 

acid 

Unsaturated 

acids 



% 

gins 

% 

gms 

% 

gms 

% 

gms 

I 

o 31 

203 9 

275 2 

77 02 

2 080 

17 65 

0 477 



0 23 

0 006 

z 

0 52 

191 9 

292 4 

13 54 

2 302 

76 28 

9 473 



0 38 

0 047 

i 

0 84 

185 7 

302 3 



80 85 

3 3«' 

13 92 

1 443 

0 62 

0 064 

4 

0 79 

181 0 

309 8 



54 139 

3 761 

140 77 

2 833 

0 58 

0 040 

5 

0 95 

180 9 

310 1 



53 73 

I 419 

41 05 

I 083 

I 0 70 

0 018 

Unpolv- 












meriscd 












(2 257 












gms) 












6 Residue 

I 04 

172 I 

336 I 





94 95 

2 143 

0 76 

0 017 

Poly- 1 












mensed 












(a 003 












gms) 












Total 


4 582 


23 5” 


7 302 


0 192 
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’Fraction i The liberated acids from this fraction melted at 59°C 
On repeated crystalhsation from acetone palmitic acid, M P. 60-61 “C and 
steanc acid MP. 65 -66 °C were isolated These meltmg points were not 
depressed by the addition of pure palmitic and stearic acids respectively 
Fraction 2 The acids obtained after saponification of the fraction 
melted at 60 °C Fractional crystallisation from acetone gave palmitic 
aad M P 6i°C and stearic acid M P 65-66°C, not depressed by the addi- 
tion of authentic samples of these acids 

Fractions 3, 4 and j The liberated acids from these fractions had 
melting points 64 °C, 64 °C and 70 ®C respectively They were fractionally 
crystalhsed from acetone when in each case stearic acid, M P 6S°C and 
arachidic acid, M P 74° were obtamed The presence of stearic acid was 
confirmed by the determmation of mixed melting point with an authentic 
sample, but that of arachidic acid could not be confirmed for want of an 
authentic sample 

Fraction 6 {Residue) The acids liberated from this fraction after sapo- 
nification were brown m colour On extracting this with petroleum ether 
an acid was obtamed which had molecular weight 3106 The aad on crys- 
tallisation from acetone melted at 74-75 '’C and was evidently pure arachidic 
acid. 

Confirmation of arachidic aad The mixed melting pomts of the arachi- 
dic acid from fractions, and Fj with one another were detet- 

mmed and found to be undepressed The different samples of arachidic 
aad from all the fractions were then mixed and crystalhsed from acetone, 
and melted at 75 °C Thi? was converted into silver salt and igmted 
o 6810 gms of silver salt gave o 1739 gms of silver (Found molecular 
weight 314 9, CaQH4o02 requires M.W. 312) 

The percentages of various sohd acids m mixed sohd acids, in mixed 
acids and m the oil are given below (Table 9) 


Tabie 9 


Acid 

Percentage in 
solid aads 

Percentage in 
mixed aads 

Percentage in bil 

Palnubc 

12 }8 

1 06 

0 96 

Steanc 

66 43 

5 70 

5 15 

Atachidtc 

21 19 

1 82 

I 64 
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Examination of the Unsaponifiable Matter 

The unsaponifiable matter obtained by extracting the soap solution 
with ether was a semi-solid yellow brown mass having a characteristic 
odour This was kneaded in petroleum ether (B P 40-60 °C) and kept in 
a frigidaire The portion insoluble m petroleum ether was crystallised 
from absolute alcohol whereby a white crystalline substance M P 78° was 
obtained This gave no test for sterol and will be described fully in a 
later communication 

The petroleum ether soluble portion on repeated crystallisation from 
alcohol gave a solid crystalline compound M P 1 3 5 °C This gave all 
colour tests for a phytosterol, sitosterol The acetyl derivative melted at 
122 °C Hence this compound is a phytosterol, sitosterol, found in most 
vegetable oils 


The Component Glycerides 

The oil was made neutral by treatmg it with sodium carbonate and puri- 
fied with ammal charcoal and Fuller’s earth 

Fifty grams of the neutral oil were then dissolved in six times its weight 
of dry acetone and chilled at o^C in a frigidaire for about six days, when 
o 2 gm of a neutral substance was deposited This was filtered off and 
crystaUised from alcohol when a white crystalline substance M P 74°C was 
obtained This was found to be the unsapomfiable matter Hence the 
oil does not contam any appreciable quantity of fully saturated or disaturat- 
ed glycerides 

Fifty grams of the neutral oil. were thcrl dissolved in ten times its 
weight of dry acetone and oxidised with four times its weight of powdered 
potassium permanganate according to the method of Hilditch and Lea 
lloc. at.) The process was repeated three times when in the end o 2 gm. 
of a neutral substance was obtained which on crystalhsation from alcohol 
melted at 75 °C This was found to be impure unsapomfiable matter. This 
further confirms the absence of any fully saturated glycerides. 

One hundred grams of the neutral oil were then dissolved in a litre 
of dry petroleum ether (B.P. 40 cooled to — 5 X and bromine added 
tdl It was in slight excess which was indicated by the colour of the soluhCHD 
turning to permanently brown This was kept overnight in a fngidairc 
when some gummy sohd mass separated This was filtered off and washed 
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with chilled petroleum ether The solid mass left on the filter paper was 
boiled with alcohol when a portion remained undissolved which was desig- 
nated as Fi, another part crystallised out on coolmg and this was F^ and 
a third part Fg was obtained on distillmg off alcohol The petroleum ether 
fiiltrate was treated with a solution of sodium thiosulphate to remove excess 
of bromine, washed with water, dehydrated over fused calcium chloride 
and the solvent distilled off, when a dark viscous liquid was obtained This 
was extracted with absolute alcohol and the alcohol soluble portion was 
designated as The alcohol insoluble portion was treated with a mixture 
of alcohol and acetone (i i) and the soluble portion gave Fq The remam- 
ing insoluble portion then completely dissolved in acetone giving Fg 
The scheme of separation is shown below — 


Neutral oil (loo gms ) 

I Brommated in ptt ether 


Inboluble product 

I Boil with alcohol 


Insoluble 

29 96 gnas 
(dark viscous 
mass) 


I 

Soluble 

Wash with hypo and remove solvent 
I Extract with alcohol 


Soluble m hot 
but crystallised 
out in cold 

F. 

12 I 4 gms 
(dirty senusohd) 


Soluble 

F, 

19 30 gms 
(brown viscous 
mass) 


Soluble 

F, 

49 98 gms 
(dark viscous 
liquid) 


Insoluble 

Extract 
I with alcohol 
Sc acetone 
(» 0 


Insoluble 
Extract with I 
acetone 

Soluble 

F. 

12 97 gms 
(duty VISCOUS mass) 


Soluble 

Ft 

51 M gms 
(brown viscous 
liquid) 


The fractions F^, Fj, Fg, F4, Fg and Fg were all debrominatcd by 
taking them in methyl alcohol, adding zme dust, saturating the solution 
with dry hydrochloric acid gas and then refluxing for about eight hours. 
The debrominatcd products were then saponified with alcoholic potassium 
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hydroxide, the unsapomfiable matter removed with ether and the fatty acids 
hberatetf with dilute sulphuric acid The saponification equivalent, the 
iodine value and the thiocyanogen value of the liberated acids were then 
determined and from these values the quantities of individual acids were 
calculated The amounts of saturated acids being too small for estimating 
them separately, they were considered as one acid The fractions were 
then oxidised with a dilute alkaline solution of potassium permanganate 
according to the method of Lapworth and Mottram (loc at ) the unoxidis- 
able product extracted with petroleum ether and the sapomfication equiva- 
lent of the acids so obtained were determined It was found that no satura- 
ted acid was present in F^, but from the oxidation product a hexahydroxy- 
steanc acid was isolated besides tetta-and di-hydroxy stearic acids, showing 
thereby that the acids of Fj contain Imolenic, linoleic and oleic acids only 
As the hexahydroxy stearic acid could not be isolated from the oxidation 
product of any other fraction, it is cleat that the entire Imolenic aad is pre- 
sent m Fj The amounts of these three acids in Fj, were then calculated 
by the usual formula 

The results of bromination and analysis are given below in tables 
10, 11 and 12 

Table 10 



F, 

F» 

F, 

F« 

F, 

F. 

Weight of brominatcd product m 
gms 

Weight of debrominatcd product 

29 96 

12 14 

19 30 

49 98 

51 n 

12 97 

in gms (glyceride -funsaponi- 
fiablc matter) 

15 39 

6 91 

12 41 

28 03 

28 16 

9 46 

Weight of unsapomfiable matter 
Weight percent of glycerides (free 

0 21 

0 to 

0 16 

0 41 

0 43 

0 12 

from unsapomfiable matter) 

15 34 

6 88 

12 38 

*7 94 

28 03 

9 43 

Mol percent of tmxed acids 
Sapomfication equivalent of li- 

15 39 

6 84 

12 27 

28 04 

28 06 

9 40 

berated aads 

280 }0 

283 20 

283 90 

280 30 

281 00 

282 40 

Iodine value of liberated acids 







(Hanus) 

157 10 

125 50 

92 12 

129 60 

135 10 

60.95 

Thiocyanogen value of liberated 
acids (24 hours) 

Sapomfication equivalent of sa- 

96^ 26 

62 53 

61 06 

90 33 

90 to 

60 73 

turated acids obtained on 
oxidation 


269 10 

284 20 



287 90 
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Table ii 


Mol percent of acids in each fraction 

Fi Fs Fg F4 F, F, 


Mol percent of mixed acids 

15 39 

6 84 

12 27 28 04 

28 06 

9 40 

Linolenic acid 


6 54 

— 



— 

— 

Linoleic acid 


65 42 

69 96 

34 51 43 47 

49 94 

— 

Oleic acid 


28 04 

— 

33 36 56 53 

50 06 

67 80 

Saturated acids 


— 

30 04 

32 12 

— 

32 20 



Tabu 

1 12 





Mol 

percent cf acids on total acids 





F. F, 

F, 

F4 F* r. 

mean 

Linoknic 


1 00 

— 

— — — 

1 00 1 

04) 

Lmoleic 


10 07 4 78 

4,24 1 

12 19 14 02 — 

45 30 (46 4i) 

Oleic 


4 32 - — 

4 09 1 

15 85 14 04 6 37 

44 67 (44 38) 

Saturated 


2 06 

3 94 

j 03 

9 03 (8 20) 


The results obtamed above are in fair agreement with those obtained 
for the component fatty acids of the oil which are also given (mol percent ) 
in the above table in brackets for comparison 

From the above figures the probable component glycerides of the oil 
of Sphaeranthus tndteus have been calculated as shown below (Table 13) • — 


Table 13 


Probable component glycerides of the oil of Sphaeranthus mdscus (Mol percent ) 


Glycerides in 

F, 

F, 

F, 

F. 

Fs 

F, 

Mean 


M 39 

6 84 

12 27 

28 04 

28 06 

9 40 

100 

I Fully saturated glycerides 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 


2 Disaturatcd glycerides 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 


3 Monosaturated glycerides 








(j) Saturated dilinolcin 


6 18 





6 18 

{p) Saturated oleolinolein 



II 82 




II 82 

(c) Saturated diolein 






9 09 

9 09 

4 Tnunsaturated glycerides — 








(a) Linoleoolcolinolenein 

3 00 






3 00 

(i) Trilinolein 

2 43 

0 66 





3 09 

(r) Oleodiluiolcin 

9.96 


0 45 

8 53 

14 00 


52 94 

(<0 Dioleolinolem 




19 51 

14 06 


33 57 

(«) Triolein 






0 31 

0 31 
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In these calculations all the saturated acids have been considered as 
one aad Also as all the saturated acids of the oil of Sphaeranthus indtcus 
are combined as monosaturated diunsaturated glycerides, we can assume 
that they are proportionally distributed in monosaturated dilinolein, mono- 
saturated oleohnolein and monosaturated diolem From the above consi- 
derations the component glycerides of the oil of Sphaeranthus tndicus may 
be given as follows — palmitodihnolein (o 8%), stearodilinolein (4 1%), 
arachidodibnolem (i 3%), palnutooleolinolein (i 5%), stearooleolmolein 
(7 9%)» arachidooleohnolein (2 5%), palmitodiolem (i 1%), stearodio- 
lem (6 0%), arachidodiolein (i 9%), hnoleooleolinolenein (3%), trilinolein 
(3 oleodihnolein (32 9%), dioleolinolein (35 6%) and triolein (o 3%) 
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THE EFFECT OF H-ION CONCENTRATION ON THE TIME 
OF SETTING AND VISCOSITY CHANGES DURING 
THE SETTING OF THORIUM ARSENATE 
GEL-FORMING MIXTURES 

^ T V Desai and S.S Bhanage 
Koyal InsUtutt of Scimce, Bombay 

{Cemmumcated ky Dr Mata Prasad — Received i8 February, 1943) 

The changes m pH caused by the addiuon of different amounts of HQ to mixtures 
giving rise to thorium arsenate gels have been discussed and their effect on the time of 
setting and the increase in viscosity during setting has been brought out It has been 
found that the time of sitting of a gel-formmg mixture is minimum when its pH is 
maximum, also a reversal in the increase in viscosity during setting takes place at 
maximum pH 

The effect of H-ion concentration on the time of settmg of gels has 
been most exhaustively and systematically studied m the case of gels of 
silicic aad by Hurd and co-workers (cf. Hurd and Carver, J. Phys, Chem., 
193 3» 37» Hurd and Miller, ibid 1934, 38, 668) Hurd and Paton 
(J Phys Chem , 1940, 44, 57) have confirmed m a remarkable manner, 
the speafic effect of H-ion concentration on the time of setting of silicic 
acid gels On adding the same amount of extra acetic acid to the same 
sihcic acid gel-forming mixture at different intervals from the commence- 
ment of the formation of the gel, they have shown that the setting of the 
gel proceeds at the same rate as without the addition of the extra acid, for 
the time before the acid is added, and subsequently at the rate followed m 
the presence of the extra acid added at the commencement of the setting. 

Very httlc work has been done on the effect of H-ion concentration 
on the time of settmg of other gels The only early reference available m 
the hterature is the observation of Freundhch and SoUner (Koll. Zeit., 
1928, 44, 309, 4j, 348) who found that the time of settmg of iron hydroxide 
gel mcreases from 82 seconds to 9000 seconds when the pH of the gel-form- 
mg system is changed from 3.86 to 3.11. Recently Prasad and Desai 
(J, Umv. Bom., 1938, 7, 132) measured the time of settmg and the pH 
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of some mixtures giving rise to several inorganic gels They found that 
there is no definite relationship between the pH and the time of setting 
For example, in the case of stannic phosphate gels, the time of setting 
decreases and so does the pH on increasing the amount of phosphoric 
acid (the constituent 1 contaimng the anion of the gel-formmg substance) 
in the mature, but on increasing the amount of stannic chloride (the cons- 
tituent II contaimng the cation of the gel-forming substance), the time of 
setting increases while the pH decreases Same observations have been 
made on increasing the amounts of the constituents 1 and II m mixtures 
giving rise to gels of stannic, manganese and zinc arsenate and of ccric phos- 
phate. In gels of thorium arsenate and thorium phosphate the above men- 
tioned observations have been found to hold with regard to constituent 1 
only, with an increase in the amount of thorium mtrate in the mature no 
change in pH has been observed while the time of setting first decreases 
and then increases in the former case and regularly increases in the latter 
In the case of gels of thorium molybdate they found that with the addition 
of increasing amounts of HC/ to a gel-forming mixture the pH decreases 
contmuously, while the time of setting decreases and increases in succes- 
sion They further found that no change in pH takes place durmg the 
gelation of all the gels studied by them 

A systemauc work on the relauon between the time of setting and H-ion 
concentration has been earned out by Miss Nathan (J Indian ^em Soc , 
1943, 20, 159) (in the case of thorium phosphate gels, the pH of a gcl- 
forming mature was changed by the addition of varying amounts of HC/ 
to the mixture She found that with a contmuous decrease m pH the nme 
of settmg of the several gel-formmg mixtures first decreases and then 
increases, and the mimmum nrae of setting occurs at lower pH, smaller 
the concentrauon of phosphoric acid m the mixture She found no Imcar 
relation between pH and logarithm of the time of setting as observed by 
Hurd and co-workers (loc cit ) She also observed no change m the pH of 
the gel-forming mixmres cither on standing or on the addition of different 
amounts of alcohol. Further she found that the mixtures set to a gel only 
when their pH values arc less than i 7, if this value is exceeded a precipitate 
and not a gel is formed. 

In the present mvestigation'an attempt has been made to study systema- 
ucally the relation between the pH and the time of setting of thorium arse- 
nate gel-formmg matures, the pH was altered by the addition of different 
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amounts of HU These gels are particularly interesting because they 
ate clear or translucent when )ust set and become translucent or opaque, 
respectively, on standing 

Miss Nathan (J Indian (hem Soc , 1943, 20, 36) has also found 
that the viscosity changes taking place in thorium phosphate gel-forming 
mixtures with time are a function of its pH She found that increase in 
viscosity with time takes place more rapidly as the pH of the mixtures is 
reduced upto a certain value, further reduction in pH lowers down the rate 
of increase in viscosity The effect of pH on the increase of viscosity with 
time of thorium arsenate gel-forming mixtures was therefore, also studied 
in this investigation The viscosity changes during the setting of these gels 
have been measured by Prasad and She)walkar (J, Indian Chem Soc , 1940, 
17, 308) who have examined the effects of the change of concentrations of 
the constituents of the gel-forming mixture and of temperature and of the 
addition of non-electrolytes and electrolytes (N^C/ and HaC/^ to several 
mixtures 

Experimental 

Time of StHtng 

Hurd and Letteron’s method described by Miss Nathan (loc cit ) was 
employed for the measurement of the time of setting All the observation** 
were taken at 35° Glass rods of o 094 ems and o 062 ems diameters 
were, respectively, used for the results given in the first two and the third 
tables The rod of smaller diameter had to be used in the latter case as 
the gels formed were not firm enough to support the rod of the bigger 
diameter 
pH 

The pH of the various gcl-forming mixtures was measured by the 
quinhydrone method on Student Potentiometer, which was tested, using 
potassium hydrogen phthalate buffer (/>H=3 97), every time a set of 
observations was taken For this purpose the two constituents of the gcl- 
forming mixtures were separately saturated with solid qumhydrone and 
kept ovcrmght and were mixed when the readings were taken 
Solutions 

Following solutions were used for the preparation of gels 

(/) 6 per cent (N/z) solution of thorium mtrate prepared from 
Kahlbaum’s pure t^omcal, 
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(it) 10 per cent solution of arsenic acid prepared from Merck’s 
pure pyro-arsenic acid, 

(w) iNHCJ 

Espertmental Procedure jor Tim oj Setting 

A known volume of thonum nitrate solution was taken in one test 
tube and in the other were taken different volumes of the arsenic acid solu- 
tion with the requisite amount of HC/ solution and distilled water so that 
the total volume on mixing was lo t c The two test-tubes were kept in 
the thermostat for half an hour and then the two solutions were mixed 
by pouring the contents of one into the other, hve times over The mix- 
ture was then placed in the weighing bottle wherein it was allowed to 
set, with the glass rod inserted in it in accordance with the requirements 
of the above named method for the determination of the time of setting 

Ktsu/ts 

The results obtained are given m Tables 1, II and 111 m which X re- 
presents the c c of arsenic acid solution in the mixture and T the time of 
setting m mmutes The results arc a mean of several readings which did 
not differ from each other by more than a-j seconds and were taken by shift- 
ing the rod only when the gel was about to set 


I ABLE I 


Thoiiutn Nitratc=5 o c t 



X- 

-045 

X-o 

50 

X- 

0 5^ 

X- 

-0 60 

HU 









c c 

T 

pH 

T 

pH 

T 

pH 

T 

pH 

0 00 


1 25 


1 '7 

140 0 

> 15 

90 0 

0 92 

0 05 


I 29 

no 0 

1 22 

65 0 

I 19 

H 3 

0 97 

0 10 

III 0 

J 3* 

66 5 

‘ *5 

20 0 

I 21 

14 0 

1 02 

0 15 

«6 0 

I 35 

48 0 

I 29 

1} 0 

' 1=5 

8 3 

1 05 

0 25 

ji 0 

' 93 

i6 75 

1 }2 

6 5 

1 Z7 

3 0 

I 09 

0 40 

17 0 

I 44 

6 2 J - 

I 33 

I 0 

I 29 

2 0 

J 15 

0 60 

24 0 

' 31 

10 0 

‘ ^3 

6 0 

I 19 

2 5 

i n 

0 80 

41 5 

I 09 

19 0 

0 97 

8 0 

0 95 

3 75 

0 95 

I 00 

67 5 

0 99 

29 0 

0 92 

10 j 

0 92 

3 5 

0 90 



104 TV Dcsai and S S Bhanage 


Tabu: TI 

Thorium Nitrate = 6 o c c 



X 

0 43 

X- 

0 30 

X=-o 

55 

X^o 

60 

H<J 









cc 

T 

pll 

T 

pH 

T 

pH 

T 

pH 

0 00 


1 54 


I 19 

142 0 

I 07 

108 0 

0 84 

0 05 


1 75 

120 0 

I 15 

52 0 

> ^5 

38 0 

I 07 

0 10 

>35 0 

1 95 

78 0 

> 72 

32 0 

1 45 

27 0 

1 30 

0 15 

69 0 

i 33 

53 0 

I 80 

21 0 

I 57 

16 0 

> 34 

0 23 

40 0 

i 45 

23 0 

1 96 

13 0 

J 77 

9 0 

1 40 

0 40 

23 0 

2 69 

21 0 

2 19 

II 0 

1 80 

6 0 

> 55 

0 60 

33 0 

i 5 > 

26 0 

2 04 

16 3 

> 71 

8 0 

1 39 

0 80 

46 0 

2 29 

34 0 

1 85 

20 0 

I 5 -' 

12 0 

I 17 

I 00 

77 0 

2 01 

45 0 

• 35 

28 0 

1 24 

18 23 

I 04 





Tabus III 







TlHiiium Nitratci 

=^-7 0 c c 





X 

0 43 

X= 

-0 50 

X-o 

55 

X 0 

60 

HCl 









c c 

T 

pH 

T 

pH 

T 

pH 

T 

pH 

0 00 


* 54 


I 83 


I 64 


I 44 

0 05 


2 92 


2 17 


I 80 


I 52 

0 10 


3 30 


1 55 

140 0 

2 14 

110 0 

I 64 

0 15 


3 40 

135 0 

3 09 

100 0 

2 39 

52 5 

I 94 

0 23 

lOI 0 

3 5 i 

3 60 

70 0 

3 40 

52 0 

2 65 

29 0 

2 03 

0 40 

60 0 

54 0 

3 57 

34 0 

2 80 

>3 75 

2 30 

0 60 

63 0 

2 57 

58 0 

3 02 

41 0 

2 37 

19 0 

• 97 

0 80 

75 0 

2 14 

63 0 

2 49 

50 0 

2 09 

28 0 

1 42 

1 00 

95 5 

2 02 

74 0 

' 97 

63 0 

I 80 

34 0 

0 93 

V fscostty Mensuremrnis 







Scarpa’s method employed by Prasad and Modak (Proc Ind 

Acad 

Sci , 1940, II, 

282) was used for this 

purpose 

The 

diameter and the 


length of the capillary tube were o 0995 cms and 4 395 cms , respectively, 
and the volume of the bulb between die two marks was i 72 c c. The pres- 
sure apphed for suction was 16 cms. of water and was kept constant 
throughout The constant of the apparatus was found to be o 00165 AH 
the measurements were taken at 55°. 

The concentrations of the solutions used were the same as mentioned 
before 

The chosen constituents of a gel-formmg mixture were mixed in the 
same manner as described m the foregoing pages and the mixture was 
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poured in the viscosity bottle The times of rise and fall of the gel-form- 
ing mixture between the fixed marks on the viscometer were measured after 
known mtervals of time t (expressed in minutes), from the time of mixmg 
and the results obtained are shown graphically in tigs i and 2 in which 
viscosity (expressed in millipoiscs) is plotted against t The readmgs were 
contmued in each case until the mixture would not rise and fall through 
the capillary in reasonable time 

Discussion or Results 

It will be seen from the results given in tables 1 , II and III that with the 
addition of mcreasing amounts of hydrochloric acid the time of setting of 
all gel-forming mixtures first decreases, reaches a mimmum, and then in- 
creases The mmimum, in all cases, has been found to take place m the 
presence of o 40 c c of the HCl solution With the similar addition of the 
acid the pH first increases, reaches a maximum value and then decreases, 
the maximum pH has been observed with mixtures containing o 40 cc 
of the HC/ solution, that is, those which set in minimum time However, 
it will be noticed from these tables that the pH of various mixtures setting 
in minimum time has no fixed value 

On plotting the pH values against the logarithm of the time of setting 
two mtersectmg straight lines are obtamed These arc shown in Fig. 5, 
for mixtures contaimng 5 o cc of thorium nitrate and o 4j, o jo, 0.5J 
and o 60 c c of arsemc acid solution Similar Imes arc obtained for other 
mixtures used m this mvestigation, the mtersectmg pomt in each case cor- 
respondmg to the mixture which sets m minimum time * These observa- 
tions arc different from those made on gels of thorium phosphate 

It was found that the pH of the solution obtamed by diluting 5 o c c 
of the solution of thonum mtratc to 10 o c c by the addition of distilled 
water is 2 59 The pH values of solutions obtamed by diluting o 45 c c 
and o 60 c c. of the solution of arsenic acid to 10 o c c by the addition of 
distilled water were found to be, respectively, i 88 and i 17 The pH 
values of the gel-formmg mixtures containing 5 o c c of thonum nitrate 
and o 45 and o 60 c.c of arsemc aad solution, made upto 10 o c.c , are 
1.25 and o 92, respectively Tbs shows that the formation of thonum 
arsenate is followed by a decrease m pH^ probably on account of the nitnc 
acid formed m the reaction between the constituents of the gel-formmg 
mixture 
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While preparing the gels it was observed that when solutions of tho- 
rium nitrate and arscmc acid are mixed, a precipitate is obtamcd which is 
reduced first to a finely divided state and then disappears extremely slowly 
durmg the transference of the contents of one test tube into another It 
was found that the finely divided precipitate was present in some gel-form- 
ing mixture even after the gel had set, and disappeared only after keeping 
the gel for some time For a time, the gel was clear but later it developed 
a turbidity which increased enormously until the whole gel became opaque 

With the addition of increasing amount of HC/ to the gel-forming mix- 
ture It was observed that the precipitate disappeared more quickly and in 
the presence of large amounts of HC I it did not appear at all Thus the 
action of HCl in these mixtures is that of peptisation and hence it is oppos- 
ed to the action which causes precipitation Since the precipitation of 
thorium arsenate us accompanied by a decrease in pB, it is clear from the 
above arguments that the peptisation would be followed by an increase 
in pH This has actually been observed The optimum conditions reached 
in all cases m the presence of o 4 c c of the HO solution Tnv decrease 
in pH on the addition of amounts of HC/ greater than o 4 c c seems to be 
a normal effect 

If the density of charge on the micelles in the gel-formmg mixtures is 
assumed to be due to the adsorption of H-ions from the meihum, then it 
would decrease with an increase in the amounts of HCl upto o 4 c c and 
would begin to increase with the addition of larger amounts of HCl 

It will appear from the above discussion that two types of gels arc ob- 
tained, one from mixtures containing o 0-0 4 c c of HCl and the other from 
those containmg more than o 4 c c of the acid The character of these two 
types of gels has also been found to be different The latter gels become 
dead opaque on standing and do not synerise, while the former do not 
become so opaque on standing and exhibit syneresis Also the texture of 
the latter gel-formmg mixtures durmg the course of gel-formation is fairly 
loose 

It will be seen from the above tables that the time of setting and the 
pH values of all mixtures containmg the same amounts of arsenic and hydro- 
chloric acids increase as the amount of thonum mtratc m them is mcreased 
Thorium ions are well known as peptismg agents and hence their increase 
in a gel-formmg mixture would cause tbe same effect as the addition of 
HCl upto o 4 c.c , that is, an increase m pH^ as observed. 
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It would appear from the above discussion that the pcpUsation of 
thorium arsenate in the gel-forming mixture containing no HCl is brought 
about by (r) Hi-ons present in the mixture and (//) thorium ions which have 
not entered mto reaction with arsenic acid Since the amounts of these 
peptising ions are not sufficiently large, the peptisation docs not take place 
to a great extent and hence some precipitate remains unpeptised even after 
the gel sets, as mentioned before 

It will be noticed from the curves in figure ? that the time of setting of 
thorium arsenate gels is not a function of pH only Mixtures containing 
the same amount of thorium nitrate and having the same pH take different 
time to set if the amounts of arsenic and hydrochloric acids in the mix- 
ture are changed 

It will be seen from the foregoing tables that (/) the time of setting 
and (u) the pH of a mixture (including the one setting in minimum time) 
contaimng the same amounts of solutions of thorium nitrate and HU 
decrease as the amount of arsenic acid in the mixture is mcreased The 
decrease in the time of setting in the presence of larger amounts of arsenic 
acid may be due to a slight increase in the amount of the gel-forming sub- 
stance in the colloidal state It will be found from the volumes and the 
concentrations of solutions of thorium nitrate and arsenic acid used in this 
investigation that in all cases thorium nitrate is in good excess Tables I, 
II and III also bring out clearly that the same value of pH is reached m the 
presence of greater amount of HCl when mcreased amounts of arsenic acid 
arc used This happens probably because larger amounts of HCl are required 
to peptise greater amounts of the gcl-forming substance formed under the 
circumstances It is a surprising coincidence that the maximum value of 
pH in all cases is reached in the presence of o 4 c c of HCl It is, however, 
probable that the changes m the time of setting arc caused bv the changes in 
the structure of gels formed in the presence of different amounts of arsenic 
acid owing to the differences in the rate of their formation 

The decrease in pH mentioned above may be due to an increase in the 
amount of (/) arsemc acid and (//) nitric acid formed in the reaction between 
arseme acid and thorium nitrate, in case there is an mcrcase in the micellar 
content of the gei-fortning mixture. The former explanation is supported 
from the data given m the first row of the tables I, II and III which show that 
the pH of the gcl-formmg mixtures containing no HCl decreases as the 
amount of arsemc acid m the mixture is increased 
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On the addiuon of methyl and ethyl alcohols and glycerine to some 
of the gel-forming mixtures, corresponding to the two types of gels, that 
IS, those contaimng larger and smaller amounts of HCJ than that of the mix- 
ture setting in the nummum time, it was found that the time of setting 
increases as larger amounts of the non-electrolytes are added The time of 
setting was found to be too great in the presence of large amounts of al- 
cohols and also the gels formed were loosely set No change m the pH 
cif any gel-forming mixture was observed on the addition of alcohols This 
observation is sinular to that made by Miss Nathan and leads to the con- 
clusion that the addition of alcohols to thorium arsenate gel-forming mix- 
tures only decreases the rate of gel-formation 

The curves in figures i and 2 show that the increase m viscosity of a 
gcl-fomung nuxture durmg settmg changes with the addition of different 
amounts of (/) HO, that is, with a change m pH, and («) thorium nitrate 
It will be observed that in the case of the mixture contammg 50 c c of 
thorium mtrate the viscosity-time curves nse slowly in the early stages of 
gelation and rapidly in the subsequent ones and the increase in viscosity 
becomes more and more rapid as the 18 increased (cf Fig i) However, 
in mixtures containing 7 o c.c. of thorium mtrate the viscositv-time curves 
are S-shaped and the rate of change of viscosity increases with an in- 
crease in pH upto 5 40 and then decreases. Probably this reversal in vis- 
cosity changes corresponds to the mmimum time of settmg No such 
reversal could be observed with the mixtures contaimng 5 o c c of 
thorium mtrate because flakes separate out when more than 021c of 
HO are added to it and no viscosity measurements could be possibly 
taken 

Several workers have pomted out that an increased rate of change 
of viscosity during gelauon is due to the low density of charge on the 
imcelles and greater degree of hydration If these conclusions be adopted 
then they confirm the observations made above that the addition of HO 
before the mmimum settmg condition decreases the density of charge on 
the micelles 

The authors feel grateful to Dr Mata Prasad, D sc , F i c , for suggesung the problem 
and the guidance throughout the progress of this work One of the authors b s s b is 
also thankful to Mr M B Kabadt, m sc , for his guidance and help 





CHEMICAL EXAMINATION OF CASSIA ALATA 
LINN. PART I. THE COMPONENT ACIDS OF 
THE FATTY OIL FROM THE SEEDS 

Bj Bawa Kartar Singh and Ram Das Tiwari 
(Clfe/insfrj Dtpartmmt, Vntvtrstty of AJkhabad — Ktmvtd / March, i94f) 

The seeds of Cassia alata Ltm. field 5 02% of a non-drying clear yellow fatty 
oil having d*®'’* 0 8898, i 4681, acid value 9 ij, sap value 163 4, acetyl 

value 13 63, Hehner value 83 86, R M o 08, unsapomfiabie matter 4 41%,! oduie value 
(Hanus) 91 28 and thiocyanogen value (24 hours) 63 82 

The component fatty acids of the oil were found to be linolcic 57 81%, oleic 
il palmitic 9 90 % and Iignoceric 14 96 % The unsapomfiabie matter consisted of 
a sitosterol, phytosterol, M P t33-X54®C besides a small amount of a colouring matter 

Casssa alata Linn, commonly known as nngworm shrub in Eng- 
lish, Dadmurdan in Hindi and Dadnighna m Sanslait belongs to the na- 
tural order Leguminosae It grows m abundance m Bengal and also m 
other parts of India. 

According to Dcy,^ Kirtikar and Basu,® Dymock, Warden and 
Hooper,® the plant has been described to be highly medicmal in the mdi- 
genous system of medicine One of the native names of the plant is derived 
from Its efficacy m curing ringworm. The leaves of the plant arc com- 
monly used in itching, nngworm, skm diseases, coughs and asthma and 
also as expectorant and purgative 

In spite of the reputed medicinal value of the plant, no work has been 
done on its chemical cxaminatioo Only the fatty oil from a few other 
alhed species of the genus has been examined Jois and Manjunath* have 
examined the fatty oil from the seeds of Casna tora and reported the pre- 
sence of linoleic, oleic, palmitic and bgnocenc acids. Ahmad® examined 
the fatty oil from Cassia abssts and showed that the component fatty acids 
consik^ of oleic, Unoleic, palmitic, steanc and lignocenc acids. Steger 
and Van Loon* reported the pre«na of oleic, linoleic, linolemc, palmitic 
and steanc aads in the fatty oil of Cassia oteidtntabs. The physical and chc* 
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mical constants of the fatty oils from allied species, as reported by above 
workers, are given in table i along with our results for comparison As 
no work has been done on Cassia alata, it was thought desirable that a 
systematic chemical exammation of the plant would be mtercsting and useful 
and with this object the present work was undertaken. In the present 
commumcation the results of the examination of the fatty oil from the 
seeds of Cassia alata are leported Further work on the seeds and other 
parts of the plant is in progress and will be reported later 

As a result of our examination we find that the fatty acids from the oil 
of Cassia alata consist of Imoleic (37 81%), oleic (37 33%), palmitic 
(9 90%) lignoceric (14 96%) aads No linolenic or stearic acid has 
been found Thus the fatty acid composiuon of the oil of Cassia alata 
resembles that of the oil of Cassia tora and differs from that of Cassia ahsut or 
Cassia occidentahs Further a comparison of the physical and chemical cons- 
tants of the oils from allied speaes as given m table i shows that the cons- 
tants of the oil of Cassia alata resemble those of Cassia tora and differ consi- 
derably from those of Cassia absus Thus for example the iodine value of 
the oil from Cassia alata is 91 28, that of Cassia tora is 90 7, but that of 
Cassia absus is 130 5 Looked at from this pomt of view the oils of Cassia 
alata and Cassia tora will be classed as non-drymg oils, whereas the oil of 
Cassia absus will be classed as a semi-drymg oil almost approaching to a 
drymg oil The above mentioned chemical composition of the fatty acids 
shows that the oil of Cassia alata resembles other legummosae seed fats in 
conforming to the simple “linoleic-oleic-palmitiv” type, the chief compo- 
nents Imoleic and oleic acids form about 75% of the total component acids 
A reference should, however, be made to lignocenc acid which is present to 
the extent of about 15%, as the melting pomt of the isolated acid is lower 
than that of »-tctracosanic aad (84°Q Previously it was thought that 
the plant acid may be a branched chain acid with lower melting pomt. From 
later work, especially on the evidence of X-ray spectra’® it seems hkely 
that the natural hgnoccnc acid is a normal cham one and the lower meltmg 
pomt observed may m some cases be influenced by the prtscnce of small 
amounts of some other aad contammatmg the mam aad Outs is not an 
isolated observation as other workers’® have found m seed oils hgnoccnc 
aad with lower meltmg pomt ranging from 73 “C to 78°C 

Another mtercstmg feature regardmg these oils is the high pcirentage 
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of the unsapoiufiable matter which in the case of the oil of Cassia alata has 
been found to consist mostly of a phytosterol, sitosterol, MP 
and a small amount of the colounng matter 

Experimental 

Two kilogrammes of the powdered seeds were extracted with petro- 
leum ether (4o-6o'’C) in a five litre extraction flask On distilling off the 
solvent about loo gms of an yellow brown oil, having a characteristic odour, 
were obtained As more petroleum ether was not available, another lot of 
three kilogrammes was extracted with carbon tetrachloride in two instal- 
ments On distilling off the solvent and leaving the oil overnight, an 
orange coloured solid separated which was filtered off No solid, how- 
ever, separated from the oil extracted with petroleum ether The two 
samples of the oil were then purified with animal characoal and Fuller’s 
earth whereby clear golden yellow coloured oils were obtained The 
saponification and iodine values of the two oils were found to be in fair 
agreement within experimental error (S V i6j 4, 1 V 91 28 m petroleum 
ether and S V 163 4 and IV 89 99 m carbon tetrachloride). The two 
samples of oils were, therefore, mixed and examined It was found to be 
a non-drymg oil having the following physical and chemical constants 
(Table I) llie constants of the oils from the seeds of allied species are also 


given for comparison. 

Table i 

Cassia alata 

Cassia tora* 

Cassia absus* 

Speafic gravity 

at 50 °C 0 8898 

at 25 “C 0 8969 

0 9272 

Refractive index 

at zj°C I 4681 

at 23 ®C I 4669 

I 4840 

Acid value 

9 U 

10 8 

z 3 ' 

Saponificauon value 

165 4 

154 2 

190 4 

Acetyl value 

13 6} 

96 

12 0 

Hehner value 

83 86 

7 « 5 


R M value 

0 08 

0 15 


Unsaponlfiable matter 

4 41% 

5 4 % 

8 4 % 

Iodine value (Hanus) 

91 28 

90 7 

130 5 

Thiocyanogen value (14 hours) 

63 82 




Two hundred and twenty-fiv^ grammes of the oil were then saponified 
with an alcoholic solution of sodium hydroxide, the unsaponlfiable matter 
removed with ether and the soap solution decomposed with dilute sulphu- 
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nc acid when fatty acids (175 gms.) having the foUowmg charactensttcs 
were obtained (Table 2) 

Table 1 

Consistency liquid (solidified on keeping) 

Neutralisation value 198 j 

Saponification equivalent 185 o 

Iodine value (Hanus) 105 i 

Thiocyanogen value (24 hours) 701 

The fatty acids were then separated into sohd and liquid acids by 
Twitchell’s Lead Salt-Alcohol process’ The percentage, the iodine and 
thiocyanogen values, the neutralisation values and the saponification equi- 
valents of the solid and liquid acids are recorded below (Table 3) — 


Table 3 


Acids 

' % 

Iodine 

value 

Thiocyanogen 

value 

Ncutralisauon 

value 

Saponification 

equivalent 

Solid 

24 85 

1 83 

— 

192 9 

290 9 

Liquid 

75 15 

134 90 

89 48 

201 I 

279 0 


Examination of the Liquid Acids 

The liquid acids were oxidised with a dilute solution of alkahne potas- 
sium permanganate according to the method of Lapworth and Mottram* 
when a dihydroxy stearic acid MP i33°C and a tetrahydroxy stcanc acid 
M P i70°C were obtamed showmg the presence of oleic and hnolcic acids 
only. 

The two acids were quantitatively deterrruned by brommating the 
hquid acids m ether solution at -io°C accordmg to the method of Eibner 
and Muggentholar® modified by Jamieson and Boughmann The results 
of brommation and analysis are given below (Table 4) •— 

Table 4 

Weight of hquid acids 
Weight of linoleic tetnbromide 
Melting point of linoleic tetiabiomide 
Weiglit of the residue (tetta-i-di-btoaude} 

Bronune contents of the residue (Pma and Schi^s method) 


-7 8736 gms. 
-6 5446 gms. 
-T13 

-7 9815 gms 

“40 24 % 
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I 890} gms 
6 0910 gms 
8 4351 gms 
3 9372 gms 
3 8866 gms 


Weight of Imoleic tetiabromidc m the residue 
Weight of oleic di-bromide in the msidue 
Total 'weight of linolcic tctrabromide 
Weight of Imolcic aad 
Weight of oleic aad 


From the above results the percentages of hnoleic and oleic acids in 
liquid acids, in njixed acids and m the oil have been calculated and are 
given below (Table 5) . — 


Aads 

Linoleic 

Oleic 


Table 5 


Percentage in 

Percentage m 

Percentage 

hquid acids 

mixed aads 

oil 

50 31(50 14) 

37 81 

31 71 

49 68 (49 00) 

37 33 

31 30 


The figures in brackets are those calculated from the Tbiocyanogen 
value of the liquid acids (vide Table 3) 

The calculated iodine value of a mixture of 30 32% hnoleic and 
49.68% oleic acid is 135 79 which is in good agreement with the iodine 
value of hquid acids (Table 3) The percentages of these two acids in 
mixed ac'ds were also calculated from the thiocyanogen and iodine values 
of mixed acids. These results are given below (Table 6) for compari- 
son with those obtained by bromuiation of liquid acids 


Table 6 

Aads Percentage by bromme addition Percentage by calculation from 

method thiocyanogen and iodine 'values 

Linoleic . 37 81 38^.64 

Oleic 37 33 39 03 

Examination of Solid Acids 

The solid acids were first rubbed over a porous plate to free them 
from any bquid aads and they Verc then found to melt at 5 j°C , They 
were then converted mto methyl esters which were distilled under reduced 
pressure (Table 7). 
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Table 7 


Weight of esters distilled J3 96 gms 


Fracuon No 

Pressure 

Temperature range 

Weight m grammes 

I 

10 mm 

upto 165 °C 
i65-I70®C 

7 87 

z 

10 mm 

6 99 

} 

10 mm 

i 70 -i 75 ®C 

5 63 

4 

10 mm 

i7)-i85‘’C 

4 94 

5 ‘ 

6 (Residue) 

10 mm 

185-190 ®C 

5 52 

2 So 


The saponificauon value, the saponification equivalent and the lodme 
values of all the tractions were deternuned and the amounts of various 
acids in difterent fractions were calculated accordmg to the method of 
Janueson and Boughmann^^ (Table 8) — 


Table 8 





Sapo- 

Sapo- 

Palmmc 

Lignoceric 

Unsaturated 



lo- 

ni£ca- 

nifica- 

! acid 

acid 

auds 

Fraction No 

dine 

non 

uon 









value 

value 

equi- 

valent 

% 

gms 

% 

gms 

% 

gms. 

I. 


I 02 

186 3 

301 I 

67 92 

5 346 

26 34 

2 088 

0 76 

0 060 

2 


1 35 

177 0 

316 9 

54 19 

3 787 

40 25 

2 814 

I 00 

0 070 

3 


I 49 

163 0 

340 0 

34 47 

I 941 

60 19 

3 388 

I II 

0 063 

4 


I 63 

154 2 

363 8 

14 22 

0 703 

80 63 

3 985 

I 21 

0 060 

5 

i 

I 89 

149 6 

375 0 

4 58 

0 243 

90 24 

4 800 

1 40 

0 073 


r Unpolymens- 
ed(i.i7gms) 










6.' 

1 Residue 

Polymerised 
[(i 26 gms) 

2 30 

128 5 

437 3 



94 43 

I 103 

I 85 

0 022 





12 020 


18 178 


0 330 

Total 


VratUon i. The aads obtained after saponification of the fraction 
melted at 56'’C. On repeatedly crystallismg the aads from acetone, palmi- 
tic acid M.P 6i°C was obtained, the identity of which was established by 
the determination of mixed melting point with an authentic sample of pal- 
mitic acid when no depression was observed. The filtrate gave an aad of 
lower melting pomt which rose on the addition of pure palmitic 

acid but was depressed with stcaac acid and myustic acid. 
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FracttoHS 2, 3 and 4. The liberated acids from these fractions on repeated 
crystaUisation froca dilute acetone gave acids with M P 64-65 °C which were 
depressed with pure palmitic and steanc acids, showing that they arc not 
stearic aad. From the mother liquor, however, palmitic aad M.P 6i°r 
could be isolated and this was not depressed with an authentic sample of 
palmmc aad. 

Fraction 5. The acid M P. 59°C was repeatedly crystallised from 
acetone but the meltmg pomt did not nse above 64°C In order to effect 
the separation of the high molecular weight acid, magnesium salts were 
prepared and from the least soluble portion an acid was obtained which 
on repeated crystallisation melted at 74-75 ‘’C The melting point was 
depressed by the addition of pure palmitic and arachidic acids showing 
that the acid is not arachidic This acid was agam converted into magne- 
sium salt and from the least soluble part an acid M.P 75-76“C was obtained 
which was also depressed with arachidic aad. 

From the most soluble magnesium salts, palmitic acid M P 6i®C was 
isolated which gave no depression with pure palmitic aad. 

Fraction 6. The residue was deep coloured; it was saponified and 
the hberated acids extracted with petroleum ether when an acid M P , 67^0 
was obtamed On repeated crystallisation from acetone the melting point 
rose to ’j 6 °C when further crystallisation was not possible This meltmg 
pomt was depressed by the addition of arachidic acid The molecular 
wa^ of the aad obtained from the residue was 364 8 which agrees with 
the molecular weight of Ugnoccnc aad. 

It is thus dear that only palmitic acid t»uld be isolated. No stearic 
aad or arachidic aad was obtained from any of the fractions The other 
add besides palmitic that appears to be present is an aad M P. 76*0 and 
molecular waght 364 8. The molecular weight agrees with that of ligno- 
cede aad, but the melting point is lower than that of Hgnocetic aad (M P. 
84'’C) and agrees with that of arachidic aad. But on addition of pure 
acachidic aad the meltmg pomt is depressed showing that the aad is not 
arachidic. The aad must, therefore, be hgnooenc. As regasds the lower 
meltmg pomt, it may be said that several workers^ who have isedated 
lignocenc add from fistty- oils faavaiccofded its meltmg point ranging &om 
73-78®C The saturated acids present in the oil are, therefore, palmitic 
and lignocenc. It may be also noted that the saturated aads present m the 
7 
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oil of Cassta tora arc palmitic and Ugnocetic, and that Ugnocenc aad is 
generally a constituent of the oils of seeds belonging to legummosae 

famil y. 

The percentages of various sohd aads m mixed sohd acids, m mixed 
acids and m the oil are given below (table 9) : 

Table 9 

Aad Percentage m Percenttge in Percentage in 

solid auds mixed aads oil 

Palmitic 39 81 9 90 8 30 

Ligoocenc 60 19 14 96 12 35 

Examination of the Unsaponifiable Matter 

The unsapomfiable matter obtamed by extracting the soap with ether 
was an yellow brown mass having a charactenstic odour which was also 
present m the oil This gave all the colour reactions of phytosterol 

On crystallising it with alcohol, a white substance M P i5}-34®C was 
obtamed. The mother liquor was orange red m colour and on concen- 
tration It gave some more of the above sohd. The mother hquor from this 
consisted mostly of the colounng matter. 

This solid gave all the colour reactions of a phytosterol and was identi- 
fied to be a sitosterol found in most vegetable oils. The acetyl derivative 
melted at i2i°C The unsapomfiable matter of the oil of Cassta alatOy 
therefore, consists of a sitosterol and some colounng matter. 
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CHEMICAL EXAMINATION OF PINUS GERARDIANA WALL, 
THE COMPONENT FATTY ACIDS AND THE PROBABLE 
GLYCERIDE STRUCTURE OF THE FATTY OIL 
FROM THE SEEDS. 

Bj Bawa Kartar Singh and Ram Das Tiwari 
[Fnm the Dtpartmtnt of Chtmtttry, AUabaiaJ Umvtrstty, AUahabad], Kjtttmd oh 

The fatty oil from the seeds of Pmus geiardiana Wall has been exanuned and 
found to have sp gr o 9198 (jo®Q, refractive index i 4699 aad value i 15, 

sap. value 191 9, acetyl value j 7, Hchner value 95 J4, unsaponifiable matter 0 64%, 
R. M o 21J, R P o, Iodine value (Hanus) lio 5 and Thioycyanogcn value (14 
hours) 83 0 The component fatty acids of the oil are linoleic 42 80%, oleic 52 53%, 
palmitic 3 67% and stearic i 20% The unsaponifiable matter consists of a phytosterol, 
M P i33°C The glyceride structure of the oil has been determined by brominating the 
oil m petroleum ether at - 3*C The component glycerides of tjie oil are palmitodilinolein 
2 41%, stearodilinolein 0 78%, palmitooleolinolem 9 86%, stearoolcolinolem 3 22%, 
trilmolein o 38%, oleodilmolcin 32 48%, diolcolinolem 47 43% and tnoletn 3 42% 

Pinus gcrardiana Wall is a moderately siaed evergreen tree belong- 
ing to the natural order Coniferac. The chief product of the tree is the 
nut sold m the market under the name “ChUgoza” The seeds have 
been described to be highly medicinally. They are appetiser, expecto- 
rant, stimulant and carminauve. The oil from the seeds is highly esti- 
mated for Its stifliulatmg and healmg power when applied as a dressing 
to wounds and ulcers It is applied as an external application m diseases of 
head. 

An analysis of the kernels has been reported by Church® and also recently 
by Hardikar®. Gnmme® has determined the constants of the fatty oil and 
later Hardikar® has examined the oil m detail. He, however, did not examme 
the sohd acids and the unsaponifiable matter The results obtained by 
these workers are given along with outs for comparison. 

The present investigations were undertaken in order to study the 
component sohd acids, the nature of the unsaponifiable matter and the 
glfc^e structure of the fiitty oil. 
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A detailed examination of the oil has shown that the component 
fetty acids of the oil ate linoleic 42«8o%. oleic 52.53%, palmitic 3 67% 
and stcanc 1.20%. The unsaponifiablc matter of the oil consists of a 
phytostetol M P. i33°C The results obtamed for liquid acids arc in 
fait agreement with those of Hardikar {loc at ) It will be thus seen that 
the fatty acid composition of the seed oil of Pinus geiardiana is very simi- 
lar to that of the other coniferous seeds: the major component acids bemg 
oleic (52%) and hnoleic (43%). hnolemc acid is absent, whereas some 
coniferous seed oils contain a fairly large amount of this acid The saturated 
acids form less than 5% of the total aads palmitic acid (75% of sohd acids) 
is in very considerable excess over stearic acid (25% of solid acids) as is gene- 
rally the case with seed fats and oils of coniferous and other large trees. 

The component glyccfldes of the oil were determined by brominat- 
ing ®, ®, •, “ the neutral oil m petroleum ^er solution at — 5°C , tesolvmg 
the brofflinated product mto a number of fracuons and determinmg the 
fatty acid composition of each fraction. As a result of examination the com- 
ponent glycerides of the oil have been found to be palmitodilinolein 2 ,42%, 
stearodilinolem 0.78%, palmitooleolinolem 9 86%, stcarooleolmolm 
3.22%, trilinolcm 0.38%, okodilmolcm 32 48%, dioleolinolem 47 43% 
and triolem 3 •42% These investigations have shown the actual number 
of glycerides to be 8, whereas the maximum number of individual glycerides 
which may be obtained by any combination of four different acids with the 
glycerol radical — H,C — CH — CH^ — is 40. 

Expmmntal 

The material employed for the mvestigation consisted of the authen- 
tic seeds of Pinus gerardiana obtained from the local market and identified 
botamcally. 

The following results were obtamed on a preliminary examination 
of the seeds: — 


Average weight of a seed . o joSi gtas. 

Percentage of husk . 1 

Fetoentage of kernel . 69 8 

Ash content of kernels • 3 >°% 

Moisture content kemeia ' 8,a% 

Percentage of oil in kernels r w .. }o.6 



izz Bzwa Kattftf Singh and Ram Das Tiwan 

A small amount of the otushed kernels was extracted with boil- 
mg water. The extract gave no colour with feme chlonde nor did it reduce 
Fchlmg’s solution, showmg the absence of tannms and reduemg sugars 
It gave blue colour with a dilute solution of iodine, showing the presence of 
starch The extract reduced Fehling’s solution after hydrolysis with mineral 
acids, which may be due to the presence of starch or some other polysacchar- 
ide The cold water extract gave no colour with iodine, but reduced 
Fehling’s solution after hydrolysis showing that some other di-or poly-sac- 
charide, besides starch, is also present. 

A portion of the crushed kernels was digested with i% hydrochloric 
aad for three days The extract gave no tests for alkaloids. 

The ash of the kernels on examination was found to contain the follow- 
ing acidic and basic radicals: — 

Water soluble — 56% — Qilonde, alumimum, sodium and potassium 

Water insoluble, (acid soluble)— 44%--phosphate, alumimum and 
calcium 

In order to have an approximate idea regarding the solubility of the 
constituents, zoo gms of the crushed kernels were extracted with a num- 
ber of solvents in succession with the following results. — 

1 Petroleum ether (B P. 40“— 6o®C) — ^The extract was yellow in colour 
which on distilbng off the solvent gave a clear yellow fatty oil Yield 

50 6 % 

z Absolute ether — the extract and residue were similar as in the 
case of petroleum ether Yield i.ij% 

3. Chloroform — A hght yellow coloured extract which left a very small 
residue was obtained Yield "b z%. 

4. Ethyl acetate — ^An yellow coloured extract was obtained. Yield 
0 * 35 % 

3. Absolute alcohol— Vox. alcoholic extract was yellow m colour. 
The residue gave no test for glucosides or sugars Yield i . Z5%. 

6. Alcohol 70%— The yellow extract left a residue which gave test 
for di-or poly-sacdi^des. Yield 1.4%. 

For the purpose of complete examination about five kilograms of the 
kernels were crushed and the oil was extracted from them by pressing. The 
yield of the oil of kernels on pressing was about 51%. It was a ttanspatent 
clear oil having a pale yellow colour. 
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Exammatton of the Vatty Otl 

The fatty oil obtained as described above was purified with animal 
charcoal and Fuller’s earth whereby a clear yellow transparent oil was 
obtained. The physical and chemical constants of this oil were deternuned 
The oil obtained on extracting the kernels with petroleum ether was also 
punfied and its constants determined. 

TABX.E I 



Author’s results | 

Gri mole’s 

Hardikar’s 

Constants 

Solvent — 
extracted 

Pressed 

results* 

results* 

Specific gravity 

o 9198 (boX) 

0.9169 (30*C) 

0 9307 

0 9144 

Refractive Index 

Angle of rotation for 

I 4699 (iJ^Q 
00=0-1 ® 

I 4729(25*0) 


I .4709 

2 dem at 3o'’C 





Aad value 

1. 15 

5 19 

I 6 

3 87 

Sap value 

191 9 

192 4 

191 3 

192 4 

Acetyl value 

5 7 

5-5 


4 07 

Hchner value 

95 34 

94 82 


95 01 

Unsaponifiable Matter 

R M Value 

0.64 

0 42 


0.5 

0 2i; 

0 222 


0 33 

R. P Value 

0 0 

0 0 


Iodine value (Hanus) 
Thiocyanogen, value 

120 3 

1 19 7 

118 3 

121 3 

(24|hours) 

83.0 

83.2 




These results are given in table i. The results obtained by other workers 
axe also given for comparison. 

Eight hundred gramms of the oil was saponified with alcoholic sodium 
hydroxide, the unsaponifiablc matter removed with ether and the fatty acids 
liberated. The constants of these acids were determmed and ate given 
in table a. The results obtained by other workers ate also giveft for compari- 
son. 

Tabx;e II 


Constants 

Authors’ 

results 

Gnjntnc’s* 

results 

Hardihat’s* 

results 

Neutralisation value 

Sapottlficatldn equivalent 

Iodine value 

Thiocyaot^en value (24 hours) 

200 Ml 

280.6 

124.2 (Hanus) 

*5.9 

196.77 

283 2 

125.0 

200.2 

280.2 

1*7.7 
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The mixed fatty acids were then separated mto solid and hquid acids 
by Hilditch’s modification^ of Twitchell’s^® lead salt-alchohol process 
The neutralisation value, the saponification equivalent, the iodine value and 
the thiocyanogen value of the solid and liquid components were determined 
and are given below m table 5. 


Table m 


Constants 

Solid acids 

Liquid aads 

Percentage 

4 85 

M 

Neutralisation value 

208 j 

199 6 

Saponification equivalent 

269 j 

281.$ 

Iodine value (Hanus) 

4 0 

ijo 9 

Thiocyanogen value (24 hours) 

J 0 

90 X 


Examnatiort of the Liqmd Aads 

TTic liquid acids were first oxidised with a dilute solution of alkaUne 
potassium permanganate according to the method of Lapworth and Mot- 
tram“ when a dihydtoxy steanc acid M P. i)2®C and a tetrahydroxy stearic 
acid M, P i70°C were obtained, showmg the presence of oleic and Imolcsc 
acids only m the liquid aads. 

A known weight of the liquid aads was brominatcd^*^® m ether at 
— io°C, the results of bromination and analysis ate given bebw in table 4. 

Table IV 


Wt. of aads btonunated . ... 

j. 79 * 9 - goMu 

Wt. of Unoleic tetrabzomide 

j.0O5ogin8. 

Melting point of tetrabconude 

iti^C 

Wt. of the residue (di+tcttabromide) 

} 9*55 gms- 

Bromine content of the residue (Piria and SchifTs Method) 

38 43 % 

Wu HmUc tetrabtoodde is the' residue 

0 6705 gtM. 

Wt. of oleic dibromide in the residue 

3.2J30 gms^ 

Total wt. of die tettabtomide . 

3.6755 gms 

Wt.efliBolew«cid 

i.rtjo gnw 

Wt. of Okie add ... 

2.0750 gnu. 

Total weight (Unokic+okk aads) 

j. 7900 gms. 

Loss ... 

0.002} gms. 

F^toentage of Cnokic add in liquid adds ^ . 

43. *3 

Pbiceatage of olek a«id in liquid adds 
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The hquid acids were then convetted into methyl esters and a knomi 
weight of these esters was distilled under reduced pressure The saponi- 
fication equivalent and the iodine value of all the fractions were detemuned. 
The acids obtamed from each fraction after sapomfication were oxidised 
with dilute alkalme potassium permanganate when a dihydroxy stearic acid 
and a tetrahydroiqr stearic acid were obtained from each ftaction A small 
amount of residue m fraction was left unoxidised which was due to some 
solid acids that had passed mto liquid acids The amounts of individual 
acids in each fraction were then calculated as shown in table j. 

Table V 


Weight of esters distilled 41 . )0 gins Pressure 12 nLtn 









Methyl 

Fract 

Temp 

£Wt.in 

Sap 

Iodine 

Methyl 

Methyl 

esters of 

No 

Range 

^ gnu. 

cquiv 

value 

olcate 

linoleate 

sohd 

acids 

Li 

upto i8j*C 

) 57 

294 0 

112 8 

2 29 

I 19 

0 08 

L, 

i85-i88*C 

5 17 

295 0 

99 9 

4 }* 

0 8j 


' b 

i88-i$j“C 

8 }8 

29J 1 

120 9 

5 to 

} 48 


L* 

i95-ioo*C 

7 *} 

294 6 

114 7 

4 82 

2 4r 


L. 

200-20 j’C 

8 78 

29J 2 

i}6 8 

j 61 

5 17 


L, 

205-208'’C 

5 81 

*95 » 

140 7 

2 12 

} 69 


4 

Residue 

2 12 

*95 4 

1)8 1 

0 )5 

I 77 


Total 


41 2J 



22 61 

18 56 

0 08 


Loss m distilling o i; 

Hence the composition of hquid acids is— Oleic aad 54 66% 

Linoleic aad 41 16% 

Solid adds o 20% 

The percentages of oleic, Imoleic and sohd acids in mui;ed acids were 
calculated ftom the thiocyanogen value and iodine value of mixed acids. 
The exact composition of sohd and hquid aads was also calculated from the 
thiocyanogen and iodine values of the two acids and from these the 
corrected percentages of oleic, linoleic and sohd acids m mixed acids werie 
calculated The results so obtainpd are given below (table 6) for cornpanson 
with diose obtained by other methods and also with those obtained by 
Hardikar {kc. (it,). 
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Table VI 


Methods 

Oleic 

aad 

Linolac 

aad 

Sohd 

aads 

I Calculated from SCN value of mixed 
aads 

52 95 

42 2} 

4 79 

z Calculated from SCN value of Uquid 
and sohd acids 

52 28 

42 90 

4 82 

5 By brommauon of liquid aads 

52 10 

45 05 

4 85 

4 By methyl ester distillation 

51 99 

42 97 

5 04 

5 By Bertram’s oxidation method 

Average of 1 to 4 

Hardifcar’s results 

52 35 

42 80 

4 92 

4 88 

54 59 

40 69 

4 92 


A comparison of results obtained by different methods shows that there 
IS a good agreement For the purpose of calculations the mean of all the 
results has been taken Also the results are m fair agreement with those of 
Hardikar ijoc ctL) 

Exammhon of solid actds 

The sohd acids were converted into methyl esters. 29 85 gms of 
esters were distilled fractionally under reduced pressure, and the results 
of distillation and calculation^® are given m tables 7 and 8 


Table VH 


Fract. No Pressure 

Si II mm 

S| 1 1 m.m, 

S, II num. 

S 4 II mm 

Sj II m.m 

S4 (Residue) 

Total 

Loss^durmg disuUation 


Temperature range 

Wt. in gms 

170-175’C 

6 zo 

I75-178'’C 

9 84 

178-1 8o°C. 

} 80 

i 8 o-i 85 ®C 

5 28 

i 8 j-i 9 o'*C. 

2 77 


I 77 

29 

0.29 


Fractions J’j, and ^"3— By repeated fractional crystallisation from 
dilute acetone, palmitic acid mdtmg pomt 62'’C. was isolated from each 
of these fractions. This melting point was not depressed by the addition 
of an authentic sample of palmitic aad. 

Fractions and — ^Palmitic acid M. P. 62°C. and steanc acid M. P. 
68°C Were isolated fmm both and ^3 by repeated fractional crystallisations 
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from dilute acetone These melting points were not depressed by the 
addition of authentic samples of palmitic and stearic acids 

FracUon (Residue) — ^The acids liberated from this fraction after 
sapomfication were dirty brown in colour On extracting this mass with 
petroleum ether (4o-6o°C ) an acid was obtained which after crystalhsation 
from dilute acetone melted at 68°C (nOt depressed by the addition of pure 
stearic acid) The molecular weight was found to be 282 2 (stearic acid= 
284). 

Tabus VUI 



Iodine 

Sap 

Sap 

Palmitic Acid 

Stcanc Acid Unsaturated aads 

Fract No 

value 

value 

equlv 

% 

gms. 

% 

gms 

% 

gms 

Si 

0 7 

207 4 

270 6 

92 92 

5 667 

I 37 

0 083 

0 54 

0 033 


I I 

204 I 

»74 9 

77 52 

7 628 

16 54 

I 6z8 

0 84 

0.083 


2 I 

203 5 

»75 7 

74 69 

2 839 

18 75 

0 713 

I 60 

0 061 


3 I 

199 5 

281 1 

37 71 

3 047 

34 82 

1 839 

2 37 

0 123 

S. 

4 3 

196 3 

283 8 

40 85 

I 132 

50 93 

1 4II 

5 29 

0 091 

S. 

4 7 

186 I 

301 5 



96 41 

0 961 

3 59 

0 036 

Total 





20 311 


6 633 


0 429 


Rciidue— polymensed 0 733 gms 
un^lymcnscd 0 997 gms 

Hence composition of solid aewu is — ^ptlmitic 7} 38% and stcanc 24 62% 
and in mixed acids palmitic acid 3 67% and stearic aad i 20% 

The fatty acids of the oil of the seeds of Pmus gerardiana therefore 
consist of oleic, Unolcic, palmitic and stearic acids, the percentages of 
which ate given m table 9. 


Tabis IX 


Oleic aad 
Llnoleic acid 
Falflutic acid 
Steanc acid . 


% 

5 i 53 
42 80 
5 67 
I 20 


Examination of tbt msapomfiabU matter 

The unsapomfiable matter t^iamed by extracting the soap solution 
with ether was a semi-sohd mass having a light yellow colour. This wav 
aystalliscd from alcohol vdicreby a compound melting at i53“C was 
obtained.- This gave all the colour reactions of a phytostetol. It also gave 
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an acetyl derivative M. P. ia5®C. Hence it was a phytosterol, sitosterol, 
found in most vegetable oils 

The Component Glycendes 

The oil was made neutral by treating it with sodium carbonate and puri- 
fied with animal charcoal and Fuller’s earth 

Fifty grams of the neutral oil were then dissolved m six times its weight 
of dry acetone and kept m a frigidaire at o®C for about a week. Nothmg 
separated showing that the oil does not contain any fully saturated or 
disaturated glycerides. 

Another lot of fifty gms of the neutral oil was dissolved m ten 
times Its weight of dry acetone and oxidised with four times its weight of 
powdered potassium permanganate according to the method of Hilditch 
and Lea^’. The process was repeated two times when m the end no neutral 
substance was left. This further confirms the absence of fully saturated 
glycerides. 

One hundred grams of the neutral oil were then dissolved m ten times 
Its weight of dry petroleum ether (B. P. 4o-fio®Q, cooled to — j®Cand 
bromine added till it was m slight excess which was indicated by the colour 
of the solution turning to permanently brown. This was kept overnight m a 
frigidaire when some semi-sohd mass preapitated. Tlus was filtered 
off and washed with chilled petroleum ether The product left on the filter 
paper was crystaUised from absolute alcohol when two fractions and Fj, 
one alcohol msoluble and the other soluble were obtained. The petroleum 
ether filtrate and washings were mixed and treated with a solution of sodium 
thiosulphate to remove excess of bromine, washed with water, dehydrated 
and the solvent distilled off, when a dark viscous hquid was obtained. This 
was extracted with absolute alcohol and the alcohol-soluble portion was 
designated as F, The alcohol-msoluble portion was extracted with a mix- 
ture of absolute alcohol and aceteme (i : i) and the soluble portion gave F4. 
The msoluble portion was then extracted with methyl alcohol and acetone 
(1 ; i) and from the soluble portion F, was obtained. The insoluble por- 
tion was completely soluble m acetone which gave F,. The scheme of 
separation is showsn below:—- 
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Neutral oil (loo gms.) Biommatcd m Petroleum ether 

1 


Soluble 


Insoluble^ crystallised from 
absolute alcohol 
! 


Wash with Sodium thiosulphate, and remove 
solvent, extract with absolute alcohol 


Insoluble 

Fi 

o 48 gms. 
(Crystallme 
substance 
M. P 77 ' 78 *C) 


Soluble 

F. 



solid mass) 


Insoluble, extraaed with alcohol 
and acetone (i • 1) 


Soluble 

F, 

10 75 gms. 
(dark viscous liquid) 


Insoluble, extracted with methyl 
alcohol and acetone (i ' i) 

Soluble 

69 52 gms. 

(viscous hquid) 

Soluble 

Insoluble, extracted with acetone 

F, 

1 

49 8j gms. 

All soluble 

(dark dirty mass) 

P. 

29 69 gms. 

(dirty brown viscous mass) 


The fractions F„ Fg, F4, F^, and F, were debrominated. The 
debtominated products were saponified, the unsaponifiablc matter removed 
with ether and the fatty acids hbciated. The saponification equivalent, the 
iodine value and the tiuocyanogen value of the hberated acijls were then 
determined and from these the quantities of individual aads in each fraction 
were calculated. The amounts of saturated acids being too sipall they were 
considered as one add. The adds were then oxidised with an alkaline 8olu> 
tion of potassium permanganate according to the method of Lapworth and 
Mottram {foe, the unoxidisqd portion extracted with petroleum ether 
when it was found that only F*, r,, and F, gave saturated aads. This is 
also evident as a result of calculation from the thiocyanogen value. The 
saponification equivalent of saturated acids so obtained were dcterminccL 
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As Fi was too small in amount to be subjected to the above operations, 
It was crystallised from absolute alcohol when a product M P was 

obtamed Its bromine content was determined by Piria and SchifTs me- 
thod The compound was found to be an impure sample of a triglyceride 
of tetrabromolinoleic acid. Pound Br== 51 3 I%i ^67 Hgg Oj Brj, requires 
Br=j2 26% The meltmg point is, however, lower than that observed 
by the authors previously^® but agrees with that observed by Vidyarthi and 
Mallya®. 

The results of bromination and analysis are given in tables 10, 1 1, and 12. 

The results obtamed above ate m fair agreement with those obtained 
for the component fatty acids of the oil which are also given (Mol. per cent ) 
m table 12 m brackets for comparison. 


Tabm X 



Fi 

Ft 

P, 

Ft 

F. 

F, 

Wt of btoauoated product m 
gms 

0 48 

5 

20 78 

6902 

49 85 

29 69 

Wt of debronunated products in 
gms. (glyceridc+unsapomfiablc 
matter) 

0 23 

3 16 

11 67 

37 63 

29 96 

17 57 

Wt of unsaponifiable matter 


0 02 

0 06 

0 19 

0 ij 

0 10 

Wt of glycerides (free of un- 
saponifiable matter) 

0 2J 

3 16 

n 67 

57 65 

^9 95 

17 36 

Mol % of mixed aads 

0 23 

3 19 

75 

57 57 

29 98 

17 30 

Sap cquiv of liberated acids 


276 6 

279 2 

280 9 

280 2 

281 4 

lo^e value (Hanus) of libera- 
ted acids 


123 I 

129 3 

140 6 

109 9 

"7 7 

Thiocyanogen value (14 hours) 


61 7 

79 7 

90 4 

81 8 

90 I 

Sap equivalent of saturated acids 


260 j 

1 

272 3 


265 I 



Table XI 

Mol, permf^ge of atidt m tath fraction 
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Table XH 

Mol percentage of acids on total acids 



Fi 

F, 

F, 

F4 

Fg 

F, 

Total 

Linoleic 

0 23 

2 14 

6 43 

20 93 

9 32 

5 30 

44 35 (41 * 9 ) 

Oleic , 



3 86 

16 64 

17 74 

12 00 

50 24(52 04) 

Saturated 


1 0} 

I 44 


2 92 


5 41 (5 07) 


Table XIII 

Probable component gljcmdtt {Mol percent) 


Glycerides in 

Fi 

0 23 

F, 

3 I? 

F, 

73 

F« 

37 57 

Fs 

29 98 

F* 

17 30 

Total 
100 00 

1 Fully saturated glycerides 

ml 

ml 

ml 

ml 

ml 

ml 


2 Disaturated glycerides 

ml 

ml 

ml 

ml 

ml 

ml 


3. Monosaturated glycerides 








(a) Saturated dilmolein 


3 »9 





5 19 

(b) Saturated oleolino- 








lem . 



4 3 i 


8 76 


13 08 

4 Tnunsaturated glycerides 








(a^ Tnlinolcm 

0 23 


0 13 




0 38 

(bS Okodilmolcm 



7 26 

25 22 



32 48 

(A Diolcolmolem 




11 35 

19 20 

15 90 

47 45 

( 4 ) Triolem 





2 02 

I 40 

3 4 » 


From the above figures the probable component glycerides of the oil 
of the seeds of Pmus gerardiana luve been calculated as shown in table i j. 

In these calculations all the saturated acids have been considered as one 
aad. Also as all the saturated acids arc combmed as monosaturated 
diunsaturated glycerides, it can be assumed that they arc proportionally dis- 
tributed m monosaturated dilinolein and monosaturated oleolmolem From 
these considerations the component glycerides of the oil of Pmus gerardiana 
seeds may be given as follows'-^^almitodilmolcin 2 41% stearodihnolein 
0.78%, ^mitooleohnolcm 9.86%, staerooleonlmolem 5 az%, tnlinolcm 
0*38%, oleodilmolem 32.48%, dioleolinolem 47.45% and tnolein 3.4^%* 
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MOTION IN INCOMPRESSIBLE FLUID OP VARIABLE DENSITY H 

By Santi Rak Mukhkr/ee 

MATBB3fATI0fl DEPA&THKKT, AiXAHABAD llMIVEBBITy 
Gommuniciited by Prof A 0 B«Der]i— Beceived on 8th October, 1049 

This paper ia in continuation with other papers already published by the 
author in the Proceedings of the National Academjp of Sciences Here two 
cases of density variation have been considered, the laws of density being 
(i) and (ii) P’^PtHl-i-hc), where Po is the value of p at the origin and 

X IB a constant, which is not necessarily small. We shall suppose that p is a 
constant for negative values of x and the coefiBcient of Viscosity a constant 
throughout the motion. We shall further assume that u, v and tc are small and 
small quantities of the second order will be neglected 

In the absence of extraneous forces, our equations of motion, in the case 
of an incompressible fluid, are 
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If we neglect small quantities of Uio second order, the equations of motion 
rAlwce to 

ZW dp , r-ri 

Zu .dv , Zw f. 

5J+3J+-S=‘'- 


with 
Case I 


p=»Po+Xx 

The equations of motion aooordingly become 
(Po + X®) 

(Po+X*)|«-|j4nV*t., 

(p^+Xx) 

If u’, V and tff all vary as e***', where Oo is a constant, the equations of motion 
take the form. 



(p«+Xx)aoW=s~ +nW 

. . . (1) 


(Po+XxW»- If +pV*P, . 

... (2) 


(p«+Xx)aoW»- 1^ +pV*m, . 

... (3) 

with 

d« , 3» . dtp - 
0x'^dp+'^"'^ * * • 

... (4) 


DifferentUting botli sides* of (1), (2) and (8) wiA respect to x, p and * 
^espeotively and using ( 4 ), we get 

Xaott**— V*p (5) 
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Now we multiply both sides of (1) by 1. oo and get 
a# (po + Xa:) ^ od o«|^+MXaoV*tt 

or • -ao (Po + H V*p=-iao|^“liV* (V*p), by (5) 

or p y ’ (V*p^''Oo (Po+M V*p + ^ «»^=0 

We put Po+^=k!i, so that Sassftflfi . . (6) 

Thus we get V* (y*p)-pa!, V*p+p-^i=0, . . (7) 

where P<= and V* = + ■3t^+ x »' 

p cxi dy^ c*’ 

Now (7) IS the equation which will determine the pressure in this case. 

Let us first solve (7). 

Put pspiPi where pt is a functiou of ^ and only, andpi that of a; or 
*1 only. 

Thus 

^’(p. j^+Pi^i’r>)”P*i(pi ^i+PiAi'pt]+fc'. 

-p*,(g-;p.+P,v,*,.)+Pp,j«=o 

»i-P.^.+2f^.V,‘p.+PiV,’(Vi’p.)-P*.(£^'iP.+PiV.’p,) 

This equation can be satisfied if we write 

Vt*p,+ip,»0, . . . . (8) 
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Let D stand for the opeiBtoi: 

+i(p*,+t) 

SO that 1^1=0. 

For the solution of (9); we construct an expression 

Vs 2 c.a:i“+* =CoXi“ +c iXi‘*+‘+c,!ri®+“ + + 0^1“+*+ 

n=0 

so that DV“2co [a (a-1) (a-2) (a- 3) (a— 1) 

~2Aa ( 0 - 1 ) Xi“-® + pcuri*‘‘ + A8xi®+‘ + A*Xi® ] 
= Co fa (a-1) (a-2) (a-3) Xi®“^-2Aa (a-l)xi®'®— Pa (a— 2) Xi®“^ 

* + +ApXx®+‘] 

4 Cl [( 0 + 1 ) a (a-1) (a-2) Xi“'®-2A: (a+1) axi*“‘ 

* -P(a+l)(a-l)xi® +A*Xi®+‘ + APxi®+*»] 
+ Cs t(a+2) (a+1) 0 (a— 1) Xi®"*— 2A (o+2) (a+1) Xi“ 

-p (a+2)axi*+‘ + A*Xi®+*+A!Pxi“+®] 
+ C8 [(a + 3)(a+2)(a+l)aXi®-^-2Jk {a+3)(a+2) x, ®+^ 

-p (a+3) (a+2) a,“+^ + A*xi®+®+A3xi®+^] 
+ C4 [(a + A) (a + 3) (a + 2) (a+l)xi® — 2A (a + 41 (a + i) Xi®'*’* 

-p(a+4' (a+2)xi“+® + A*xi"^*+APx,*-‘'‘j 
+ C6l(a+6)(a+4)(a + 3)(o + 2)xi®+‘-2A(a4 5) (a+4) Xi“ + ® 

-P (a+5) (0 + 31 xi®+* + fc*Xi®+® + ApXi®+®J 

+ ,... + + .. 

+ . + .. 

+ c «.4 [(a+n-4) (a+n-6) (a+n-6) (o+n-7) Xi*'^""® 

-2A(a+n-4)(a+fi-6)xi®+*'®-p(a + f»-4) (a+n-6) xi®'*’* ® 

+ /fc*xi®+»-<+Apx, 

+c»-8 [(a+n-8) (a+n— 4) {a+n-6) (o+n— 6) xi®'*’*'"^ 

-2A!(o + n-3) (a+n-4) x,®+*’®-p (a+n-8) (a+n-5) Xi®+*“* 

+Jfc*Xj®+*-*+jtpX»®+®-®] 
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+c*-i [(a+»— 2) (o+m- 3) (a + w-4) {a+n-6)a;i*'*’*'® 

-2fc (o+n-2) (a+n-3) (a+«-2) (a + n-4) 


+c,.i [(a+n-l) (a+n-2) (a+«-3) (a+n-4) 

-2k (a + «-l) (a + M-2) (a+n-1) (a+n-3) 

+fc*x,“+« ‘ + 

+ c, [o+n) (a+n~l) (o+n~2) (o+n-S) 

-2k (a + n) (a + n-1) xi*+*-*-p (a+n) (a + n-2) + AVi*+’’ 

+ Apx»“+*+‘] 

+ C 11+1 f(a+w + l) (o+n) (a+n-1) (o+n— 2)xi*^’’'® 

-2k (a+n+1) (a + n) Xi®+"~‘-p (a + n + 1) (a + n-l) Ti'‘+''+ik»Xi‘+»+‘ 

+ iiPXi‘‘+"+‘*j 


w) thst DV*Coa (a-1) (a— 2) (a— 3) . 

provided C|»0 

c» (a+2) ( 0 + 1 ) a (a-l)-2fca (a— 1) Co-0 
or (o+-2) (a+1) o*=2A:Co, 

-CoPo(o-2) + cj (a+3)(a+2)(a+l)a=0 


. ( 10 ) 
. ( 11 ) 

. (12) 


or (o+3)(a+2)(a+l)c» = P(a-2)c„ . . (13) 

k'eo-2k (a+2) (a+1) c,+(a+4) (o+3) (a+2) (a+D Ci=0 

or (a+4) (a+3) (a+2) (a+-l) Ci='2A; (a+2) (a+1) CJ-^* Co, . (14) 
(a+6) (a+4) (a+3) (o+2) c,<=2* {a+8) (a+-2) c, + P (a+2) ac,-*pCo, . (15) 
flt+i(o+n+l) (o+n) (o+n-l)(o+n-2)-2ifc (a+n-1) (x+n-2)c»-i-p 

(a+n-2) (a+n-4) c,-o+l:P c«-4=s0 for n54, . . (16) 

or ?i!±l * 2* C..-1 . ya+n-4) 

c,.* Ca+n + l) (o+n) c,-4 (a+n + l) (a + n) (a+n-l) c,-* 


V fa-o IP 

^«+n+l) (o+n) (a+n-l) (o+n-^ Cj ,-4 ”(o+n^i) (a+n) (o+n-l) (a+n-2) 



8. m. VCKHBBJEB 


^ a* jl+Bi ind = l+8», whore the e’ «-»0, 
C»-| «»-« 

as n ■ 

Thus g*r-»i 

C#i-4 Ck- X f 0II-S ('n-’i 

«(i + e,) (Z+e,) (Z+e,) (Z+e.) (Z+e,), etc. 
Substituting the values we ijet 


(Z+ei)(Z + e,) (Z+ea) (Z + e*) (Z fe») = 


o\ in*) 


(Z + Ba) (Z + e*) (Z + Ea) 


ovi'') “ *'• »T^) “ ^ 

Taking limits as n ■♦ «», we see that Z o. 

The series thus obtained will be absolutely and uniformly Convergent for 
all values of xi, Now our indioal equation is 

o(a-l)(a-2)(o--3) =0, 

so that the roots are 8, 2 , 1 and zero. 

Thus the four solutions will be given by, 

As regards (8), we have 

p, = A« (Pi m) I if Z: = Pi* 1 
or a it (p, a») } s*. if 4= ~p,* j ^ 

where w » >/v^ + ** and tan 
Thusf IS determined. 

Now we have to flpd u, v and tr. Substituting /»«+b!®Xaji in (1), ( 
and (4), we have 


(17) 


(18) 


^0|XtU w - 

= -|E+„^V . . 


U-l) 


XttoXiv 


. ( 21 ) 
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hlitXlW = “^+ 

8m 3t» , ho 


Again from (5) 

LaoM=-VV=-Pf 

Xoov = — 

and XaoW = “^Wo 

where vo and lOf are functions of Xi only 
It IS quite evident that vq -w,^. 

Now Laoa:i»=s-|®+nV*v. 

or -o:, p,-a V (^' ,.) 


or Pa:i»o-pi>r 
Hence vo w given by 

(f*V0 


I <fVo 
dxi' 


-Ivt 


(iXi 


-(Pasi + i) v#= -Ppi, 


Now we have to find the solution of 

Xao4^i«i=*|iV*«i 

Xaoa5iVi=jiV*vi 

Laoa;iM'i**|»V*Wi 

<€., (V*~Ao!Fi)« 1“0 

i:,ir,)wj*30 


(31) 
(4 1) 


• (19) 


(20) 



8. n. MUKHEBJEE 


From these it is evident that so that we have to find Vi and tri from 

(V*-*oXi) t»i*0 

(V*-io ari) 


With 


Svj . iu>i 
3y 0* “ 


We can write 


provided 


».=-«rv 

Vi*S+ifc,S=0 


-(*;i + fc«a:i) R»0 orDiR=0, where D» S ^^-Ui + fco * 1 ) 
For the solution of the last equation, we construct an expression 


V,s S a^*+» 

•>o 

so that DiVo*aoCa(a-l)*»*‘*-A:i!ri“~Ac*'i"'^*l 

+ai[(a+ Da. aii*" 

+ o,[(a+2)(a+lki“-ifci*,'*+“-Aoa:i“+®] 


+ a,-,[(a+«-2)(a+«-8)a:i''+-*-*ia:i“+’'-*-Mi“+*‘‘] 
+a*-i[(a+n-lKa+«-2)!ri'‘^-»-Ai!ri'‘+»-‘-Jfcoa:t'*+"] 

+ <4(a+n)(a+n-l)a:i“+""*-Mi'’'^"-Mi“'*’"+‘] 

+ a»+i [(a+ n + l)(a + n'a!i*+" " ^ - il;oa:i*+*+*] 


Thus DiVo=Ooa(a“D«i*"* 
provided (») ai=0 

{<•) -A!|O*+a*(a+2)(a+l)»0, (*h) >Mo+at(o+8)(a+2)»0 and 

(rfp) a»+i (,a+n+l)(fl+n)’=kp iov n^8. 

From «tf) it is evident that the series under consideration will be abeo* 
lately and uniformly oonvergent for all values of Xi and the two solutions will 
be given by 

and Bt^lVoJaaS* 
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Hence a complete solution is given by 




cx Aoo dy 

e— - r!^- ‘ 

£y Itto 3* 

DifTereiitiatlng both sides of the first, second and third of (1^1) with ft, y nud * 
respectively and adding and then using (4 1), we find that vq should be given by 




. Cl) 


So in order that our supposition may be justified, wo have to show that the 
ro’s, given by (20) and (21) are the same 


Fiom (21), 




■tiE' 

dXi 


1 

'* dxj dxi * dxi * 


= + + vu fiom(9) 

Again 

— (Pfi + 1 ) ro j = “P Pi* which is the same as (20) 

Hence, the justification. 

Thu. 




lUxo 3y' 


a -p- ««. where vp is given by (21). 

MIp 0* 


F.3 
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The case, when the left>hand sides of onr original equations of tm tion 
vanish, has been already solved/*^ Thu^ a complete solution is given by 




r* dpi 
2(2w + l) 3a; 




e«o/ dp. 


(^+l)(2n + l)(2« + 3) ea- 

1 V I , »•* 

H “ I2‘(2>i + 1) Zy ^(« + l)(2n + l)(2«f3) dy 


3 




and 


2pj I J s / Jg» , _ w 3 

Xo. 3*’* p" l2(2« + l) 3* (m + 1)(2«+ l)(2n + 3) 3* 


^•fex } +»«''• 

Onse 11. 

f=»#'o/(l+^)- 

The equations of motion become 

Po|f = -(1 +Xx)^^+p(1+X^)V'm 


Po ^7 +p(1+Xt)7*v 

Po ^=-(l + Xx)^+p(l + Xr)V*w 


with 


^ 

3» 3* 


=0 


Put l+Xa:*Xa;j, so that 6aj=fia:j. 

ancblet n, v and tv, all vary as exp at, so that onr'equations of motion are modified to 
a «» ‘^hxt +Xo|iri7*M 'I 
a v« -Xo«i ^ + Islw'iV’v > . . . . (1) 

91 W" “^0**1^ ^olWiV’w J 
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With 

whorp 

From (1) wc get 


ill 

ir 


dv ■ dw 
iy ^ ix 


= 0 , 


. 3' i! ,, 


(2) 


or 

or 


, / 3ft , iv , iw\_ 5 1 A. \ r 7 i J. J. 


+ Xfl{tV*« 


0=*-X„J!iV*p-^«g^ + ioHV*», by (2) 

^V*«=x,V''p+ . . (3) 

From tho first equation of (1) 

a • • • (4) 


Now wc substitute the value of « from (4) to (3), so that 


nXoV’(xi*V*p) •= 

or * V’(3’j’V*p) -oo V + where «o=j^^ 

or V*(VV) + 4x1 VV + (2-aori)VV“«o |j-; =0 


This equation will determine "p”. 

Put p=Pi Pi) where Pi is a function of Xi alone and Pa that of y and x 
only, so that 

+ P.V,*(V|*Pa) }+4x,g^gip, + PiVi»p,) 

+ (2-a»x,) (^,p,+PiVt*P.)-aoPi ^ =0, where Vi'= 


Now this equation can bo satisfied if we write 

ViVf+4Pi=0. (5) 
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0-aoJ-i-2^®i») - (ao + 4^Xi) 

-/, (2-aoXi-Axi*) Pi=0 . 

LetD = a-i*^4 + 4xi + (2- Oo Xl-2^«, *) ^ - (ao + 4/ai) 


-^(2-aoXi-Axi*) 


We construct an cxpicssion 


V= “ (.Xi‘*+'' 

K-0 

60 that 

DV -= i6o(a^a-l)(a -2)fa- 3^1® '^ + 40(0-1) a-~2)xi“"^ + (2-a9Xi— 2A'Xi*) 
a (a-1) SEi“ (ao + 4/. Xi)a Xi*’ *— /^ (J-Od Xi-A Xi*) Ji“ ] 

= ifo [a (o- 1) {{a~2) (a-3) f4 (o-2) + 2} x,“ " *~o oo (o-l + l) jj®" ^ 

4 Xj® {-2ia (a— l)-4Aa~2A} + iao Xi®'^* + A* Xi®'*'®] 

= (0 (ft* fa-1)' Xj“''®’-a * oo xi®~‘— 2A {a (a f 1)+]} Xj*+ Aoo Xi®+^ 
+A* x.®+«l 

+ 61 ((o+l)*a*x.“*‘-(a+l)* oox,® -2A {(a + l)(a+2) + l}x,®+‘ 

+ A. a# xi®'*'* + A*xi“'*'®) 

+ f 1 [ (a+‘2)’ (a+ D’ xi® — (a + 2)* co Xt“+^— 2A {(a+2) {a+3) + Hxi®"*"* 
+ Aa, x»®+®+A* xi®+^) 

+ ca [(a + 8)* (a+2)* xi“+‘- (a+3)* a# Xi®+^-2A {(a+3) {a4 4)+l) 
ai®+®4- Aoo xi®+*+A* x,®+®] 

^ 4- C4 [ (o44)* (a48)» xi"+*-(a44)»ao Xi®+®-2A {(a44) {a+6) + l} 

a:,®+*4'J!:ao x»®+'4-A* Xi® + ®I 


4- 

t 
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+ Cn-i [ (a+«-3)’ (a+M-4)* ari*+''‘®-(a+n-3)* oo aji*'*’""* 
-2A{(a+ft-3)(a+n-2)+l}a:i'‘+*-8+/. a* a:,* a-i*+'’-‘] 
4c,., [(a + n-2)’ (a + n-3)*xi*+*-*-(a+n-2)» ao 

- 2A{(a+«-2Ka+ « -1) + l}xi*+* ' » + /. Oo Xi“ ‘ + /.* Xi*+1 
4c.-t I (a+«-l)* {a+n- 2i» 

-2A{{a4n-l)(a+n)41{x,“+»“‘+/.ao 3 - 1 '"^'' + ^* xi“+“+‘] 

4tH { (o+h)* (o + «-1)* Xi“+*-Mo+M)‘ ao ai“+*-‘ 

-2U(a + «)(a+n+l) + l}xi'*+”4iaoXi“+’’+‘ + /u* Xi'‘+*+®l 
4-t»+i [ (o+»i + l)’ (a+n)* ai*'*'*'‘~(a+n+l)’ ao Xi*'^*-2/v {(a+n+1) 
(a + n+ 2 )+l} ii«+*+‘ + AaoX, “+”+*+ /.*xi*^-"+®l 
+ . . . + . + . 

+ . . . . + + 

Thus DV« a*(a-l)*c*. 


provided ( 1 ) Cj (a+l)*-Co a* ao=0or Cj - ^^®®jj,Co 


(n) —2k {a (a + l) + l) («+!)* ao+c^ (a +2)' (a+])*=0 


, . 5Lo _ , ^{a (a+ l)+ l} 

t.e., c, _ ci+ ^0 


(iii) (a+8)* (a+2)* C 5 = (a+2)’ o© ca+2A {(a+ 1) (a+2) + 1} Ci-k ao (-o 

(iv) (o+M+1)* (o+n)* c,+i=(a4n)* Co Ci<+2A; {(a+n-l) (a+n)^l}c,-i— /.Ooc, , 

—k'cn.%, for W&3 

This clearly shows that tho senos under consideration will be absolutely 
and uniformly converxent for all values of Xi. 

Our indioal equation is 

a* (a-^D* =0, 80 that the roots are 


1, 1. 0 apd 0 
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Thus the four solutions will be siven bjr, 


For the solution of (5), wo look to the solution of (8) in Case (i) 
Now au=XtXi*'7 


Suppose 


^Pt 


aiff=Xo ^*M»o 


where Vo and Wo are functions of Xi only. Evidently t>o =^<-0 
Since 


3m . , 9/^> 


We have 


dxi* dxi 


BO that kvo = iri* ^-^+2a-i ^-2A.ri/ii 


Again 


a*v«-aXoa:i ^ Pi + H^o^^iV* (ai>), from (1) 


ey 


a^» foSf-aXoa:!^^ Pi+M-ioari^* (v»^ 


3y /. 




a5i ^^-(oi+Aa-i) *>o=ao®iPi 


^ Thus in order thiA our supposition may be valid we must show that the 
given by (9) and (10) are not dJffexent 
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Now, from (9), 

'*•=**’ *1 


-2ii:iPi 


or ( f!i=*,'fl’;+4*.fS;4(2-lr.-)';>-4ir, '’/‘-Sip, 
dxi (Iti* tlxi dx\ doix 

= (oo®i+/fl!i*) j^^l + Oo (acri + /Ti*)pi, by (0) 

*»-(2ao + 2/.»i) '^t-~h(aexi + *) ^ '«« + 2/.3-i)Pi 


eotbat /xi ^-^=ri*(ao + /xi) j ^J + 2xi{ao+/2ri) ^ *(«o + ^Xi) 


‘rfx, 


,d‘pi 








' fix, 


-'^xi(ao + 2/trj)pi 


k{ao+Kxi)vo^Xi*(ao-¥kxx)*lj^+^Xiiao-\^lxi) 


-2^Xi(ae + /4X|)pj 


^[«i ^^-(ao + ^®jK j=*^a:iaoPi 

This IS our (10), 

Hence the validity. 

Now we have to find the solution of 


sabjcotto 


Bubiectto 


a«i=Xo|ixjV*Mi 'j 

at?i =X(>nxiV*Ti > 

a?P|=XoHXiV*irx ) 

3ui , 5ri . £!£!_a 

5xi 3* ~ ' 

(xiV*-ao) {ut, vi, f<?i)sO 

where Oo" 


?Hi+ 3 £l+ ??£l*o 
8xi 9v 3* ' 


x*|i- 


put V| and «»| have been alreadjr found,'*’ 



ISO 


S B MDKUEBJBE 


Thus a complete solutioa is given by 


»tv = Vi ^ ’ ® 

a oy 

4.^0 ®iL* , 


I am grateful to Prof A C Baacrji for his kind help aud encouiai.en ei t 
in bunging out this paper 


Ue/^e) encea 

1 Forsyth Titirj »/ Differttihal Efuattm Part 111 Vol IV 1002 § J8; p JJ 

2 Prt( Nat Aca Set Vol 12 part 2 page 127 

3 Prnc Nat Aca $tt,Vo\ 12 Part 8 page Isa 



FLUID MOTIONS OF THE TYPE Si=X,«, ETC. AND E, = X,«i ETC. 

By Bam Ballabu 


LroKNow University 

Ctommuniosted by Dr R. 8 Vsrms— Recpired on 2nd Norember, 1943 


In a previous paper* we have shown that two motions in which the vortex 
lines of one coincide with the stream lines of the other can be superimposed upon 
one another so that the resulting velocity is the sum of the two velocities. The 
present paperf aims at discussinf; such motions. 

An extension of Bernoulli’s theorem has been obtained for a class of these 
motions and they have been shown to exist by choosing a particular case of 
uniplanar motions. 

1 If 5 i. 111. ti ; Ml. t^i> be the vorticity and velocity components of 
one motion and It, tii, • M}, V}, tOy the corresponding quantities of the other, 
the fact that the vortex lines of either system coincide with the stieam lines of the 
other 18 symbolically represented by 

i1i=Xi vi and • I 

It = ^ 1^1 li=X|«>t 

where Xi and X| are functions of r, y, x and f 

Now, 


, - 3»/’i 01 


Bvi 


I Xi ! 


I _i (^vt |«t\ i A / ^ I 

\ xrlli ” / I 1 X \ "“Sx ) f 


_1 JL 8 

* Xi 9* dy j Xi f * I 9* 9® j 


1 fdkt 


*8uperpoMble Fluid Motions . Bmmt Hath Sk, VoL II, New Series 11840), 

fS 74i, eqa (it). 

tMy thanks are due to Professor J A Strang for Us interat and suge^estions in this inves- 
tigsUoD. 
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and usine the continuity condition of (uf, Vt, tc$), we get 
Similarly, (V* + XiX|) »j ^ 


(V*+M,)mx = 

(V * + hh) Vi = w, Y* \- 

(V^-^Uh)wi “*^ 1 -^ 

To these we add 

• • • •« 

and B ,^+»,|^+«,-^*0 . . . . ( a ) 

deduced from I with the help of the continnity conditions of the two motions. 

(i) states that the surfaces Xi=:con8tant contain the stieam lines of the 
motion (tt, ri, tc'i) and consequently the vortex lines of the motion (tij, Vi, Wt) 
and (ii) states that the surfaces l|=con8tant contain the stream lines of the 
motion («i Vi, U’i) and the vortex lines of the motion [ui, Vu Wi) 

If li=l,=X, the stream lines of the motion + Vi + Vj, »/>i + Wi, 
obtained as a result of superposition coincide with its vortex lines and "K has the 
properties deduced in two previous papers • One of the types of resulting motion 
in this particular case decays exponentially with time and satisfies Ccrnoulh’s 
theorem 

2 If the two motions are uniplanar, we may by taking the planes of motion 
parallel to * = constant have uoi =w,=0. The last equations of II and III then give 


*Self-iaperpos«ble Motioni of the type t-Xji etc, . . Prtt Bttmtt Mali SdCfYoLlI, 
New Series (1010), PP.B6-89 

On SnperpoBsbUity . . Jnr lwdia$ Mati Stc , Vol VI, Uaidi (10431, pp. 33- 40 
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and equations (i) and (li) reduce to 


j. 95^1 A 

w 

81f , oXj » 


from which it follows that both li and X* are independent of jr and y 

That 18, for uniplanar motions the proportionality factor between the vorti- 
city of one motion and the velocity of the other depends only on time and the 
distance of the plane of motion from some fixed parallel plane 

3 If Xi and Xj are independent of sr, y, x, equations IT and III reduce to 

(7* + X,X,)(tt„«„w,)=0 IV 

(V’+XjXj) ioi)=0 V 


from which we see that if any one of the velocity components of one of the 
motions 18 harmonic and non-zero, either Xi=0 or X|=0 

If Xi«0, l»-Tii=Ci-0, te , (lit, vt, tt't) w irrotational. 

If X| = 0, ee, («i, vi, W\) is irrotational 

If one motion is irrotational, the velocity components of the other must be 
harmonic. 

4 The equations of motion of a viscous homogeneous incompressible fiuid 
are 


~-Mq + t>|=-|~+vW 


where X's»-+ + 
p 

With Xi and Xf independent of x, y and 

^+rXtXi«i+Xi 

^ + vXjXjFi + Xi “ 

^+pX,Xi*ei+X* (iii«t“«iVi)« ~ 


X these can be written as 


9k' 

. \i) 


Ml 

. (2) 

dy • • • 

f: • ■ • • 

. (3) 
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+ vXiX|«|4Xi (rj«)»--«rit)|) = — 

... (4) 

■*‘‘'XiXtV|4Xt = 

. . . (5) 

^*4rXiX|W|4Xi (Mit>|-via,) = -|— 

. . (6) 


for the motions (ui, v\, Wi) and («», Wi) respectively 
MiiItipIyinK (1) by li and (41 by Xt and adding, 

Xi-^ + Xi + I'XjXj (XiWi +X|tt|)= — ^ 

where 2 = XiXi'+X|X/. 

Similarly, fiom (2) and (5), (3) and (6) wo get 

Xi^ +Xt ^*4vXiX|(Xit>i+Xi»i)=-^ 
and X, ^+X, ^'4 vX.X, (X,«^, + ),«>,)»- II 

But ll-daj + ll *^^4^ * perfect differential, 

3*2 9* 2 

i.ft, |-^=^-^etc. 

oyZx dxdy 

Hence, usug I, 

Xi|^(X,u,)4X,^(X,u,)4vXi*X,*(ui4u,)=0 . . . . (7) 

with two similar equations in v’s and iff's 
If the two motions are steady then 

(t) i>=eO. The fluid is non-visoous. 
or (tt) XiXi^^^O. One of the motions is irrotational. 

or {tit) «i 4«i, f 1 4 Vi, Wi 4 wt separately vanish. 

If X] and X| are absolute constants, we get from (7) and two allied equations 

tti4Mi=<Pie~>'*»V 

Vi4t)f 

Wi4«'f = q>8e"^XiA,/ 

Irhere (P|, <(>t> <Ps are funcUons of y and « only* 
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If either li or It w zero, le., if one of the two motions is irrotetional, the 
motion resultinx from the superposition of (ui, Vi, v>i) upon (u], vt, Wt) must be 
steady. 

5. Multiplymn equations (1). (2), (3) by mi, ni. Wj respectively and 
adding, 




3X,' dll' 

-Vi — - -ii>i -s- 

dy cx 


Multiplyintt the same equations by «*, Vj, «>* respectively and adding, 
dui , dvt . 9«>i .Ilf , , \ 

??JL_ 


(9) 


Similarly, from (4), (5) and (6) wo get 

(j| + vXtX,)(w,> + r, *+«>,*) = -«, (10) 

and 


Ui ^* + vi ^ + «’i ^ + vXiXt («t«t+rjt)i + M^iiOi) 


Zwj 


ef 


dt 


ex/ dx/ ex,' 

“““‘"a* — ‘’i-aT — ■ 


9* ‘ 9y 9* 

Adding (8), (9), (10) and (11) we get after slight re-arrangement 
■^j^{(«i +«,)* + (vi + V|)* + (wi + M^,)*}Ej 

= -2 jui+tt,) (vi + v,)^+(ioi + w,)^|(Xi'4X,')E 

where 


( 11 ) 


If Xi and X, are absolute constants, this gives on substituting the values of 
Ui4«,, Vi+Vt, Wi +tCt from the last article. 

’■• 4 + * 4 ) 

which states that X/4X/ is coostaut along the stream lines of the reenlting 
motion at any given instant The value of tiie constant depends on the st'eam 
lines chosen. But Xi'4X,' is the value of X' for U>« combined nmtloD. 
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This therefore can be regarded as an extension of Bernoulli’s theorem 
to a class of unsteady motions of 'which the stream lines and the vortex hues 
do not coincide.* 

6. Let us now investigate if there can exist motions of the type I. 

For this purpose we assume that and Xt arc absolute constants and ui| 
and Wt are both zero. 

We then have from I and the continuity condition 


and 


X|«| = 


dx 




dut dvi 9e/t 

3*' 3« 3y 




3t>i 


=0 


Xi«i = 


3 -t ' tx dy 


\Ei 

3p 


= 0 


Solving these we get 

ui = Ai sin A + Aj cos A 
t)i = Ag sin A + Ai cos A 

and U|=5 {A, sin A- A* cos A} 

Vf* Ml A-A| sin A} 
where Absx V XtXg and the A’s are functions of x, y and t satisfying 

?Ai+^cO ^A._3A, 

Zx Zy ^ ’ dy ~~ dx 

Mr Mi=o 3Ai=^‘ 

dx Zy ' 3y dx 
The equations of motion for (ui, vg, 0) are 

^ j. 1 1 ax/ 

Xi 

The conditions of integrability of these are 

(tF+ ‘'X»X,)^«X,^(»ift,-Mifi,) 


Ot 9 6 of the paper ’Soperpoeable Fluid Metionir. 


kt. at. 
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and X, 

From the first of these we get after substituting the values of «> and o’« 
and rearranging the terms 

+ vXiXjj (Ai cos A— Aa sin A) 

= ^[ i sin 2A (A,* f Aa’-A,*- As*) -cos 2 A {AiA, + AsAi)] 

And since A alone contains x, 

( + i-XiXa] (A,.Aa) = 0 

^(A,A4 + AiA,)=0, ^(A,’ + A**-Ai*-A,*)= 0 
Similarly, from the second wo get 

(^+ wXjX,)(A,.A*)=0 

^U8Aa + AiA,)=sO, ^ (A,* + A4 *--Ai*-A8*)=0 

i e. Ai—6 As e” Ai=<p 

where 0 and 9 arc harmonic functions of x and y satisfying 

0»(PM+e,Vf=Ci 

fPx* +(p/ - fi/ =Ct 

wheie the c’s are absolute constants 

It 18 easy to sec that with these values of the A s the equations of motion 
of (ua, vt, 0) also become integrable 

The two superposable motions are therefore 
Ml sin A + q>* cos A) 

Vi=>(tf/ sin A+<P/ cosA) 

«>i =0 

and ***”(T^^^ {<Py8io A -ey cos A)e 

cos A -9* sin Ale’-^'^'' 

«i »»0 
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The above belong to that class o£ nniplanar motions in which the ratio 
between the vortloity components of one and the velocity components of the 
other is the same everywhere at all times. The two motions decay exponen- 
tially with tune, the decay being rapid for liquids of high kinematic viscosity and 
slow for liquids of low kinematic viscosity They cannot vanish in the same 
plane constant. That is, the vorticity and velocity of the same motion cannot 
vanish everywhere in a plane * = constant 

The angle which the stream lines of any one motion make with its own 
vortex lines is 

. . , / Cl cos 2A — i c» sin 2A \ 

I 

so that the stream lines nrc distinct from the vortex lines except for the planes 

*= ~:3 rV\r ( w Jt + tair^ I , n being an integer or zero, 

2(XiX,)' > V c* ' 1 

in which the two coincide. If this angle becomes a right angle it can be shown 
that ix, Bj, <P«, must all be constants The stream lines and the vortex lines 
then become straight lines lying in planes x constant. 

The motions are also self-superposable.* 



kc tit. 



THE ROTATING CEPHEID 
ByH.K Sen 

MATHPMAnC't DPPARrUKNT VflAHAUAIt (TvIV^BHln 

Commiiniontod h> l^rof A C Bauerji— Received on Sfiih Novembci 1*)4 t 
It has boon shown that a fast rotatiiifc stai cannot execute purely radial oscillations 

In a pievious paper* we liave shown that the superposition of a small 
amount of rotation does not matciially affect the results arrived at for the radial 
oscillations of a spherical j non-iotating stai The rotation was supposed to be 
so small that wc could take the sui face of the stai to be a spheroid and that 
we could neRlect terms of the ordei of »* where 


i>=(i)*/(2jtGp), 


( 1 ) 


wheie (0 is the angular velocity of rotation and p the mean density of the stai 
In this paper we shall show that for a somewhat greater angulai \elooity of 
rotation so that wo can letain terms of the order of v*, the oscillations will not 
remain purely radial It will be sufficient for our purpose to oonsidei the 
uniform radial oscillations of a homogeneous spheroid We make the plausible 
assumption, as explained in the paper* referred to that the spheroidal surface 
preserves ite form meridional eccentricity) throughout the oscillation 

Taking the axis of rotation as Z-axis, the equation of oscillatory motion foi 
a rotating star is, in polar coordinates . 


IF 


3V _ 8P 
^ P W 


+ Sill*#, 


where V,P and p are respectively the gravitational potential, pressiiie and 
density at an internal point and 0 ) 18 the angular \ elocity of rotation. 

The term <o'| sin'9 in (1) is due to the rotation. 

We will, as we have said, retain in our equations terms up to the order of 
where V is defined by (1), thaHs, up to the order of e*> wjiere e is the mih'idi* 
otoil eoesntrfiliy of the spheroid. Ws will also consider small osoillatiims so 
we will neglect terms of the order of St*, where |i is the ampiitnde of 
the OBOills^n. 
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Li't P, p and q be the prcssuie, dcMity and (iiavity at a point distant^ 
from the centre at any initant of time t and let the suffix: zero denote the 
nndistuibed values of these vaiiablea Let 

l = lo(l + li).P = P(>(l+Pi).P = Po(l + Pi^- • (3) 

and ^,=rticos«^, (4) 

wlierc the pi'riod 

TI=2n/» (6) 


Followin'!: EddiiiKto.i* we will suppose the oscillations to be adiabatic, so 
that we have the followiiic equation 

Pi=YPi. . («) 

wheie Y is the effective latio of the specific heats, legarding the matter and 
enclosed radiation as one system 

Wo know that the angulai velocity o) of lotation is connected with the 
eccentricity e of the spheroid by the relation® 


0)^ 

-’n(^Po 






— e’ + iiln e*. 


17) 


letHiniiig terms up to the Older of e* 

If a be the semi-major axis of the spheroid, the polar equation of the surface 
can be put in the foi m 

+ p*)K (8) 

wheion=co8fl (h) 

The potential V of the homogeneous spheioid of mass M at an external 
Iioint distant > fiom the cciitie is j»iveii bv* 




where P, and P* are Legendre coefficients, v%x , 

Pj-=i(8p’-l) and P 4 = h (85p*-30p‘ + 3) 


(10 1 


, (U) 
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From (10) we hnvc g^, the undistmbcd value o{ uiavity at the point io 
«iven by 

J/0= OpoCiEo, (12) 

where C,=l+-g* (3|i’-l)+ g‘ (12n'-4) (13) 

We have the equation of relative equilibrium 

“ =-f^o + «>* lo (1-JA“) (14) 

From (12) and (14) we have by intC(riatiou the midihturbeil \ alue Po ot the 
pi essure at 5<) given by 


Fo= ^ (I'O 

wheie 

and r= the radius vector to the snrlacc in the diicction 

Wo have shown in the paper referred to* that the equation of the tonsei* 
vation of mass will be 

= (17) 

From (8) we hav o 

If; =1+1. (18) 

It should be noted that independent of io >n consequence of the 

assumption of iimform oscillation." 

From (8), (17) and (18) we have 

1 +Pi= f 'SI'’ 

- Po 5 al 


whence 

to the first power of 


Pi = -SS, 


(19) 
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Ktoni (6) and (V') wo havo 


We see tliat Pi and Pi aie also iiidepciideiit of I#, smce is so 
Fiom (2), (3) and (4) we havo th< oblation of oscillatoij motion 

P 05 

In conseqiiotut* ot onr assumption of nitifoim ovimngion and contiaclion, 
the spheroid remains homoi'cneons (thoujih of a different density at each instant) 
throughout the oscillation , m other words, the density at each point is a function 
of tlic tune but not of its distance fiom the centre 
Hence wo havo fiom (3), (12) and (I'l) 

^ f 1 ={l + P,){l + 5,) = (l-3 5i)a + ?i). 

Vo Pa §0 

whence we have 

V=Po(l-2|,). (22) 

to the first power ot h 
From (17) we haie 

. . . (28) 

From (21) and (28) w< lia\o 

We have from (3), (22) and (24) 

~ v«+«^?oii+«)*(i-n^)5o(i-5i) (25) 

Equation (25) bleaks up into the equation of lelatne equilibrium (14) and 
the equation of oscillatory motion 

^^(P,P,)=4iro ii + «* U,-e>’ (l-lt*)5« I. . (26) 

By (20) and (14), equation (2b) i educes to 

{n»lo + w*(l-p*)(3Y-l)^o-V*(3y-4)j &i = 0 . .(27) 



THE rotating OEPHEID 


As 5 j 18 evidently not ^eio, we have from (.i7l 


n = i-® (3 y-4)-o)*(1-h’)(3y-1) 

so 

Hence by (12) we have 

»’= ^ «PoC, (3 y-4)-(o' d-u’) (3Y-1), (28) 


where Ci is ijiveii by (13) 

If the oscillation be jiiiiely ladial, the peiiod niven by (28) must be in- 
dependent of ^ Hence we must have 

^ G Po (3Y-4)(>f -1- ‘^)-l-a)*(3Y-l)=0 (2b) 


Miibstitntinu (7) in (2b) we lm\e 


' + i1 c* 
l-filc' 


14 i8 , 108 * 

lb 175 “2b26 ® 


(30) 


As f’ 18 much less than 1, we see that y Kiven by (80) is much less than the 
critical value* 4/3 and hence that the oscillations cannot be stable We have 
further, if (29) be satisfied, that the period will be given by 




4 , 

106 


(31) 


iSubstituting toi y fioin (30) in (31) we have 


2 rtGPo 


=-(l 




. (32) 


The period given by (32) is imagniaiy and hence no radial mode of uniform 
oscillation is possible. 

As the star oscillates uniformly in the fundamental mode, this mode 
cannot be radial , and presumably the same will be the case with the higher 
modes which, exciting non*uuiform oscillations, would disturb the homogeneity 
of the star. Further a heterogeneous spheroid cannot a fortvm oscillate 
ladially, if this be uot possible for the homogeneous epheioid. A non>radial 
oscillation will however meet with material viscosity which will not probably 
allow it to last long. Oiii analysis bears out the observational fact of the non- 
existence of fast-rotating Ccphcids 
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The author considers it a Kreat privilege to record his sincere thanks to 
Piol A 0 Banerji, 11 tidei 'whose guidance ho has earned out the above investi- 
gation 
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IHI^ ARMS OF V &PrR\L NFBl L V IN BLSI&IINO MEDIUM 11 
By Brw Basi Lai 

Mathematics Departmhht Uiahabad UNivpRBir\ 

Communiratwl 1 y Prof A C Baneni— Rccoi od on S^th Novpml or 194^ 

It IS unlikely on ^tncial giouiids apait fiom the diiect 'istionoiiiical 
evidence that inter stellai S] aco vs entirely void Mattel may (Scape fiora stais 
by radioactive emission, by ladiation pressure oi by the ordinary loss of hit,b 
speed molecule 8 leiiestnal magnetic storms are usual Iv ascribed to some kind 
of corpuscular emission fioin the Sun Mnreovei Eddingtons* theoietical 
researches ns well as Plaskett * and Peaices obsenational investigations show 
that intei-stellar space (within the conhues of the galaxy) is not empty but is 
filled with a very larcfied gas of substantially uuifoim density Hence the 
movement of an ejected pai tide would be taking plate in a lesisting medium 

In the first part ^ we considered the lesistance varying as ^ and sh wed that the 

path IS an appioximate deformed spiral In this paper we consider the resis- 
tance veiying as v alone say it is equal to kv where / is constant and small 
The radial and tiansverse components aie 

—hr and— 

Equations of motion now become 




(I) 


Equation (2) gives 


1 d 
r dt 




( 2 ) 


where Ao is coiista it of mtegiatioii whose value is a' h when t-O 


' e~ 


- *•' M 
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nnd 


+ U,,- 

With the help of these, equation (1) becomes 


tie* 


._/L 

■ ho*U* 


i,du 

do 


Taking ? to be very small, we neglect its 2ud nnd highei poweis 
Hence we have 


dtu ^ a/f/ 

db* ~ 2 


(4) 


where m is 4- ve small and leas than I, 


*e.w/ <1 

Equation (3) on integration gives 


j r*db=<'i — 


ho 

/. 


-it 


wlieie Cl 18 the constant of inteRjatioii 

To the first approximation we can take the value of ef*\ when the particle 
was free to move 


fl = Sin ’ 


2v — muo 
(2-m)iio 






_ he .-if 


«**(l 


1 r — »L_ co 8 A-‘ / w + **0 (1-w) /&: 

l--«i)L{l-«)* V ui2-m) V 


■u) { u-f-tlp (1— 


-ft _ ^ ft - 4/ 



THf AIlAfs Ot 


inA! ^Fnrr[A in Nfjuiu' 


_1 I «l , li/// + //o (1 III) _ (ll -ll){/l+ll (l-w)l| 

oM1-w)L(1-wH " ^ iiti'-ni) II ' 


_ / \ m (l-;«) _v'(»o-?0{'' + "o(l-w)!l 

■//nWoMl- wll(l-wi) ‘ ^ « ' 


■"AoWjMI-w) l(l-«)* 


Jii-\-iiA) '»> + 

^ „{1 m) n ' 


keeping terms up to k only 

Dy substituting tho valu( of r**' in (1) wc li w 


dill, iiiiio , vil I w , + »i) _ 


>/ (»/0 —?/){»/ + 1 ~'>ll) f I 


(dii\* , t 1. -V«*/ L, 1*/^'+ Mo 4- 

,,o(l-i/)i ,2?/-mMo) 

*’r ' r:;:: 

+ V (»„-;/) 1^, + /^ (l-w)l j +E 

The value of the constant of integration E is detcimmed by putting 
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nuir nARi tai 


(IJ »c.W, V 

^Ao(l wj)4 II (2 III) m) 




//oll~w)4 '(1 ")"o '"/ 

{if(i~ >1 |» + ''p (1~ 


' w(2-w) 


' Aoi'/o (1”W/) >/{Ht-u) |?/ + f/o (l~w/)l ) 


w/ f\(l-w/)/^o ’ 


f dll ml * 

v'(»(o -»')!/'+ l« + »0 (1-W!)|} 

mk f dn __ 

Ao?fo(l-WJ)i(«o-«) f« + Mo U-w)] 


2 n — miD ^ m 1 __ 

(2 ;//)«o /ip2/oU- 


/«’/ r ( .. L 1 iA+Mo (1- ?») 1 

.u-sli''"* ^ ' ,T2-.« r' ( 


I 1 ^ mno (2?/- wmo2_ _ 1 

2(2-w)^^c*<«0 »/o(l-w) + 


“//oil— W/)^L(^ «i)*//o’ v/(?/o-«) Im + Wo II 


f1— 411^ 1/19 — 111) 


i2-w)*/ro(«o «oll-«i) *°*^w + Moll-w)l 

4. 1 1 

^//0»'o (1~»«) ?/o(2-w) ?/«-« 
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!()'» 

The sum of the cotfhcioiitb of the tcini'i which biconie inriiiiti on p ittiii^; 
the initial conditions is zero Hence wo aie left with huitc terms only 




n\ n2-iii) »«’/ 


m^l miio{2ii- niH ) 2iiilv2(2ii-miio] 

(2 inYifo* //o(l-w)4 2-w>’'?/o 


II cos h ^\J’' ^ 

u~{s 1 Im! /d’ i>i) 

\ {2-in)itn 2 1 iio^hoil- III) Vli, »o(l- w)| 

In oidti to find the apiuoMinate enn e at i suthciently ^ii at distance we c\i ind 

the above ti mis in poweis of keepii only tei ms ipto " iiul n<„lictiiiK the 
II 0 » 

2iid and hijihei poiNOis of fuithci we take m to bi \eiy small Hciui 
«o 

, IS V \ciy bmall quantity so wt neglect 3id and highci powcis of g 


Hence wo get 



/__2_.n\ 2ml 
li-wi 2/"/c(2-w) 



» + Wo(l-7»)-l- //(//Q - ? c)(l — w) I . m! 


log(2-»i) 


2 _ Zml 1 _ I 2 ^ n 

l — ni «(l- /» ’ 1 \2 m 2 


ml 

ii(l~iti) 


log (2— III) 


= /i 


wheic 


and 


/ 


2 2ml 

2-in~'i,{l-m)‘ 


2 IT ml 

2-t,i 2 ~ n{l-iit)‘ 


log (2-w0|. 


Thus the curve given by #=/..j ” '-^tis a defoimed spiial 
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In the cud I Wish to lecoid my lOspcctfiil thanks to Piof A C llanerji. 
foi hi8 kind interest in iny woik 
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SOME TMJ^INITE TNTEOllAES 


B^VAK1•H Hinim' (Niviltslli 

Communu ilid liy Dr (joi ikli I’ruhnil— Btiiivcd on IJlh l'Ll)riiiirj l‘J4i 


1 In n loccnt papci* I have studied the piopoitios ofthe funttion 


'il 2‘'+‘'^>r(v+Y + l) 


I have shown thoioin that 


fM= u(v)^o 


The object ot this note 18 to evaluate a low infi into intcjjials involvinjr this 
function 

To boKiu with, we have 


rrl'i/Vx’)' 


=0 (x” ' ‘^) toi laiue * and R{v)--0 


‘J Wo piocecd to ovalnato the lateuial 


1= fr{ax) (ix, R(a)>0 


which IS convergent for ll(v)>0, 0<R(v + p)<2 
We have, by (1 1), 




• A Ctonflucnt Hyptr-Keometric J* unction— /V«f Nat tns Sc, India VII, (1941), 177-82 
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2T(v) 

a procrss easily justifiable Honte 

T 2^-‘ nip+iv)/ v,-1, 

0 

^ j/*-‘ r(ip+iv) r(i - i p-iv)r(v ) 
rt/ r(i-) ‘ ra-ip+iv) 

Thus, wc t;ct 

/ z ^ - Vp («^ ) <lx 11(a) 0, 0 < E( V + p) < 2 

0 

’ fl 


a^sii, (p+v) J .r(l-i7>+av) 


(21) 


Pailuulai rrtifii 
(i) p = l-v 


III particulai, when v=l, i, this toimula assumes the simpler forms 

j f\{ar)-^ = ^v. , (2 3 ) 


f A M 
0 


f/z _ n 

Vz A/2rt 


( 2 . 4 ) 


(h) P = 1 


jf, (nx) (1x-^T[k-iv) 0<R(v)<l . . . (2.5) 

0 
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For r = i this tormula bocomos 


(^?^) p = v 


|/j M/Zr=^r (i) 

0 



n sill vK 


For i’ = i this formula rodimos to 2 4) 
(«)) 21 = v-2 


0 U(r)-1 


la;''“ , "T “ ^ R(v) <2 

J a ^ sill rn 


Forv=? this becomes 

fx-' H'n)dr='^ 

n 

3 The integral 

K= 1*“^ /’»'+/>+l inx) (hj) da R(a) > 0, K {/;) > 0, II (v + yi) S — 
0 

18 convergent for — 1<II (v) <3 We have, by (1 1), 

CO 1 

^ 1 3^+»J^ (hx) tlx J (I-n)" V,- du 


-g-'+^+i r(v+p+i) 



" px+^+i r (v+p+i)j' 




(2 ()) 


. (2 7) 


(38) 


(2 9) 


1 
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ft process easilj justiliable Thus by iisiu« Koiiiiic’s formula"' wc have 


K- 



2^ r{i>+v + l) ’ 


*(1 ^ e ' hiJi (hi 


2^ rip + v+l)'’ ''J(i + r/‘+'' 


On usiiiK a foimnla j{iven b> Whittakcif we get 

M J. (M<7r R (n)^iKn(h) "-0 ll(v4-r))S-l -l<R(vl<3 

0 


Pat ttoulnr ca<tt>s 
(t)p=-l 


7 o _ / /M 

] xfy {ar) J, y>r) (Jx= e' 2<»’ Wj - ) 


„ i' 
20“"^ ' a' 


0SR(v)<?, 


on iiHing the formula 

W„+4,^«U) «'”+»e-K 

Foi v = i, 1, formula (3 2) assumes the following simpler forms. 


!'/'» /"j (ffa") 8 


I to (lx ~ ry 'In ^ r * 


(3 2) 


(3 3) 


"e 0 

la- A («j) Ji «• . . . (3 4) 

0 


*0 N Watson Theoiy of Bessel Fmietions—rainli (1922) §IJ 3 (4) 

tE T Whittaker andO N Watson Modirn Analjsis-4th Edition (1927) §10,12 
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For v=0 (3 2) reduces to the familiar formula 

jxe J» (bx) dx = ~te~ a* . 
0 


(«) p=0 


//‘r+l (a*) J„ ibx) dx 


-l<R(p) <8 


1 

b 




(3 5) 


For v= ± i this formula becomes 


]/■,(«) ( 38 ) 

0 

]a W JJe-S' 0., (^' yo ) ,3„ 

0 


(m) p——\v — \ 


f a:^**''*'*^ f 4(r+i) («x)J (bx) dx 
0 

b' 

■ ai'+Jyit ‘"Ua* 


-1-.R {v)<8 


. (3 8) 


on using the formula 

K, ( 2 *) 

For this formula reduces to (34) For v=±i, it assumes the simpler 
forms 


(8 9) 


j x* (o*) sin bx dx=2» ^ba-i e 
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I*" (oa:)co86xdx=2* ( 20 ’) * * 


10 ) 


(tv) l' = l 


I*' Y/>+i(ox) Ji (^) <i 


-2S R(p)<0 






. . (311) 


on using the formula 


W„i(2*)=r(H+l) kUx), 

where Lit) denotes Bateman’s function of order n 

For p=— 1, (3 11) becomes (34) For p=— 2 it reduces to the familiai 
result 


« 

|iE*e Jt (bx) dx=^e '** , 
0 

on using the formula 

lit{x)=2xe'* 


(v)v=i 


I x'f'* //>+{ {ax}8mbxdx R(p)S-3 

0 


= //2a 2 ) . (3.12) 

If we put p=» - 3 in this formula, we arrive at the familiar result 

I* e"*"'** sin bx dx =* ^ b 9 'i?’’ 
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For p- - 1 (3 12) becomes 

® ( 313 ) 

0 

If we put p=0, — J in '3 12), we arrive at (3 G) and (3 9) again 
(n) v= -i 


I a; “/ ■ i /■ p-\.\ (nx) cos bx dx K(p) ^ — i 

0 

,(|v'2-') (314) 

Putting p=0,— i in this formula, we arrive at (3 7) and (3 10) again Putting 
- i we get the familiar result 

{e ~ cos bx dx e o‘ 

i ® 

0 

If we take p=i in (3 14) we get 

. (3ri) 

0 

4. In the same way, we can prove the formula 


K(a)>0. E(ft)>0, 0<R(0<1 

0 


■SfK-S"-) 

In particular, we have 

f ff (»*) A -1 ^ ~ ' ] ' ' ’ ’ 

0 

J/i («)/■., . • • («> 

0 
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Likewise, we have 

f af, iax) U (to) dx K(a) >0, R(A)>0, 0< R(») < I 

0 

2 

=-r(l-v) (a*+fc*)*'-‘ . (44) 

In paiticular, 

■ 2 a / — 

/ 3-/’j (/j*) /’i (hx) dx= -y- ■ . (4 5) 

f xf\(ai)dx=^^a'^ (4 6) 

0 


/ ar/”* (ir) da:=v'2jc ... . . (4.7) 

0 

T). It 18 equally easy to prove the formulae 


y A ^ox) sin i to* dx^ ~ tan" ‘ ^ 

0 

B(a)>0, R(i)>0, 

(6 1) 

J A («*) cos i to* Iok|i+^ 

0 

) R(a)>0, R(6)>0 

(5 2) 

As particular cases, we have 




j fi {ax) aiix i a*x* dx^~ R(a)>0 . . . (58) 


j fi {ax) cos j a*** dx = 2;^^ l«« 8 R(tt)>0 


(5.6) 



FORMATION OF THE ARMS OF A SPIRAL NEBUL V 
By Brij Ba‘.i Lal 

MATHFMATICS DKPARTMF^T, AIAAHABAD UMVLRBlfY 

(Communicated by Professor A C Bantrji— Received on 12tli Bibniary, 191J ) 

Several theories have been put forwnid to explain the formation of the 
arms of spiral nebulie, but no existing theoiy can Bntisfaetorily explain them 
This paper contains 0111 humble attempts The aTignlar velocities have recently 
been detcrniined by Mayall® and Aller. The observations show, when due 
allowance is made for the unceitainties that the angular velocity decreases with 
the distance, although the rate of decrease is very small In the first part of 
this paper we have taken variable angular velocity and we have also taken 
Wyse* and Mayall’s thin disc model 

By making use of zonal harmonics we derive the expression for potential* 
dv^2KPdx [f +p:( 0) (f-)* + P:(0) [f-y + +p’,(0) 

where 

Let us assume that the density p at any point in the disc at a distance x 
from the centre can be leprcsented by the expicssioii 

p=a+b(-|)+c(j)' 

where R is the radius of the disc and for the assumed case 
• e,, when a:=R, we have 
A+B+C=Pb = 0 

Pl(0) ( t)' + 
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To get attraction, f, we have to find the value of 

dv 
dr ' 

=J"[j'.(®)’+A,(^)‘ 3 1>;(0)+ + . ] 

A.=A+|+_«, 


Now the augulM velocity 0 decreases as the distance increases 

where B' is constant small, and negative 
Now we have equations of motion 

r-r0* = -2n[Ai(-^-]*+A, 3 ?,» (~)‘ + .] 

7 ^ • • 


( 1 ) 

( 2 ) 


Taking equation (l) >ve have 

r=r(ffl+B'^)’-2„[A,(|-)’+A,.3. p:( 0) (-S-)* t ] 
r’=rV+B'’-^+l^!^+4ii[A,^+A,p;(0) ^‘+.. ]+coi«t. 
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keepina terms only up to Pj(0) 




r* 4 rR + R’ 


r’lr+R) 


}1‘ 


r 1 B'* r* + R* 2 <oB ^ r» + rR +R» 

JtoCr^-R*)* (r*-R‘)* fr + R) (, »-R«)* 


2 jiR 


Kr + R)(r’-RV 


4 +a,p!(o) 


r*+yR + R* 


’(r + R) (r»-R») 


r* 1]''“ 


=\dt 


From equation (2) wc have 


r*e = constant 


=k (say) 

or A rf/ 

I rr (h^ B'* f (r^ + R*) dr ^ B' f (rl+rR + R*)f?» 

"“aT UrV’-K’)i’~4RVj rV-R’)* * * Ro) Jr»(/ +R)(r*-R»)‘ 


+ 


*?aR|. f il . 

0)' l^‘Jr'(r + R)(r’-R’)* ^ 


A,P*(0) I 


(r* + >R-t-R')rfr n 


Af^/r’-R* B'’ 


rR> 


"4RWi + 


yr‘-R’ I 


2 

■ 3 R»a) 


=i|' 

(oL 

i~T— +^rTRrco^rn 2r^ + ^ r 

. A/r"^! . * r( 2 r-R)(r»-R*)‘ . (- 2 R> + 3 Rr- 10 r*) (r*-R*)* 

. (-6B--^8EV-SlB.‘t40H) (rlrl!)* ^ 15 

24 r‘ r 8 r r+RjlJ 


To know the approximate motion of the particle at a sufficiently great distance 
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we expand the above m powers of — neulecting 2nd and higher powers of — , 
we have 


o)R^ L r 4(0* 1 

log{r + //r*-R’)~logR+ 

2 */r'^R| 

1 2,B[ |(2r-B)(r’-R>l* 8 ,B 

3 ( 1 ) i r r + rJ 

f ( 0 *R’ 1 ^‘ 2r‘ ^ 2 r 

_3 « 

2 2 4 L 

-RKr'-R*)i (-2R* + 3Rr-l(V*)(r’-R*)i 
2r* 6r, r 

. (-GR® + 8R’r-21Rr* + 40r® 

) (i*-R*)* 15 .iR 15 n . 

• - — +8™ ; - 8 2 +'^rrEj/J 

+ - 

0=ki ~ ~kj 


The measurements of V pahlem have established that the arms of normal 
spiral nebula are approximately equiangular spirals over a large part of their 


length. I have shown above that the gravitational force alone cannot form 
equiangular spirals hence we cannot suppose that the motions take place under 
gravitation alone Hence we look for some other data Van Maanen’s* measure- 
ments have shown that the velocity increases on passing outwards nebula As 
a consequence the particle desciibcs an oibit of ever-increasiug radius with ever- 
increasing velocity. 

We note from Ooits formula® for the effect of galactic rotation on radial 
velocities that the radial velocity P due to differential rotation is proportional to r 

P=r A sin 2 (G-Go) cos * g 
when A is Oorts constant 

Hence radial velocity increases with distance which is in. accordance with the 
obseivational fact of Von Maaiieu ' 

velocity=>/r * + r * =kr 
where fr‘=(i) (angular velocity, constant) and 9=(ot 
, * + r*«’= A,*r* 

= (L* - o)*>* t + const. 



tORMAllON Ot TlIF AltM*- 


183 


OF \ SI lUAI N I Bin i, 


oi 


I 


~ A f" “ 

which Hives an equmnHulfti spnnl ot nii^lc uwhcic a = tan ‘ It li is 

been observed tliat two eonvoliitions n then i bouts be inn Idiiml In each i ebiila 
an explanation for the linite l(n{{th of the spual aims h(\M\(i isHi\(nby 
D N Moghe^' on the basis of h lute niiinbei ifejeetn sol pulieles iln picsent 
anthoi thinks that IS the, spate outsidi i lu luil i is m t tot ill i deioel of inattei 
the paitiele will cxpoiieiice soil iisistanie due to m liu h it in iv onh inoeei 
linitt length 


SUMMAIX \ND CoNC 11 SIONS 

In the'hist pirt of tins jiapei taiiable angnlat \iloeity is taken into atLoniit 
and it IS shown tint the giavitational fom alone cannot lonn ciiniangiilai 
spiials In the second pait wo hn\e shoMii that the e (|niangiilai spuds uc 
foiniedif the olltct of the galactic lotation on ridiil velocity istvkeninto 
account tc radul v elotity due to the diflcicntial lotation is piopi itioiial to 
the distant < 

In the end I think it my gieat pinilege t< loeoid niy giatefnl thanks to 
Prof A C Baiiciji foi lus keen uiteicst in pn paiation of this lapn 

Iicfnn}f< s 

] Allcr L H Amup/ipiLalJournal Tin 1943 |) 49 
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4 Mn>iill N I eiWjsp A B Astroph^ ical J urnd tanuurv 1942 p 24 
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MATIIEMVIK'^ l)ri>VRTMFNT, AltAHAllVO I M\FR‘<ir\ 
niniuiiuiitul l)\ l*iof A ( lUnerji -lleniM'd on JUth Marih, 

Assumin)' u |)ol^nomml (orra for iln dislnbutuni of dtnmtj insidi a slm it hns Wn ^hcnn 
that tl e stellar motli 1 is iiuapidde of hrt,t riidiid oHcilIntioiiH The aiinljsis confirniH Ifancrji’b 
Ccphiid iheorj of the orijini of Iht sol ir sjsteiii, in \tht(h an oscillatinj* IViihiid ib suppoted to 
break up under the Kra\itntional iiiHuinci of a passintt star 

Ry laige ladial o'teillations of a st.ii wo moan oases in winch w'e ha\ e to take 
into aoconnt the sqnaie of the amplitude in our equations of oscillatory motion 
Most of the workois, following Eddington,* have considered small oscillations, 
so that the squaie of the amplitudo could be neglected A C Banerji has been 
the hist to letaiii the stpiaro of the amplitude in his differential equations He 
has considered the ftd lowing stellai models • 

(1) The star of uniform deusit>, and 

(3) the star with a small, homogeneous core, and the deiisit> in the annulus 
varying inversely as the 2’th powei of the distance from the centre, where p is 
any positive integer excluding 1 and 3 

Rauerji has shown his models to be unstable for large radial oscillations, 
and on this basis has given his entirely novel Cepheid theory of the origin of 
the solai system 

Stci lie ^ has considcicd the small oscillations of the following three stellai 
models 

(1) The btai of unifoira density, 

(3) the star in which the density vanes inversely as the square of the 
distance fiom the centre, and 

(3) the star in which iieai ly all the mass IS contained in a particle at the 
centre and in the lest of the star the deiisit} v aiies inveisel v as the sqnaie of 
the distance from the i outre 

Instability for large ladial oscillations of Sterne’s model (1) has been 
shewn by Ranerji,* and of Stci lie’s models (3) and 13) by P. L Rhatnagar in 
his unpublished thesis for the 1) Phil degiec of the Allahabad University As 
illustrative of the method followed in the general case, altei native proofs hav e 
184 
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bpoii nixeii 111 tins ])apci of th( iiihlability foi liuue i.ulial ostillntiuns of Stoines 
inodclfi (2) and (3) 

Any law for wlncli tbo density ximcb inversely as solnc power of the 
distance from the centre leads to sinmilaiities at the vontie Buneiji has avoided 
it by assuming a toie of iinifoi ni density at the teiitro \notlier way to avoid 
the singiilaiity would 1)0 to assume a poljnoinial foi III foi the distiibiitioii of the 
density inside a stai This has been done in this paper, and the stellar model 
shewn iniapable of laige radial oscillation'' Inasmiieh as the vaiiatioii of 
density 111 any model can be appioviinated to as closely ns desii ed by a polyno- 
mial, the pi osont invp'-tigntioii shows that 11 stai cannot exoeiite piiicly radial 
oscillations of Inige amplitude The analysis confii ins Haiierji s Cephoid theory* 
of the oiigin of the soliu system, in which an oscillating Ceiiheid is supposed 
to break up under the giav itntional uilluence of i passing star 

Lot Po, p,i and 7(1 be the undistmbed values of the density piessnrc and 
gravity at a point distant initially ftoiii the centre, and the peiiod be 2jt/w' 
Let y bo the effective latio of the specific beats* (regniding the matter and 
enclosed ladiatioii as one system) so that y satisfies the dillercntial ecpiation : 
8P/Po=y&e/f’o 

Assuming the following form for the amplitude (after Eddington),* %ix , 
=nicos)i't— rtjCos'’nT— «•) whoic rtj and at aic of order r/j*, lianciji’ has 
obtained the following equations of oscillatory motion 



dV/, 4 -\ilfn I //Vo _ av ] _ 

(1) 


d*ri 2 . , r4//'Vn «v 1 _ . 

,/E.-* E. ,/E.-*If.t ■s.'f'-'' 

i->) 

and 

il'fi i~v(ln nv 

(3) 

where 

v = 7oeo?o/P» u = 3-4/y 

(4) 

and 

A, (3y-l) ] (y-1) My + i) 

(5) 


Let the undisturbed valui of density Po at the point be given by 


= ... ( 6 ) 


•where p is a positive integer 
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Wo make the usual assumptions that the pressme and the density vanish 
on the surface, initially of radius R so that 

'o "■«*=''■ <■» 

and that theic IS a ucKativc density uradicnt thiounhout finm the ceutie of the 
star ri^ht up to its botiiidaiy 

We have for the \aliie of ciavity at ^6 

to 

fjn - j 4ii5o’ eorfen - «<» + 

0 

where = Rj . I't) 

Phe pressure at is };i\en h> 

R 

l’(. - j'/fl no '1^0 




1 \[J.I KADI VI? OSCII LAlloss 


V SI \K 


187 


4a( 7 ll"+"+*( \ 

n ‘'o(;yM IMwt + n + j) \ 1=0 / 

again cancelling the common factor 1 — t 

With the substitution (0), the dlttercntial equation (1) becomes 

_avj „ „„ 

i/3^ j (h \ y 1 0 > i 

On substituting (IJ) and (13) in (14), the diHcrcntial equation (1) fiiithcr 
reduces to 

[ n«rt, «»+"+*( 

L *"0 ~0 (i/i+ 1) (iii + n + J) \ /Jd/’ 

, I .y" (tmiU T>m+n+}( ^''1+*+* / \ ,.1' Hm (In R 

“^(1 ‘' 0 ( 111 + 1) (ni+» + J) I") ^ / »^1 “'m^o 1/1+5 

.Mr n,-.-,},.., „•,> 

The (qnatioii (1)| lias regular singularities'’ ,it i=0 and i -1 
\ssuiuing 


/7,=a-^i hx 


(lb) 


as a solution in soius of (I'l) and equating the loefheicntof ' we ha\ e the 
tollowing indicial equation® 

“0 “0l//i + 3)(m + 7/f2)^ ■^“o *'o(m+3) (/// + » + 15) 


R”+”+* /io7=0, (17) 

which gives < 7=0 oi - S 

We reject the negative value to avoid singulaiity at the contie With <7 = 0, 
(16) becomes 

«i = S^/'A3’' • • • 
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Ndbstitiitini,' ( 18 ) 111 (ri) and pquating the copfticicnt of j' , we have the 
jp( iirienco foimiila 

n o(;//4 J)(«i + « + -) I /=« ’ 

- «• i. Cc :,ti B""’ 1 


Equation (18) can be put in the foim 

f -'o < „,+3)“(:;«v.) «■*•*’ ( I ] 

4„„.3);^«+a } 

-Sr-!.,"- “'i. CfU^ «-*’i '-;..''‘-'i] 



I AROI RADIAI OSriM ATIONS ol A SIAU 
DividiiiR (20) by X* and piocccdiiiK to the limit iib wc lia\ o 

i ' M 7 „-+ 3 ) T „ r 4 „. 2 l ''■"■*’1 C "’''*'- '■* 

We can easily sec that etiiiatioii (21) is satisfied when 
Ltx-^.^ />x 


18 ‘) 


( 21 ) 


( 22 ) 


foi then we lia\ e 




wheie m and u are any positixo integers 

With the substitution (21) the left-hand side of (21) betonics 

yP (imn„ p„+„+, I ./«-» K'"'*’* I I P„ I 
“0 u»/ + 3 I ^ r« + 3 ) 1 i 


(23) 


=0,by (7) 

The equatiou (22) gives unit radius of coiuergcncc for the power teiicsilH) 
Tins also follows from the gciieial theory’ of linear dillerential eiiuatioiis having 
regular singularities, as the power senes (18) about the ongin is (oineigent 
up to the next nearest singulaiity of (Ifib which is, as we ha\ e alieady noted, at 
the boundary of the star, that is, at ^ = 1 

We shall now proceed to tost the oonvergence of (18) foi 3’ = 1, which is 
a regular singularity for the diffeiential equation (Ki) We shall lust suppose 
that the scries solution (18) does not tcrimnate 

From (22) we ha\e all the terms to be ultimately of the s,ime sign, and we 
can put 


b\-l 


(24) 


to the fiist order of small quantities, where ( and s are finite positive quantities. 
Fioin (24) wo have 


('x _ ('X 1 ^'x «+i _j _ 

l'\ m ^'\=m 


to the fii st order 
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Dividing (20) by . 2 ^ and substitutiiifj (2')) we have, on equating to zero 
the teims of the liighof-t order, 


P P u n « + H H 

‘'ll “o (ill -i 13) (,;» + y/ -H 2) “/•il 


(/-2;)-2)-j^, +/. = 0 


(20) 


wlicic / IS a finite (|nnntitj obtained fioni the terms iiideiieiidcnt of X in (20) 
Fqiiation (20* with the help of (i) hiinplides to 


V 


J muru 
“0 “O 2 w+ .5) 


+ /, =0 , 


(27) 


Now from (H) we lia\c the iindistui bed value of grav it) on tlie surface of 
the star 


~4j(i 


“o 


«« CJM 

w + 3 ” R’ 


wheie M la tlie mass of the stai 
Henee we h.i\ e 


_ M 

"o ntii 43iK* 

■Mso wc have fiom {0)b) diHercnti ition 

■ 

hapiation (27) with the help of (28) and (29) rediu 03 to 
M l(lP„\ 


8i \d5o/to-RX‘ 


T_, + /.=U 


(28) 


(29) 


(30) 


We have assumed the evistencc of a negative density gradient throughout 
the star Also we have asaiiraed r in (24) not to be zeio, otherwise the senes 
solution (lb) would be divergent Hence tlie coefficient of l/X*'^ in (30) is not 
zero /. cannot be theiefore equal to zero, and we must have s = 2 in order 
that equation (30) may be satisfied 
Hem e we have from (24) 


1^4 I ‘ 


( 31 ) 
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to the fiist order of small quantities where r is a finite positive quantity From 
(31) we have 

LtA-.. Hi\/Ax+l-l)=0 (32> 

The senes solution (18) is theicfore duergent ^ for 3- = l 
By an extension of Abels theoiem to senes dueigent on the circle of 
convergence we have 


Tftx 3-’' = r ^ =oo (33) 

0 0 

Thus the amplitude ot the oscillations increases without limit as we appioach 
the surface of the stai and the model in question is theiefoie unstable for radial 
oscillations provided as we have snpposid that the senes solution (18) does 
not terminate Hence tor stable oscillations (IS) must i educe to a finite polj- 
nomnl 

We shall now considei the complenientaiy function of (2) It can bo proved 
by similar leasonmg that this must be a finite polynomial in order that »2 may bt 
finite on the boundary of the star As a, has been assumed to b( a finite poly- 
nomial the coefficients of the particulai integial of (’) must ultimately satisfy 
the same recuiicnce formula as those of the complementary function of (2) and 
therefore the paiticular integral ot (2) must form a teiminating senes Hence 
Oj given by (2) must also be a finite polynomial W( can piovo similaily that 
given by (3) must also be a finite polynomial 

Thus we have that in ordei that the amplitude ? may be finite on the bound- 
ary of the stai «i rti and a given by (1) {‘^) and fd) must be simultaneously 
teiminating polynomials This is indeed impossible inasmuch as we have only 
two disposable constants n' (proportional to frequency of oscillation) and a 
given by (4) Further a is restricted to values between 0 and 6 as y can only 
he '' between the values 4/3 and 5/3 The complementary functions of (2) and 
(3) aie, ill fact obtained fiointhe solution of (1) by changing into 2m' and 0 
respectively 

The amplitude therefore cannot remain finite on the boundary of the star 
and we arrive at the conclusion that the model m question cannot execute radial 
oscillations of large amplitude 

In conclusion we shall considei particular laws of density to illusti ate 
how the instability arises in the general case considered above 

Parttculat denntylaus 

(1) Sterne 8 model (2) vtx the star in which the density vanes inversely 
as the square of the distance from the centre ® 



l ')2 


It can be shewn tbat the differential equations (1), (2) and (3) i educe res- 
pectively in this case to 




1'^,' + -*"’ 
fix' X 

^*1 lift* ) — n 

dx 

(341 


d-a-': 

. , 2-ix^ 

' dr n 

■^ + =A„ 

(35) 

and 

(1-0-* 

d*a, 2'-43-‘ 
^ dx^'^ X 

’ f/rti 2a . 

T =Ai, 

dx X 

(30) 


where (3v— p— 

+ (37) 

and P= 3«'>/(2jiGyp). • (38) 

P beinE the mean density 

The roots of the indicial equation for (34) arc g = i( — 1 ± ^H-8a] We shall 
take forg only the value if— l + <\/l + 8a| to avoid singularity at the centre 
The recurrence formula for the coefticients is 




(2X-h(y)(2X+g + 3)-P 
( JX + ^ + /)(2A + 7 + 3) — 2a 


(39) 


It can be shewn that the amplitude will be inHnite at the boundary of the 
star unless the senes solution for oi terminates We have from (39) that the senes 
solution for ai will terminate provided 

P=(2X+^)(2\ + 9-1-3) (40) 

We can shew similarly from (36) and (36) that for finite values of Ot and a* 
on the boundary of the star, the following conditions must be satisfied 

4P=(.’X+</)(2X+7 + 3) . . (41) 

and (2X+9)(2X+q+3) = 0 . . . (42) 


It 18 evident that (40), (41) and (42) are simultaneously satisfied when 
Xeg«P=0 In this case we have from (38) that n'=0, or the period of oscilla- 
tion IS infinite, that is, the star is in neutral equilibrium This also follows from 



LAKGE HADIAI OSCILLATIONS OF A STAB 193 

(4), inasmuch as 7 in this case is equal to 4/3, as a =0 when (/ = 0 We know" 
that Y must exceed 4/3 foi a stable eqmlibiium configuiation to be possible 

The model theiefore cannot execute stable ladial oscillations of large 
amplitude. 

(2) Sterne’s* model (3), vtx , the stai in which nearly all the mass is con- 
tained in a particle at the centie, and iii the rest of the star the density vanes 
inversely as the square ol the distance from the centie 

The differential equations (l), (0 and (3) leduce in this case lespectively to 


i-fs! -3„) 'h ,43) 

(IT j nr X 

(1 - z*) -3a) = A , 04) 


and 


(lx X (lx x‘ 


(45) 


where Ai = M(3 y- 1) fix’ — — aly— l)|~^^ ■+ \){^x* 

+ |{(1-3y)-x’|(''J^-)* (46) 

and P-9M'V(4a(JY P ) (47) 

The roots of the indu lal equation r for (43) are </ = *• Vga We take only 
the positive value of (j to avoid singulauty at the centre The recurience 
formula for the coefficients is 




( B\ + q) (3^+ v+3)-p 
(3X+ey +31* ~3a 


(48) 


From this we deduce as in the previous case that cfi will be finite provided 


3 = (3;L+g) (3X+<y + 3) (49) 

We deduce similarly the following conditions in order that and 03 may 
be finite 



4p = (3X+q) (3X+q+3) 

(60) 

and 

0 = (3X + ^) (3X + </ + 3) 

(51) 
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It IS easily seen that (49), (50) and (61) are simultaneously satisfied whea 
X=g=p = 0 la that case we have from (47) that n =0, or the period is infinite, 
which means that the star is in neutral equilibrium This is also evident from 
the fact that when g = 0, then o=0 and y = 4/3, from (4) We know that for 
stability, y^4/3 

The model therefore cannot execute stable radial oscillations of lar^o 
amplitude 

The author considers it a great privilege to record his sincere thanks to 
Professor A C Banerji, under whose guidance he has carried out the above 
investigation 
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(SECTION A) 

P«rt 4) l9-»3 (Volume 13 

ON WARING S PROBLEM {mod p)* 

By Inder Ciioavla 

romniuniui((Kl b> Prof K S Knshnan F R s — Rcccuivl Vo\cmbir 21, lO-D 

Section 1 Introduction 

Let denote a pnmc We suppose Ihiouffhout that 4 is a (msitive into^ei 
Let / bo a positive iiiteijcr and let r(/., pO bo the least s such that cvciy residue 
class i/) IS representable as iri*+ +T/wheictho as aie intoKeis and 
at least one of them is prime to p \ftei Ilaidy and Littlcwoodl the auinbei 
r(A:) 18 defined by 

T{k) =Maa: r(A, p') 

2, 12:1 

Haidy and LittlcwoodJ have shown that r(/i.) is, when A -2 and k^4, the 
least 5 such that cvciy aiithmoticul proKiession contain'^ an iii'iiiity ot iiuinbcis 
which aic sums of at most s positive Ath poweis. If they§ piovcd that 


* This paper 18 the subttUiKeot a diBscrtation whnh was approNixl foi ihe Ph D Degree of 
Cambridge Umerst/y (1940) 

t Q H Hardy andJ E Littleaood, "Some problems of ‘Partitio Numcrorum’ (IV) The 
singular senes m Waring’s Problem and the value of the number O (A;,” Mafb Zr//ir4n// 13 (1928), 
161—188, and "feome problems of Parhfio Numtiorura (VUI) The number 1(A) in Waring s 
Problem," Proe London Math Sec, 38 (1928), 618— 643 Wc shall refer to these memoirs as P N 4 
and P N. 8 

t P N 8, Theorem 1 This theorem is not true for A = 1, 3, 4 since 1(1) = 3, 1 (3) =6, l'(4)=16 

8 P N 8 , Theorem 4 


105 
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4 ^ 18 au upper bound toi T(h), while r(/.)^^ uiilesh h beloiiKS to one of the 
following special classes 

W , r(/.)=2^+’=4/ 4 + 1 

M 4 = 2' 3 e>l, r(/)=2'+' = 4j^>4+l 
(m) 4 = p'(p-l), p^2,»»>0. r(4)=r+'>4+l 

(tv) 4 = ip''(p — 1), p>2 V 0, r{4) = i(p''+^ — 1)^4 + 1 except in the 
paiticulai case /, = 3=i 3(3 — 1) when r(4) = /. + l 
iv) L=p — 1, P'-'2. 4 not belonging to any preceding class , r(4) = 4 + l 
(vi) 4 = 2 (p— 1), p-‘2, 4 not belonging to any pieccding cIhhs , r(4) = 4 
We tJiall chif lly be concerned with the hinctioii h (4, p) which we dehiic 
as the least s such ihat every icsiduo class (vkmI p) is rojiiesentable as 3’*i+ + 

?.* wheie the is aio integeis We note that 3(4, ji) Sr(4, p) S 3 (4, p) + l 
Haidy and Littlcwood* pioved that r(4, p) ^(4./)-l) if p-1/4, while r(4, p)=p 
if p— 1/4, wheie / - p^-2 If p = 2 it is trnial that r(4, 2 ))= b (4, p) + l=2, since 

O, 1 are the only 4th power lesidues {mod p) 

Letp<2 We write 

(p-l,4)=4, 
p-1 =4, t 

k 

Let be a pimutivc root (mod /)) If (n p) = lwchave 
(mod p), l£4Sp— 1 
^h4i + /(p-l) 4,(h+i4) 

=g 

for evoiy intcgoi t Since (/, 4 j)-=l, a suitable choice of r gives 
4(+W=0 {moil 4,) 

Hence 

b (4, p) = 8 ( (4, p-1), p ) 

Wo shall theicfoic iin estigate ' (4, p) where pEl {modi) Letp=44 + 1 
If / = 1 or 4 = 2 it IP tiivial that 8 (4, p) = 4 since 0, 1 or 0,-1,+ late the only 4th 
powei residues {mod p) We shall prove that li p=/4+l, 4>2 then for every e>0, 

8 (4,p)=»0(4^“^'l'‘) where C=^ This result is equii.ilont to Theo- 

rem 3 Wc shall prove the following theorems 
Theorem 1 Let p - 44 + 1, 4 > 2 Then 
8(4, p)=0(p/) 

' P N 8, rheortin i and I,enima 7 
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Tho(»p)n J Tj(t ;)^// + 1 -/*+'’, / Lot ^ 

/.=! (5 ^ S ' s (4M 1)) P 

Thrnifm i Tjot ;>=// + ! t'"l Lot 

(/,p) = /.‘ ^ 

,p, hm 103-3V()41 , , 

.,o,) nmtoinilv Ml /) 

Til addition wo o\tond Ttioorciii i to i>in\o 

Thfotem 1 Lrt /> ho an odd piiino / a po^tno intopjoi and let C = 

103-3V()41 

— I non roi oeoij. positni t- 

(\) r (A, ;/) ^ ()(/.'''’■< )if p2:)and! (p-l)V,. 

m V (/.) = Mav IM, M, M. M,, MJ 

wlioro 

M, = ()(/, '-^ < •) M,= max 2^+',27/ 

M!=ma\ ?/ ATj^iiiax t {;/—!) ^15= ''iftx ! (3^—1) 

'f’iA'L I'HAII. 3'-'// 

/2I p>r> l>\ /S'’ 

and a inaximnni ix taken is zero if tlio eonditions stated bonontli it me not 
satisfied and <f> is Enlei 's fniution 

Theorem 1 is proved bj elemental v methods We use the follnwins; result 
due to Davonpoit* on the addition of residue classes (inotl p) 

Lfmm\ 1 Let p be a Firime , let ai. «« be ni dilTeient residue 
classes p) , let Pi p„ bo ?/ diH’eient lesidiie classes (?»od p) Let 3), ill 
be all those diil'eient losidiie ( lasses which aio lepiosonUble as 
u; + p, (1< , < ISy <«), 

'rhen + if + 5;) and otherwise l=p 

The proof of Theoicm 2 is based on diireient id< as and invohes more com- 
plicated arguments Lotp = f/i + l /'^2 and let ?ii, , denote the t distinct 
Ath power lesidiies {mod p) which are piime to p We considei the exponential 
sums 

p~\ 'IniaK* ‘2wi<ui 

Vi /> 

Sa,p= ^ >’ =1+ I —1 ^ (lSa<p) 

x=0 

* hum of London Math Soc , 10 (19')6) 30—83 
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Let M (p, n, s) denote the numbei of resolutions of # 

Ai*+ +h*=n{niO(lp) 0^hi<p 
We have the identity, 


M (p, n, s) 
^-1 


= 14p 


2riaa 

• S (S.,^Ve f 
l^a<p 


If I ^ ^ (Stf, ^) * I < 1 thou M (p, n, s) >0 and 8 (A, p)^s 

I l$a<p I 

Letp=A‘'*‘^ We liave* 


ls„J<(A-l)Vp (l<rt<p) 

Tluia if P'^Ci>l wheje Cj is an absolute constant, it is easy to show that 

X a p) = () (1) 


If the modulus of each of the exponential sums for IS a <p was sufficiently 
small, we could use the classical argument in the proof of Tlieorem 2, to obtain a 
non-tnvial upper bound for 8 (/.,p) If. on the other hand, foi at least one 
integei aq with 1^ <io<-p, .I^ao.pI i'’ sufficiently close to p, we may expect 
some regulaiity m the distribution ot the imnibois o® «i, a® if‘ m the inteival 
(O, 2>)> Wo make use of this idea in developing the main arguments ot the pi oof 


Tlieoi oms 1 and 2 and 
«(A,p)=0(l) (p5/.^) 

give Theorem 3 

I wish to recoid my deep giatitude to Dr Heilbionn for his guidance 
throughout the preparation of this paper 


Section 2 Notation 
Thioiighout A IS a positive integer 

103 -3 v/ 641 
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p will denote a prime 

p— 1 aiTMx* 

s.,= Se ^ 

1=0 

where a is an integer with 1 Sa<p 


' Landau, Forlcmgeti ubtr Zahltnlhtatt, Bd 1, batz 811 
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Let M (;), n s) denote the iiiimbei of solutions of Ai*+ + /**,=« (mod p), 
0^hi<p 

i> 18 Euler’s function 

We use the symbol (»| to denote the Rieatest intff'er not evccediug x 

In sections 3j 4, 5 and 6 

p=tL+l,t^ 2 

We shall use n to denote a Uh powei lesidue (ii od ji) which is piime to p 
and Ui, ,«/ will denote the f distinct /th powei i csidnes (ww7 which ai e 
prime to ;) We have 

j)— iirtaUi^ iriaii , 

S«,,= :^e f' =1+/. :^e f =1 + / Vc f 

ir = 0 n 

We use the following notation in seition 7 

Let I be a positive integei We shall denote by A (L p’ n) the least num- 
ber s such that the residue class >j (wod j/l is lepiesentable is ±Ti* ± ± x.* 

where the cr s aie mtegeis and at least one of tluiii is ])iime to p Tlini A (k 
IS defined by 

A 1/., A(7. p' n) 

p 

We define r(A p’ , n) as the least niimbci s such that the residue i lass 
n(mod p') IS lepiescntablc us x/+ + »,* wheie the x s aii* integeis and at 

least one of them is pi line to p Heiioe 

ra, p') =Maar(/., p' n] 


SrcTioN 3 Puoor ob' Theorem 1 

We have p = t/. + 1, t^'2 Since we can find a /.th powei residue 

R ^ ±1 (mod p) which ispiimetop Wo considci the h ast jiositive lesidiie 
(mod p) of A R for 1 Then the nurabeis 

0,R, ,fpi]R.P 

define [pij + 2 different points distributed among the (p^ | + 1 inten als 

r p^^i<(7 + l)p^ (»=0,L . .fp-’]) 

At least one inteival must contain two points, henee we can find x, y 
such that 

R—sep'^ (mod p) 

where \^y<pl \x\ <pi 
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We may assume without loss of geneiahty that (z, y} = l , and that | 3" | ^ V 
since othoiwiso we can substitute R * foi R in the arKmnent Hence 
M=jy ^ ^nuid p) 

wheiP I 57/-^ I j^l ‘-'pi {r,v)=\ 

We (onside? the following eases 
Case I v' '' \ j\ <p- 

It IS easily pioi ed that the inemheis 

(l) 777 + 77R |oS7// « j 

Bie mutually ineongiueiit {mod p) Foi if any two of these numbers, say, 
7n| +«i R, 77 (j + 7?,R weie congrnent (mod p), wo should have 
R=irt/ ^ = (7«j — W.) (77i~7ii) ' 

T{nt~ni)-v{oii- m >)-() 

Since I t(77 ,- 77,)-7y(w, -/«,) | cpi P' <p it follows that 
r(77j-/<i)=y(/«i-/»,) 

Hinee (3 , v) = 1 we hat e r | v>i—m> But ( x | p ' > I /» i - j | 

Hence = , and consequently 7?i=772 

Hence the set (1) consists of niutually ineongriicnt num- 

bers (mod p) wliK h are sums of at most p^ /.th pottei 1 esidues (mod p\ Repeated 
application of Lemma ] to the set (1) gives 



Case n I 3- 1 ■' 

We obsoive that 1 a: 1 >y— 1 We can find a positive integer f such that 

^l=pi< I * I /<p? 

pi 

We have 

R'^ = 0 / (mod p) 

where (3;4y-^) = l, y-f <lxl-^<p‘ ,la:l-^>P’ and R^ is a /.-th power residue 

4= ± I (mod p) 


( 2 ) 


Consider tlie niimbeis 
7n'*’77R-^ 


^OS777, 7 J< 
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If any two of these luimbeis say, + + were congruent 

{mod p), we should have 

(iHi -/«,)(«, -Ml) 1 

aj^M*— M i)— y^(7Mi'»M,)= () 


Now I xArtj~><i)“l/A>»i ~'«j) I <;)’ p ^ = /) , lienee 

xHnt-ni)=i/{tiii -iiii) 

bince (rA J/A = l. it follows that x^lini — tn^ Ihitla: K ^ vii -/», | 
Hence ini=m 2 , therefoic Mi =M| 

Thus (2) conipnscs ^ ^ mutiully iticoitj,nueiit nura- 

beis (7M(j<f p) which arc sums of at most 7 }W,th powei losiduos (mod p) Repeated 
application of Lemma 1 to the sot (2) gives 




•0 


= t) (pO 


Case III. p- < I -r I <p^ 

We considei the immbois 

(3) /+»iR+wR* (OS/. M7,«'-Jp') 


If any two of these unmbcis, say, /) + wJiR+ WiR’, /j-fmsR + niR’ wcie 
congruent {mod p), we should have 

(/i — A) + (i«i'*w/j)R + (ni— n>)R’= O {modp). 
ili~li) + {»ii'^vi 3 )xy ‘ + (ni-M,)a,^7y'*= O{modp), 

/«,)a-p+{7/i— Wi)i'= 0{mod p) 


Since l(/i/j)y^ + (/Mi— 7«,)a'p+(Mj l< 


3.p _ 


it follows that 


{li-l3)y^ + {fu,-mj)xy+(/ii-n3)x'-0 

Since (t, y) = l, we have J I /i — A But la;l>p»> Ui“^il 

Hence lt = li , and since ^ (iwi — 7rtj)+a’(Mi — Mi) = 0 

Hence xlmi — nit since (j-, j/) = 1 Since | x | ^pi> | 7«i-wi, j it follows 
that wii=*TOj, consequently ni-iH. 
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Thus (3) consists of ^ +1 j mutually mcougruent numbers 

which are sums of at most pi /.th powei residues {mod p) Repeated applica- 
tion of Lemma 1 to the set (3) gives 

This completes the proof of Thooiem 1 

Suction 4 Lemmas for the Proof or Tiieortm 2 
Lemma 2 {i) Let* | \ ^ | ,whoio j ^i, j%t Thou 

lotr/ 

l{h,p) 2d2^'^^'‘ 

(n) Lett d = ,sS2, Then 

r=l 

log/ 

3a,p)<.W«K-/ 

Proof of (t) Let every lutegei n with OSrS/j is ex- 

pressible as 

h 

X, dl‘ (OSc Sd-1) 


= X ^ (-irf;)'..''"'’-./ 

^=0 a =0 ' 


n = 0 v = l p-0 n=l 

v=l(2) v=l{2) 




H=0 v=0 

v=0(2) 


* In other wordn, d is congruent (mtdlt) to the difference of two /fth powers 
t Here d is congruent (mid f) to the sum of i ifth powers 
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We i\ (' now th iL tlif (u-'l ''Um IS 1 hvod ir'Klue class iiiioil p) , (\ri\ 
toi III IS ])fis ti\ o m tlic iciii lining siiMis Tlicicfon’ « is i (‘i)i cs('nt'il)l( is//,' r 
»/<(r/-l)(2"'-l)- Vi’"-//*""'' wlndipiovcsli) 

VlOill of (/;) TiCt ll 0S/;£;) wo ( .XM ( xpicss /Mil llli loMlI 

h 

11- l» 

Siiu ( // IS 1 -iiiu ol s /itli |»)W( I losiilui s (mod />) » Is .1 Slim ol at most 

h 

(,(-|s> i/''';" I,'"'""'' /.ti, 

ll 1) 

imoil i>) This |iio\ cs (//) 

lii M\iA / Lot /< fao ,i positn o intox'(‘i , kt rti ,«,« be /// dill ( loiit i < sidm 
< lassi s imod h) , kt Pt pd bo // dilU lont losulur < lassf s (///oiZ //) w hr i o oiu 
ot the p’s IS /ou) and th< irst iri piiiiu lo // l^et ^ i ' / lir ill tliosi 

ilifVoioiit losidiK ( lasses wliioh .uo loprcsontnlde is 

u, 1-pX I I 

'riicii /Sw/+//— I it III tw — ISA niul otlidwisc / = /< 

IjMima 1 Til t H be n positive intct'oi , let//i, Ap 
classi s (mod H' Then 

(4) VA, =0{mod H) 

I 

IS soluble with 

lb oof Let F(H, T) denote the least 9 siir h that (4) is soluble , kt (I (IT, T) 
denote the least i such that (4) is soluble uiidoi'the assumption that all the ■'iven 
A’s aic prime to TI Then Lemma 3 asserts that 

(5) U (ILT)s[|]+l 


• This 18 a Keneinlisalioii of Ltmma 1 , with ccitaiii restnclions on one of the scqumcoH .srt i 
Phoiild, ‘‘A theorem on the addition of risid no ilinses application to the Dumber r(b ni Wni mg's 
problem," gwtf/'/' / cfMath (Oxfordi, 8(1037), 90— 103 ^oe aUo, Crtwk/i/jjr TVtfi-/'; ;a MtitAem^iiu s md 
Mathmatnal PAyiici, No W (by F landau), Kapitel 4 
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Lett/ (li2t^(/(H)) lun ovei the dmsorb o£ H whcic t it) denotes tin 
luimbd of divisois of H , let / b( the niimbt r of q foi which (h H) = // 
(IS^^t/CH)) Wo have from ( 5 ) 

(0 1 (ir, i)SG 

also 

(7) ^t,=T 

ISjSrfdl) 

It 18 a well known lesult* that <i(Ii)<-C, H lo„ 1 ^ U wliou o(H) is th 
snin of the divisors of H ind Cj is an absolute constant Hen o 

<H) 1, i = log lo^ II 


t, log log II’ 
should have applyii ^ (7) and (S) 


foi ( \or> 1 with 7 (11) 


ISiSdim I (H) 

wliu h IS impossible Hence thcie exists an i with 


1 /(H) siielf tint t/ / = 


■ win i( Cj IS an absjluti 


constant Wc have from (t) 


1 (H = O f '* loKjPK H j 


which ino\(s the lemma 


LotO-^S-'l , let 


for eveiy a with Then 


Pi oof We have 


jlrtiat . 

So f -/! + /. P si+(p-l) 


* See Hard) and Wnght 'An I trodu tm to the Fheory 0/ Sunders 1 hpor m 883 



(»N WARING's problem 


since /)>T 

We h.ive tlie idcntiti 



'"'y; 

- (S,V 


p 

l<rt< 7) 1 

Put 


Then M(/) // s)-() 



- \ 

since 

\p'‘ ^ (S. ;)V 

7- <p‘p biuP] 


1 l<rt<7i 

1 ' > 


= P 





7)^1- 


lo!i /) \ 

/.-6 ) 


7 1-0 

£ ju 


Hence the louimii 

Ij 1 .mma fi fj('t ffo be an iiite'rd ^itb l^#/o /’ ^utli t!i il 


-lei;;' 

= 1 


I t > 2irMo« 

by the equation 


n I h ^ 


ai d 1(1 \>0 be dduicd 


TiPt ciqii denote the M'Mdne hitod }>) of ((qi/ tn tlu inten il '])) 

Then there exists a real nnmbei a ‘^ll(h tliat | o,|/(-7)<7 I ditleis iioni () m /> by 
less than X foi at least t (l-X) \ aloes of ii 
Pioof A suitable choice of o with — |m\(s 


V “"(y-" ) S' 


= cos J 


((to_» _ 


We have from (<^l) 




•(T 


( 10 ) 

Suppose 

( 11 ) 

then 


1 — cos 


„)i • 


\< I aoU—pa I S p—\, 

=l-cos '^^ \fion-i>a | Si— cos 

I 1> I V 


(’OS Vj) S 1 - 


- (OSiliSjt) 


2 a K 
V 


since 
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If (ll) holds foi m \nhies of n, mp have from (10) j 
_ 3 »i*log V 3^ log p 
V' ' 


m 

k 


<t,m < tX 


t-m > t (1~X) 


which pioves the Icmm'v 

Lemma 7 Let / bt miOu mth laij^e and let foi at least one integer 
o, (lSoo<p) 





3 If^ 2 '\ 


o<n<i 


Lot Z = ovp 


8_1oj: ?) 1 
log hj;])/ 


Tlien thoio (■> a positive \ (whoip X i 


defined in Lemma 6 with X =(lo ' />) *) and .v positive intej^er “-iieli that 


(here are at least ol the aumbois nv whuh satisfy Y S | ^» | S2Y 
2 log‘/> 

Proof We write v |1 log log }>J +l , i istakui siifiiciently laigo in oidt i 
that2’"'*'' S) ‘=logp By lienmia 0* at least i(l—X) of the nunibeis aoU are 
ooiitained in the interval (j)o - X po+ X) wheie o is a leal uumbei We divide 
this intoival which contains at least (/ (1— X)1 •- 1 of the nnmbeis not/ into fi (l-X)J 

siib-intonals each of length = |7({^X)J ■‘^PPlyii'K aigiimcnt that if there 

are f+l points distnbuted among f iiiteivals, at least one of the /’mtorvals 
must contain two points, we can find fo.fo j^t, t%) such that 0< rto(wi— «;) 

At least /(I — X) of the numbcis Oo«<M as^ell as of the numbers a^UjU are 
contained in the same intciial (yio-JY#, pa + 2Yo) , hence theic are at least 
#(1-2X) of the nunibois a^u[ut -Uj) ~aiu rontamed in (-4Yo, 4Yo) ^ We divide 

the interval (-4Yo, O) into sub' intervals of the type Y© j and the 

interval (0, 4Y()) into sub-inteivals of the type^^l^Ye.^Yo ) where -2S7n < logp. 
Now we choose the smallest integer m with -2£m< log p such that if Yi=^;^i Yo 


* Lemma 0 aanerU that I <»oS— ditlcrs from O or f by lens than X for at least r(l—Xi 
rallies of «. We take the rrsidno (mvf/) of 1 0 ^ 11 — J>*] vrluoh lies in the interva) (—t i^) Then 
1 or fa -XS<»i>«S/v+X for nt least t (1— X) values of «. 
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there are at numbers «!« which satisfy Yj 5 1 a\u 1 S2Yi ; 

this IS possible since theie are at least #(1-?A) ot the numbers rtj« and not more 
than 2 lo/? p4-6 intervals It is evident from oiii choice of Yj that there are not 

more than (log p+ 2 ) of the numbcisaitt which satisfy 2Yi^ | oitt 1 :£4Yo. 

There aie at least f(l — 2J.) of the numbcis «, « m (-4Yo, 4Vo) and theiefore 

there are at least I — (log #> + 2)2:f{l— 2*^) of the numbers Oi?< in 
log p 

(-2Y„2Y,). 

If YiSSYoZ we have at^ • Yi52Yo=X , and 

since theie are at least of the numbeis niu which satisfy 

log*p 21og*p 

YiS 1 aiu I £2Yi, the lemma would follow with Y=Yi, a=ai 

Let Yi<8YoZ‘', For the lest of the proof we depend on induction. If 
Yr-i<8Yr- jZ'‘ for ail ? with 2^r^n and if theie are at least f(l— 2*'^'’W of the 
numbers m the interval (— 2Yr-i,2Yr t). we define n. and Y. as follows We 
define ar=a,-i(ui-nj] whoie th, Uj *4^) we chosen in such a way that 

0<(i,S and this is possible since there are at least /(1“2*''‘*X) 

of the numbers ar-iu contained in an interval of length S4Yr i 

At least of the numbers o, as well as of the numbers 
ttr-iUj u are contained in (— 2Yr.i, 2Yr.i) , hence theie aie at least ‘X) 

of the numbeis Qr i(n,--Uj)n =arU in (— 4Yr-j, 4Yr i) Yr is now defined in 

the following manner. We write Yr= wheie w is the smallest in- 

fd— 2*'" ’X' 

teger with log p such that theie are at least — of the num- 

bers OrM which satisfy YrS | a>u [ 52Yr It is not difficult to see that there are 
at least f(l -2*' ‘X) 2*1) of the numbers OrU con- 

tained in the Intel val (— 2Yrj 2Yr). 

If for some r, Y>S8Y,.iZ * the lemma is proved with Y=Yr, o=rtf. For 

#(1 f 

we have at least — r > -^ -r“ of the numbers a.u which satisfy Y»S 

log* p 2 log* p 

la:«1^2Y, where Y,52Yr. v<2. 2 «'**.> 

Z-("'\X5X. 
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Otherwise we extend the induction to the case r=n and obtain a contradic* 
tion. For wehave Yfl<8YB i*‘^ where Y« is such that there are at least /(l-2*'x) of 

the numbers oirfi lu (-2Y», 2Y«) In other woids, we have at least /(I— 2 *'’a)S-| 

of the numbers contained m an iiiteival of lonj^h S4Y«<4 2* "* "Yo=2’’^‘ 
X. But that 18 impossible because 

|>2‘"+‘*-X 

since 

LlJ *+’1 ^+3 

^ log* p >2“”+*. ^ * log p. > 2»*+* i 3 . V 

p— 1 


1okp«=2*’+*^. 

Jt t 

The assumption that we cannot find an r with ISrSn such that 
Yfa:8Y,- 1 x'^ leads to a contradiction. Hence the lemma 


Section 6. Pkoof of Theorf.m 2 


We wnte, 


1) (/.,p)=/‘"'*,0<p<l 
P=:;A + 1=/,Hp />2,pS] 

We put, 

<o=fv'IoK A I 

Defining X (of Lemma 0) with T|=(i, X=(log p) we have 
X=0(p L * logp) 

Mm 

If ^ I S/^1 — for every o with lSo<p then a contradict 


tion would follow from Lemma 5 with P=5 

We assume therefore that there exists at least one integer Ce (lS«o<p) 
such that 
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Hence by Lemma 6 (with ii=P, ^=(lo}' p)'*) and Lemma 7 (with ti«a3) 

8__ 

wo can find a positive Y^iX and a positive intcgci aiS j such that there 

are at least „ , ^ of the numbeis au which satisfy YS 1 au | ^‘2Y 
log p 

Without loss of generality it may be assumed that theie aie at least 


of the numbers au in the interval (Y, 2Y) Let ti be the number of 

hSt 


4 log’ p 
nv’B in (Y> 2Y) Then 


( 12 ) 


'4 log* p 

Suppose we have a residue claas (mod a) which contains r+ | &fo+ | 
numbers aui , . af/r+i satisfying 

Y5a«i<aMj< . <aur+i S2Y 
We consider the positue integeis 

a ’ ’ a 

18 j^^j, each of 

of them, say d, therefore satisfies 


Theu number 


them 2: o) and their sum S The smallest 


Now d 18 a difi'oience of two Uli power residues (mod pi , hence by 
Lemma 2(t). 

lo^ log 2 


(13) 


S (k, p)S2d2^°^ S2*Y„ (ar)-’ 


=0(Xa)(ar)'‘ifc*^=0(L ** '^**^“ (ar) w p. log p) 
Wo consider two cases ; 

I. a^ji 

Then by (12), 




4((o+l) log* p 
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Hence we can find a lesidne class (mod a) which contains at least ^w+1 
o£ the numbers au, at 

a a 

Applying (12) and (13) 

_ I - /s^log 8 

p) = 0(/. *'* ''»K“ A © log *p)» 

l-;l l+ZS + logS 

= 0{/i, * © loj{* p). 



or 

(M (!:;:!)+'>«> 

^ ^ ^4 (©+l)lo>j*p 

Wo fijst suppose that one residue class (mod a) contains at least ©+1 of 
the numbers au Then d (he difference between the smsllest and the largest of 
them, dll ided by a, satisfies 

Since d IS a difference of two A.th power residues (mod p), we have applyine 
Lemma 2(»l ‘ 

JoKi h?? ^ . > f* 

8 (A, p) ^ - 2 ‘‘’<5 " =0 (o ' j» “ p A * loK p) 

a 

= 0(A ”*■'". p i w log® p) 

l+/S^lqO 

a‘ ^=0(A ^ *«<f“©loK®p) 

or, 

Secondly, we assume that no residue class (mod a) contains more than © of 
the nombers au. Hence there are at least ^ different residue classes (mod a) 
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which contain a number ntt VppljmK Lemma 4, we can find a number N of 
the form, 


which IS a sum of s Uh power residues Unoil p) and satisfies 


Applying Lemma 2 (ii) with d=N we have 

(18) S a. !>) s s. = O (x , ) 




We have p = /J'^^ ,a YiaX.. Hence 

t 

8 

(17) 5 = O (o). a r‘ log’p) =0 (d). r* log’p) 

-L-J 8 

= O (w. p. I 2 * log* p)= O /. ^ 0 ) log* P) 


a a 

From (16), (17) and (18) it follows that 

(■-*)+ 0 (if-, ')+0,., 

i( (k, p) SB O (L . a' .w. log 

i-pa ’■•!/+ ■^o({^”)■^ou), 

s(8+ ^)aU8-i+O(l^^)-t-0(l), 
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(19) l*=*'-^*-8(" + l)+°('S)+<'<‘> 

loi '-pSa we have 0<ip+3- g J4P + 1) andthe inequali 

ties (14) (15) and (19) give 

ip+H uniformly in p for — — <pSj 


Hence Theorem 2 


bEOTioN 6 Proof op Theorfh 3 
b a }) = i ^ P O^P-,1 

p=</+la/‘+p t >3 
Let0<p5 '^^4 Theorem 1 t,ivcs 


= 1— (1+p) i — i — iP 


lim loK V 

i = ooP ^"Mog/ 


^l03 -8Vh4 1 
VUI 6 220 


■ — ^p ^4 Theorem 2 gives 

lim a 2*103-3 VOdl 
220 


108-3^^641 
' 220 


liCtp^l We ha\e 
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Since* 

I S.,^| 5 (k-l) ,/p 

it follows that 

-2rt an t ^ / 

j/J (Sa,pye ^ j <P'’ V^' V -p * 
lfia<7) 

2 <P ' 


M{p, n, »)>0 if 

Hence if p>l. 


>2p+2_„ . Jt 

- p-i 






l=*U.] ■ 


For instance, if Sp} we "et 


6 (A, f) ^ 18 

This and (20) and (21) gue Theorem 3 

Section 1 Lfmmas for the proof or Theorem 4 
Lemm\ 8t Let A = p*’Ao, pS2, uSO, 2 >/Ao 
and lot 




r + 2 if p=2. 
v+ldp>2. 


Then if l^y, 

r(A,pO=r(A, p ' ) 

Proof Every residue class {mod p') which is prime to j) and a Ath power 
residue {mod p” ) is also a Ath power lesidue {mod p‘) 


Lemma 9. Let Ai=p’^ pS5, A/p-l, A>2. 
Then there exists an integer Ap* with p/A lSa:Si> such that 
A(fc»,p'^’,Ap*)S2 (pM 


'*'Ijandau, ForUmgen okr Zahlenticorie, Bd 1, SaU Sll 

tThii lemma follow* from Lemma 5 in P \ 4 Or ace I andan, Foiiiesiingfn abler Zailtn/itont, 
Bd.l,Sotxa91 
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Proof. We shall first show that 
(28) R=a^p ^(mod 

is soluble with ISy, <p, p\< I a I (r, p) = =1, | x\ >y where R is a suit- 
ably chosen /.ith power leaidue $ ±1 (viod p’'"' ') and prirae to p. 

Since t->2, we can fiudaAith powei residue Rj ♦ ±l (wiodp’^Mand 

prime to p We considci the least positive lesidue {mod j)'”*"') of wj Rx for 
-1. Then the numbers 

O.Ri,2Ri, ..,(i)-l)R,,p'^l 

define ?)+ 1 i>oints disti ibutod among the p iiitei vals 

r(;)’' + l)<|< {r + l)(ir+l) {0^>5p-l) 

At least one inteival must contain two points; hence we can find Xi>V\ 
such that 

t/iRSii imodp'^^) 

where ISt/, <p-l, | a, | 

We may assume without loss of generality that | iTj \>yi since otherwise 
we can substitute Ri'^ for Ri in the aignment Hince l^y,^p—l, p}yx, we 
may assume therefore that (xi,yi)=- 1. 

If I a-i ' >p^ , then Rs=Rt, iC-Ti, y~y\ satisfy the required conditions 
If I I <V^ ’ we can find a positue integer f such that 
= pi < I Tj I Sp , 

and since y\^< \ xi\ ^■^p,{‘xJi,yi^)~l it follows that (23) is soluble with 
R=R/, x-xx^ , y-y\^ 

Now we consider the nnmbeis 
( 24 ) V + R«i (OSfj, wS{p ] ) 

where R is defined by (23), 

If any two of these numbers, say, »x + Rjei, ej + R?e| weie congruent 
{mod p'"*‘^), we should have 

RSitj/' ' =(iii - Vj)(7ri — «?i)' 

or, ®(M’i--*P|)-^tix-r,) = 0 

since 1 x(n » -?( j)-p(iJx--i>i) i <p''p' + (p-1) pi cp'^^ 

It follows that xjvi-vt since {r, y) = l But [ x | :>pi > | »x-v, | . Hence 
Pi®*fi I consequently tci^v'i 



OK WARINQ^S PROBl.EM 


^i6 


I'hus (24) dcfiues ( [p* ] + l )*Sp+l 

mutually incoasruent numbers imotl ‘) Hence we can find two numbeis, saj, 
»i and ft} fiom (24^ such that 

»ti “WjHO imoil p), 

/ft — tit ♦ 0 (mod 
We write fii-«|»Ap* Then p/A and 

A(A.,p"+‘, Ap“ )-S2 (pi 1 

Hence the lemma 

Lemma 10 Lot ii-p'' ^ »S0, t/p-\, t>2. 

Then foi every poMtivc E and 

provided p^6 and p satisfies the inequality 

l+2[pi]Sp* 

Proof. The pi oof 18 by induction on 0 Letp»0; since <>2, the lemma 
follows from Theorem 8 and 

A(A,,p)sr(A,.p)S8(ili,p)+l. 

Let i>2:l and suppose that the lemma is true for v'<v. Then we wnto, 

(25) A{p p*'+‘) S Bp»^ 

wheie B=Ii(e) depends on e only 

By Lemma 9 we can find an integer Ap" with p/ A, l£a£v such that 
(26( A(A„ p’^S Ap® )fi2[pi ]. 

Since plh, we can find an integer v such that for any integer n> 

(37) np® 5^®’ {mod p'^M 

We have for | pfan, 

(28) (mod p^ ) 

Hence (26) and (28) give 

J A(4i,P* )=A(?-‘ »• 
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ApplyiiiK (26), (27) and (29) it follows that £oi every integor n, 
A(^, . /+\ «p* ) S2B r p* 

This and (29) give 

A(/.„p‘'+‘ ^Bp)<®-*>«(^y^y"^*‘'*^+2B[p* JjA-*** (^7-f 

^B (p«"*^ + 2 fp* 

= Bp»^[^y”^‘'*^(p"» +2 [pMp"*) 

ifp* ^i+2rp' I 

'rhis proves the lemma. 

Lkmma 11. Let *1 =p^^^, p>7, vSO, t/p-1, t>2. 


Then for evei y imsitivo E, 

r(A|. p'^>)»0(Jt,‘ 0+E) 

Proof We hsve, 

1 -C« UI±MMi> 19%85l^ \9’2U _ 0,5 . .oo,_7 
22r^^ 220 22 - 875+ 002-g 

We have 

7’«(6+2)’>5"+l4 6®+84.6‘>5.5’=6». 
Letp = 7. Then 

pl-C„ 7 l -0 >71 > 6 .i + 2l7*j = l + 2 [pij. 

Let p2;ll. We have, 

8*.ll* =(3*11)*.3*>(2 7 *)» 7 =2" 7® > 7" 

pi-C-4 >j»2+j>2+ 

P* 

Hence 

pt-C>i + 2p* >1 + .V JifpS? 

It now follows from Lemma 10 with 5 w I - e that 

A(*i. p’^*)»0(iki‘'‘®“^®>a 
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Let fif be 8 primitive root (mod Then 

Uenoc 

(30 

If i; — 0, the lemma follows from Theorem 3 and 
Let u&l. We consider the following cases 

I. t) = l, 

In the proof of Lemma 0 it la shown that if u^l, wc can find a Ajth powei 
residue R ^ J.1 (mod and piimo to p such that 
RSr?/ *(?»od p*"''*) 

wheie lSy<p, j/< I a: I (sr, y) = l 

Put 0 = 1 Then the following snb-cases aie considered 
(i) I < i iE I <p^ ' (u) p^ < I a- I <p* , (ill) p' < 1 a I Sp 

Now wo apply a similar argument as in the pi oof of Theorem 1 to show that 

r(i„p’)=o(p* ) 

III sub-oases (i) and (in) wc have at least ^’mutually mcongruent numbers 
(/nod p*) which are sums of at most p* Aith powei residues {mod p*) At least 
^-p of these numbers arc prune to p. In sub-case (ii) we have at least ^ "V 
mutually lucongruent numbers (mod p*), which are all prime to p and sums of 
atmostp^^ith power residues (mod p*) lu each sub-case, repeated application 
of Lemma 3 gives 

nfci,p’)=o{p^ )• 

We have^^-^ >ip^ Hence 

V{h, p*) = 0(p« )=0(p4+* *)=0(p* (^)*) = 0(A,‘-^’+E) 

II. v^2, t<p^ • We have 

iot' + 4<i»<(I~C)» if ti&2. 

It follows from (31) and Lemma 10 with & = U that 

lUx. ‘)=0(p>+»(^'-)^-^+^)«0(Ai^ 
if where Ci is au absolute constant 
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If l^p< C( we have Hento by (80) and (31) 

r(^, p*'+‘)<c, C+E) 

III t>i^ 

Ihou p> It 18 easily seen fioin (22) aud (28) that — l(»iod p) 

18 repicsentabic as a:j*‘+ +r/,*‘ where all the 3*8 aiepiimetop aud «=0(1) Or 

(32) -1='e/‘+ +a-*»+/'p s»0(1) 

Now if 111 (32) pV/^theii 

r(&, p-+‘ -i)=o(i) 

and our lesult would follow from (30) 

Otherwise we can write— /p=Ap* in (32) Then plh ISaSti and 

(33) r(Ai Ap'‘)=0(l). 

Now \ie apply the same argument as in Lemma 10 but with (33) instead of 
(26) and put 8 = 1 -c Then it is easily seen that 

r()k, p'^‘)=0(jS:,‘ ^ + 

if p^Ci where Ci is an absolute constant 

If 7Sp<c* we have fSp-Kci The required result now follows from 
(30) and (31) 

This completes the proof of the lemma 
Lemma 12 Let 2/A Then 

r (A 60=0 (aO (12:1) 

Proof We write 

A=6^Ao 6/fe 2/ A, v^O 

By Lemma 8 it is suifacient to prove that 

r (A, =0 (A*) 

If V*0 we have 

r (A 6)5 6 

Let *iSl Let p be a primitive root (f?wd We wnte 

K=fr* 

Then B is a Ath power residue t ±1 (mod 
6/B and 

K»=-l (mod 6'^M 


We consider the numbers 
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If any two of these numbers, say, »i + Wi R, v, + ?/;, R were congruent (mod 
we should have 

i>i— W|S (Wi—Vi) R, 

+ {w*—w>i)*=0 

Since 




Hence 

Hence there aie ^ [*2 ] ^ *4 


mutiinlly lueongruoiit numbeis 


p+l 


(«iod which are sums of at most ! 


Ath power lesidues (viod 5’^') \t 


5’Hi 5« 

least ^ S'" = of these numbers aie prime to 5 Repeated application of 

I.iemma 3 gives 

r(/f,6’^‘)S5 ** ( + =0(5* ) sOU “ ) 

which proves the lemma. 

Section 8. Proof of Theorem 4. 

As before c= , s denotes an arbitrarily small positive number, 

liet km pS2, vSO, piko. We write 


f.+2ifp=2 
Iv+l if p>2. 




Let p>2 and let p be a primitive loot (mod We wiito 

)=A„ 

p'-fp-l) =. kt t. 

k ^ ki kf — p" 

If(M,p) = L 

nsg^ (mod IS 6 S p^fp-l), 

„*i 5 /<*+'?» /^-i) *»(*+«> 

for every integer r. Since (t, A:i)=l we can choose r so thi^ 
b+rt S <K*nod k,). 
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Binco Sp^'S t>+ 1 for p>2, v^O. Henco 

(84) r {k, ?•+>) = r(fc,. p'^*) =r(p'' p"+‘). 

\pplyinK Lemma 8 it follows that 

r(A,pO=r(A, p''+‘)*=r(p'' p*^M if 

This and Lemmas 11 and 12 itive 

r(/ p') = 0((A,<A(p"+')))‘ ‘ =0(/' ‘") 

if p26, 1 (p-l)//f, /SI which is Theorem 4 \ 

Proof of Theorem 411 

Let p>2 ApplymK (34) it is easy to see that* 

I p'^* if pS3 vSO t = \ 

>..s-nn . P-1 I i(p'^‘-l)lfpS5,llS0,f = L’ 


(35) r(A.p*+‘)-r(p'' 


I ifp’^'-Dif P=3,»S1, f = 2. 

U if p=8,»=0, f = 2. 


/'2if t)=0. 

(ft, 2'^*)= <( 

I 2*+* if v>0 


By Lemma 8, we have 
(87) 


m=Mai T{k, p” ) 
pS2 

Theorem 4B is an immediate oonseqoenoe of Theorem 4A and (85), (86), (37). 


Bee P N 8, Lemma 7 for the reeulti atated )i| (^5) and 



ON formula: in partitions and divisors 
OF A number, derived FROM 
SYMMETRIC FUNCTIONS 

By M. Ziadd Di», M A , Ph.D. (Wales) 

STATISnCS DEPABTMBNT) UNIVEHSITT of fHE PUNJAB, LAHORB 
Communicated by Dr Ram Behati 
(Received on March 38, 1B43) 


1 In the paper on ' Recurrence formulae for Bernoulli’s numbers' the 
author has used symmetric functions nnd determinants to investiffnte recurrence 
foimulae for the Bernoullian numbers. 

Following the methods and notation explained in that papei ,* formulae in 
partitions and divisors of an integer can be easily established, as is shown in this 
paper. • 

2 . Letr(x) = . . . ... 

*= 1 + 2 j - !)*[« - *) + (8»+ 0 ] 

»=l—x—x* +** + *’ •-»‘*—x**+x**+«** ... . 

Comparing it with 

/“(x) *1— (tiX+ai®*—d*x* + .... + (—1)' a,x'+ . . . ., whole a/s are 
the elementary symmetne functions, wo have I Oi**: — 1, a 3 =CTi=® 0 , aj*- 

■^1, etc. 

Of *»0 it r 18 not of the form In (3n± 1) 

and (”*■1) if r IS of the foim jn (8fi ± 1). 


(I-*) (!-«*) (r:^ 


= 'i,p{n)af 


where p (n) denotes the number of partitions of the integer n, and also 

JL 


where hr denotes the aleph symmetric functions , we get by oompai isou 
A, = j> (ti). 


•If. Ziwd DIb, Mill Student, VoL 8. (I ^ 11). 
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3 Consider the well-known determinant 

ai 1 0 0 0 

2at ai 1 0 0 

das ftt (ti 1 0 


where 8« is the sura of the n'* poweis of the loots of (l-ar) (1 -®*) (l—a;’) .... 
Substituting the numeiicnl values of aj, a,. «», as given in Art. 2, wo obtain 
from the above determinant 

Ss *=8um of the squares of the roots =8= sum of divisors of 2=a (2). 

88=8um of the cubes of the roots — 4=8uro of divisors of S^o (8). 

8* “Sum of the fourth powers of the root8=7*8am of divisors of 4“o (t), 
and so on. 

Thus we have numerically 

S»sO (ft) 

4. Expand the determinant in Art. 8, to terms of the elements of the first 
column, and following the notation of my paper cited m Art 1, we obtain 



=ai(fi-l) -2ai (fi-2) +3a8 («- 8 ) -404 (fi-4) + ... . 

Since Skzso (ft) ; h« “ (ft) “ p{ft) and the numerical values of cu are 
known, therefore we obtain the 'formula, 

<Kft)»p(ft-'l) + 2jKn-2)-5i)(n-'6)-7jj(n-7)+ .... 

The senes will cease when arty (n^r) is negative as iK-i) is to be taken 
0 and #>(1)«1. 

[This formula is due to Catalan (Dickson, Hfst^ry, Vol. I, p. 290), but 
Macoiafaon refers it to Euler in Combinatory Analysis II, p. 57]. 

Applying the general pnnciple indicated above, other formulte can similarly 
be denved from the above detenmnant, from its various expansions, e.g., if the 
first column is replaced by the second column, the expansion gives 0“2Kn "I) 
-|){«-2)-p{fi-a)+. ..+(“l)''«,p (n-r-l)-<- . . . ' 

From tins we deduce 

p(fi)-p(ft-i) -p(fi- 2)+p(fi-p)+ 
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ivhloh u Euler's formula ^ Euler's formula also follows immediately from 
Wronski's relation 

A»— OiAb-i +OiAii- 2 — ajAi. 8+ +(-l)'arA«.r + .. =0. 

5. Following the above theory, some well-known formulte in sjmraotnc 
functions atid determinants at once yield results ni paititions and divisors 

From Newton’s formula 

S,—S«-iai + S« jO|— S*-8aj+ +(- l)’'«ff«=0, 

we obtain Euler’s formula* 

0 (w) — a (»--l)-o (m-2) + o {n-5)+ =0 

or (— I)’’" * n ; according as n is not or is of the form i r (3r±l) 
a (0) is taken as zero. 

From the well-known determinautal relation, 

Si -10 0 0 

S, S, -2 0 0 

83 S, 8, -8 0 

n 1 hn= 

a, t - - s, 

-10 0 0 

1 -2 0 . . 0 
3 1-3 0 


0 (n) — — — 1 



From Bnosohi’s relation 

Sii + AiS«. 1 + A|S«-i+ . . . + A« jSi =n hn 

we derive 

0 («)+ (j (n-l)+p (2) 0 (w-2) + p (3) 0 (n-3) 
+ . (n-1) = « p (»») 

which connects thc'divisors and partitions. 


OIsialwF, PrttCmiPia.SK, Vol. 6, Part It (1884), p 108, 
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A refei‘«e remarks that the float formula may be obtained directly ak 
follows — 


Locanthmic differeotiation of 




S p{x) a!* ; I » I 


gives 2o^«)*"= 2 n pin) ^ j ^ P(*‘^ “■* 

Cross-multiplication and equating co-effioients of x", on both sides, gives the 
desired result. 



OPERATIONAL CALCULUS AND INFINITE INTEGRALS 
ByH C Gupta M8c 
Christ Chdrch Cot I KtiE Cawnporf 
Communicated by Dr R S Vorma 
(Received on ao 8 48) 

1 The object of this paper is to investiKate a few new iiifimte luteal als by 
applyiaR Goldstein Parseval theoiom in Operational Calculus to operatioiioi 
relations recently given by various authors 

The form in which Goldstein* has restated Parseval s thooiem is that if | 
fy (p) = <t‘i (t) and /“, (p) ~ U (^) 
then provided that tlie lutegi als converge 

0 0 

2 Remit 1 It is easy to see on term-by-term luteipretation with the 
help of the relation t 

r(M + l)p " = R («)>-! 

that for p>i! 

■ y. L-. p ^ 

(p' + AV pV r’{2p-X+l) 

iF| [p, p + l-iX, (21) 

R(2p-X+1)>0 

By the principle of analytic continuation the relation (2 1) holds for 

|»0 

Applying Parseval-Goldstexn theorem to the above relation and the follow- 
ing due to HoweIl§ 

My beet thsnlu are due to Dr R, H Verms D do for suggNting the problem 
*atMdetain Proo Load Math Soc (9) 84(1089) pp 108 198 
tlUe symbol ipipliee that 

/iW-/j f>0 

0 

JP Rumbect, Calenl Symbollque (Pena 10341, henceforth referred to es 0 8 
(TV T Howell Phil Hag. (7) 24(1086) p 107 
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r (v4 i) P D . , . J (pe^V) - i *'') = ''reJ.(k'), R (v)> -i (2*^) 
we Imvo 


IiS 


Tjv+J) 

vnr (i’n 




iF, (n, |ji+ ~ ^ + 1- iX, ) rf*- ja^ - ‘ J, (k‘) (r* + A*) dx. 

0 

Evaluating the latter integral by a known formula,* we have 

ru+v)r^) 2 ’*'+‘ 

/ U4-iv,iX+i(v4l). -.JziU 

^‘^’U + l.iX+Mw-ii+i). l+lx+i(v-p), 

„ ( i|i, Kn+l); 

r (1 + ivf i|i-iX) ’ • \j, l + l(n-v)-U, l+i(n+v) -U, / 

xyrdx-t- jiv-u-1)} „x-2m-4 
“ r{i(y + 3 +ii)- 4 X} 

i(3+^-v)-h, i(3+l*+v)-U, • • ' 

where R (S^.x + l) >0 andR(v)>~l 

Since as iF| (a; b,c, — isr*) ~0 co8(a;+B) + C*'*'] and 


(2-3) 


1 D» I 

the left-hand aide integral I, is convergent if 

R(2n-X + 1) >0,R(X+2v)>0andR((i-2.) <2. 

Hence by the theory of analytic continuation (2 8) holds if 

R (ii+l) > B (IX) > R (-v) and 2 > R (n-v) < R (X). 

Interesting speetal cases of i2’Q) 

(i) Two of die hypergeometrio functions in (2'3) vanish and the other two 
reduce to single terms for p»0 , and we then obtain the integral 


*0. N. Wation Beuel Ponetioitt fJnir Pnm, lOlt), p. tfS This tfeatUe wUl 

henesforth be referred to as B, F, 
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^ D D_^_^ rfr 

0 


” V[v+ )r(iv.+i-U'> 


1>R a)>-2R (v) 


(ii) The light side ot (2 3) is also expiessible in teinis of Hossel functions 
under the circumstances n = I and }- v + 2 We then ha\ t 


lx*" D«_j (arc'*') D;„_i (j-e '”)il,(l,l + w i + ni, da 
0 

r(i+2^ K/n rr(2m)r(L- »>) 


r{i -»i)/v‘" 


oh 1 (1 *“»rt ~ AA.*) 


+ 


rirw) 


ori 


10 j Va2*"+* 


,F, (1 


3 + 'ni,~ i’«/ 


•>] 


= Wjir(m+’)r(2m+l)/ »"iH (*/’)-Y«0n} i>RM>-i 

where H«(x) denotes Sti ive*s runction and Y*(t) Bessel tunction of the 
second kind 

Re'iftif J \pplying the theoiem to the opeiational lelatioii (2 1) and* 

pJ,(V 2 /i)MV 27))=/^J,( ^ ) . .(31) 

we are led to the intogial 


J,(v'^x)K,(v'2x) ,F, (p,n+^7^ pf 1-iA, -i/*a*)dx 




^ r (p+ii-)r{l(^H: i)} r( 2 p) ^ 

r(p)r(i.+i)2‘'-»*>r+!‘'’ » 

r{A(p-x+i)r(v) 

r{i(i'+;i+i) 2’'+’ /*'• 


,(F+iF, V+l Hv + S-l), ^ 
,h,(li. J(vH-Ul) '(A+1-.) A,) 


on putting 2p'»X+l = 2p and using a known foinmlat to evaluate the latter 
integral The lesiilt is \alid foi 0<R (2p-> + l) >R (-r) and R (X) -i 


( Mltra Bulletin OsIcuHb Math ''oc 28 1988 pp 81-98 
t B F p 484 
F 0 
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The bypcrgeometrio function in the integrand reduces to a Bessel function 
if X = 1 or X=2 , and we then obtain the integials 


Ja:^' * K,W Jx) (Lx) dx 


(n+ir) r (-jv) ^ / n+iv; X' 
Sv'nv L -T (v.) (2/.)' ‘ *U + ir, l+^4^^ 


*valid when R (r) < 2R (|i) <0 and 

Jx'*” ^ J^( '/2*) K„(v'2x) ) (kz) dx 

0 

_ 2*^1 r(n- i + iv) r(j -iv) j, /ji-i + ir, 1_\ 

“ Vn L 4r(v + l)(2M'‘ + '+*' ‘ ’ V+l, iv+i, 4^’/ 

, .Viy-) T, / . S+v 8-_v 1 
(v*~l) (2*)'*+^ 2' 2 UPjJ 

valid when 0>R{l~2n) < R'v) The former was given by Mitra* for the 
case ji=i 

Result 3 Taking the operational lelatioiisl 

^ exp(-^]l,(-i) = 2pK,(V2p)B(v/2p),’'R(r)>-l. (41) 

andt 

,•*' e,p (,y W.,.( J-)- lMi±«-l)>0 

an application of the theorem furmthes us with the integral 

I*= f Ip ( V 2x1 K,WTx)Ktm{2^z)-*-^ dx 
0 

=ir(i+w-A:)r(J-w-;t)|®*-‘ w*,« (|-)exp 
0 

“ ' w*.- w “P (-i») •1'. ‘ > i*’) * 


• S. G Mltra i6tJ 

fOS. Meijer Proc Royal Arad , Amsterdam, 37 (19M), Pi 805 S«e result (8), 
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on changing the variable and expipssin" I„ (/■) in terras of the hypergeometnc 
function o^'i 

On using the equivalent infinite series for the function ob\ and integrating 
tei m-by-tei in by the help of the foiraula* 

P ' e (f) Tl(/ + wi+ i)>0 

0 


we have finally j" ,m {'t V 2)^ ** d'> 

0 

= r(r - 1 tw + j) r(v-/>-ffl~i)r(j+ w~/.)r(i-ni - d ^ 

r(v- 2 /. + l)r(r + l)2‘'‘*‘'5 

^ / ifn-Zi + m + i)" ilv /v+m + ii), Kr-A.-wi-i), i(r-/t-?M+ I, n 

provided that R(y-/ + w>)' -1<TI(-/. i m) 

The teiin-by-term integiation effected in (4 2) is justified since oFi when 
expanded, is au infinite scries ol positive and contiiiiioiis tei ms and being an 
integral function IS unifornil) eonvergent in the arbitrary interval (0 a), wheie 
a may be taken as large as we please, and fuithei r" ^ ' W* m(r)e”^'*^is 
bounded and iiitegrable 111 (0, a) and the integral in (42) converges imdei the 
conditions stated 

Result i Take again the relation (4 1) and the following! 

W - 1«. 4« (^) exp ( |] M j K„ ( V a-) 1. ( V x), K(m) > - i 

On proceeding exactly as in the pieccding case it is found that 


|af’K*(Va;)I»(s/a:)K,(V2x) UJ2x) dx 


r(w+i)r(r+2w+i) r(v+wjHi 
r(i;+l)r(i; + 2w + ^) 2’'^* 


,, fvt + iiv + V, iv+l+wi, i(v + m+l),l + i(r + «i),T 
‘ v + 1, wi+iv+ 4, m+ii'+ 4 , 

provided that R(?w + v + l)>0> R(7w)> — i * 


* 8 Goldstein Piw I/ind Math Soc ( 8 ), 34 (1982). pp 108-125 
r A Krdel>i Math Zeit 42(1986), p 181 liiifl result can be deduced from the result (31 ) 
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The termwise integration required in the procedure also is easily pistified 
as above 

Result 5, Take now the i elation (8 1) and the followinR* 


(l+/.p)^"^+‘ “ r(2wi + 2) 


- •>/ 


('[),R(-n)=- 


Applying the theoiem we have 


I-- |j»(v'2a:) K,(v/2a-) r” exp (-.,*] [r] dx 

0 

_ r(2p-j'+2/>)7 1 (^\j 


On putting T=:l/^ in the latter integial and using a known fornaiilaf to evaluate 
it, we find that 


T - r (2(i-H2 i>-w) I r(.v+2p) r{i-2p) 

’"■ L r(i+v)r(i+2n) 


,F, 


v + n, f< + n+i I_, , 

v + IjP, p + i, * ; 


■ r(P-i)2»^ -^ 
V(v-p+i) ’ 

(gp+i)r(p-i) ^ 8 ,.j 

r(i'-p+2) “ 


„ / Hn,l+p? 
^’li,'-P,S+P-p, . 

*^MS,w+ 2 -p. 2 -p,- 


U* 


)] 


provided that 0 < R(p+ p) > i R{w)< R(p)— J 

The iFj functions combine to give Bessel functions for |i=0 and p=sp + J ; 
and we then have 


jjii’fv'g®) K;(v'9a!)x*<'’'‘^exp (- ||] 

0 

=*i3isec vnr(i' + l) (A.)— Y_„ (A)},— j <R(v)<3 


• A Erddyi Prop Koninklijke NTederlandsohe Akad van Wotenahappen, 41, 6, (1888). 
Sec h(8 relation (U) 
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ResMlt 6. By term-by-term interpretation it is easy to see that 

\2apJ * ‘ I 2r + l, apj 

= (l + 2/ap)~ ^ IV l+iap —>/ hpp"' a>0 
Applying the theorem to this relation and (31), we arc furnished with the 
integral 

1 H> 


'' (!) “p (■!)''* 

0 

~ (v'rtc'")^-i'-i(v'fle" ‘"X R(r)>-i, a>0 

where I have used tor the latter equality a result obtained by me elsewhere 
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THE PARTIAL PRESSURES OF ATOMS AND MOLECULES 
IN THE SATURATED VAPOURS OF THE 
ALKALI ELEMENTS 

By \ 8 Bhatvaoar, M Sc 
PHYsrcfl Ppi'ahtmpnt, AiiAiiAiun I^nim rsitv 
(Comnmnioated hy 1»r B N ftnvast«»«— Rwciyed February 4, 1043) 

/n determining exiiorimontnlly the rapour premurca of (he alkali inelali it la generally aaauraed 
that the vapours consist entirely of monatomic mol<>cnlc8 This aaanmption renders the ealenlation 
of the vapour pressuraa from the obaervational data partienlarl) simple, and the reenlts obtaine<l 
are sufficiently accurate for most purposes But occasionally one needs the values* for the partial 
preesuroB of the monatomio and diatomic molecules separately, in the saturated vapour Though 
the observationni data available are sufficient to enable us to rnlciilote from them these partial 
pressnres, the calculation involved is laborious Further, the details of the calculation differ accord 
ing to the method used in obtaining the original cxiierimontal data, because when wc take into 
account the presence of the diatomic molecules also in the vaponr, it is found that tlir data obtained 
by the difTerent methods do not refer to the same physical quantity For example, the static method 
gives the sum of the partial pressures of tho monatomic and the diatomic vapours, whereas the 
effiisKUi and the gas flow methods do not give directly either the total or the partial presaures To 
the order of approximation aimed here tho presence of the different isotopes also have to lie taken 
irtto account, particitlarly in tho case of light atoms like lithium 

In tho present paper are deduced form nits for ealcnlatuig the partial vapour pressures of the 
monatomio and diatomic components of the vapour, from the data obtained by different experimcntel 
methods Valnos are given for the partial pressnres for lithium, sodium and potassium fora wvle 
range of temperatures Sufficient data are not available to enable ns to make similni lalcnlslinns 
for the other alkali metals, rubidium upd eaesium 

1 iNTBOniJOTION 

Taidenbiirii and Tliielo (1929) were the first to take into account the presence 
of jiatomio moleonlea in the vapours of the alkali elements and they Bav*' (ormal« 
233 
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for obtaining the partial pressures of monatomic and diatomic molecules from 
the values of the vapour pressure determined in the usual manner by the effusion 
moUitodl a(^d liy gM flotr method. Their fortuBla in the case of the effusion 
method, however, appears to be incorrect 

L. C. Lewis (1931) measured e, the i-atlo of the partial pressures of the 
diatomic and monatomic molecules in the vapour, by determinini; the relative 
intensities of the split and the unsplit beams when a beam of the vapour is passed 
through an inhomogeneous magnetic Held. From this he calculated the eqinli- 
bnitra constant for the reaction 2AziAt, and the heats of dissociation in the case 
of sodium, potassium and lithium Later Thielo (1932), using Lewis’s values 
for the heat of dissociation, calculated the partial pressures of the monatomic and 
diatomic molecules from his own observations obtained by the gas flow method 
Ho also calculated the partial pressures from the observations of Edmondson 
and Egerton (1927) made by the effusion method In the latter calculations 
Thiele used tbe same formula as given earlier by Ladenburg and Thiele 

Bogros (1932) considered the presence of isotopes in lithium vapour, but he 
did not take into account the presence of diatomic molecules 

In the present paper general formulm have been worked out to obtain the 
partial pressures of the monatomic vaponzs of the diff erent isotopes, and of the 
diatomic vapour, from the experimental data obtained by different methods 
Using these formula calculations have been made of the partial pressures of the 
monMomic and the diatomic molecules in the saturated vapours of sodium, 
potassium and lithium at different temperatures. Similar calculations could not 
bo made for the other two alkali elements, rubidium and caesium, since their 
rotational and vibrational constants are not known, without which e cannot be 
catoalated. Graphs have been plotted from which partial pressures at any 
temperature can be fouud out. 

2. FoBMUJ,« fob the CALOULATtON OF THE PaBTIAI. PbRSSOBES 
Ditchburn and Gilinoiir (1941) have given a survey of the various expeii- 
mental methods for the determination of the vapour pressures of metals. Most 
of the low pressure data have, however, been obtabed by the effusion method, 
ihe gas flow method and the statical method and so we ooufins ourselves to these 
methods. 

Th^ effusion method — In this method the vapour effusing out through a hole 
of knoVu area in a certain time is condensed, and its amount estimated, usually 
by titration. If n is the number per c. c., of particles of mass m, id the vapour, 
then the number effusing out per sec. through unit area of the hole is 
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But p = nLT, 

Therofoie p = vv'^nmAT 


Now, if all the particles aic not of the same mass, » r , if there are isotopes 
and diatomic molecules in the vapour, their rates of effusion will be different. 
Let fit, w» be the numbers of molecules of the isotopes («i being more abundant) 
and ni t the number of diatomic molecules, all per c. c. , and »/ii, and mi t 
respectively theu masses Then the numbers of each effusing in unit time through 
unit area of the hole will be given by 


■7^ 


= ».v/a 


' >LT 

2 jiw/i 

= A 


^ LT 

'2niiii 

= A 

'J ini 

' J^' 
2nnit 1 

= A 

-JILL. 

Vniii 


(The number of molecules in which the less abundant isotope occurs is taken to 
be ueghgible ) Therefore the number of atoms contained in the effused matter, 
as obtained by titration, is 


V 


V, + V8+2v,i 


A 


Jfl-. 

s/ nil J 


(1) 


Let * a and ‘ = e 

»*, «i 

Hence we have from (1) 

V = A. 


Then n = «i + nt + «i I = «i(l + a + e) 


■(i 


■«/i 


+ 

^ mi ^ mi j/ 


. (2) 


and p*=n/kT=v, 1 a-1- e ^2nAT , • (3) 

- 

Vmi Vmj ^ will 

This 18 the general formula for the total pressure of a vapour in the case of 
effusion method. From this the partial pressures pi,pi and Pu can be calcu- 
lated since 


Pi* 


Pi = upi. and Pu epi • • • • <8A) 

1 T a-1 e 
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Edniondftou aud Egertuii s calculations assume that both a and e are zero. 
Hence tlic values of pressure us j^iveu by them aie 

Pbk . ... (4) 

We can calculate the correct pressure from the values of the pressure Kueu 
by Edmondson and Egerton by a combination of (31 and (4) Hence 


Pi'F 1+a + e 

-'/wi L+ « 4 - 

'/»«! //w,| 

Bogros considers e= 0 Hence 


('■>) 


^ ^ y.VcT . . . (DA) 

wj y nii 

By a combination of (3) and (5A) we get the concct pressure tiom the values of 
pressure eiven by Bortos. Hence 



. ( 6 ) 


Knowing the total pressure p, the partial pressures pi, Pt and pi i can be calcu- 
lated by the help of (8A). 

In making these calculations a is assumed to be constant and its value is 
taken from the tables of relative abuiidaiice of isotoiics js calculated 

for different temperatures from Gibsou andHeitler’s equation when the rotational 
and vibrational constants of the molecule are known. 


log K = log ^ 


4-578T 


n+ log 


h* "* lOR^l-c 

+ log2 + 2 log gww . 


kT 


(7) 


Goa flow method.— 1:110 expcnmental substance is contained m a chamber 
whose temperature can be adjusted A sb'eam of inert gas strikes the surface 
of the substance, becomes si^urated with its vapour, and passes out The vapour 
Uius carried by the gas is condensed in a cool tube, and its amount estimated by 
titration Let be the niimbei of gas molecules passing out in a certain 
time, and » the number of the molecules of vapour that pass out with the gas 
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The numbers of molecules per t c of the jjas and of the vapoui in the chambci 
must be piopoi-tional to the numbers and r lespectneiy that pass out Hence 
we have 

p = C V AT 
P = C. (r + r,)AT, 

where p is the partial pleasure of the vapour in the chamber, and P is the total 
pressure, and C is a constant. Thcrefoie, 


P 


V 

v + r. 


P 


( 8 ) 


The number v of the vajioui molecules is ostiniatod by titiation, Vg is found by 
the help of a casometer, and P the total pi essiue is ineasuicd by a manometer. 
Thus p can be calculated Tf, howeiei, isotopes and diatomic molecules are 
present wo have, working as befoic, 

p = i'i(l + a+ e)CAT, 

where is the numboi of the monatomic molecules (inoie abundant) in the 
outgoing vaiHiur of the metal , and hence 


vi (l + g+el p 
n (l+o+e)+v^ 


(<0 


Tn most of these experiments the quantity v occurring in (8) is measured by 
titration and. theiefoie, its value as determined m these expenmeuts on tiie 
assumption of moiiatomicity 18 Vi (1+0+ 2e) Hence from (8) the pressure p« as 
recorded by these experimenters is given by 


- vi (l+a+2e) 

V, U + o+2e)+r^ 


P 


Fiom ('0 and (lu) the correct pressure p is given by the lelatioii 


. ( 10 ) 


^ rj (l + a + e)+v, ^ 


Vj (l + a+2e) +vj 
“l + o+2e 


l + g + e 
“^'l+a+2e 


approx. 


( 11 ) 


In these expenmeuts the pleasure of the inert gas is about an atmosphere 
and the pressure of the vajipur is about 2 to 3 mm Consequently vie'^V|r, 
Wc have thciefore 


Ho+e’"l+a+2e 


( 12 ) 


and from this pt and Pi i can. be calculated. 
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li a=0, i.c , i£ the rarer isotopes are neglutible, 


which 18 the same formula as that giveu by Ladenburg and Thiele for the partial 
pressure of the monatomic molecules in the case of gas flow method. 

Statical method— la this method the pressure of the vapour is measured 
directly and the observed pressure is, therefore tlie sum of the partial pressures. 
Hence, if Pi, Pi and pn denote the iiartial pleasures of the two isotopes and 
the diatomic molecules respectively, as before, we have 

p=Pi+pj + Pn 


and tberefoiu 


=p, (l + «+s), 


(U) 


J. Vai'ouh PKE'jsuBfc Values 

iSodmw— The most accurate measurements on the vapour prcssuies of 
sodium are those of Bodebush and de Ynes (1925) and Edmondson and Egertou 
(1927) both made by Knudsen's effusion method, and those of Thiele (1982) made 
by the gas flow method Thiele’s values arc for a higher range of temperature, 
and from those values he has calculated the partial pressure of the monatomic 
moleoules of sodium in the vapour 



The vapour pressure values at different temperatures given by these workers 
for sodium were all plotted on a single graph in which log pT represents the 
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ordinate and ^ the abscissa (Fig 1 ) It was found that all of them plotted 

well on a strainht line, passing through the known boiling point of sodium at 
atmospheric pressure, and having a slope which agreed well with the known 
latent heat of evaporation Xo=26 2 K cal, thus verifying the inter-consistency of 
these values. 

Adopting these values, the partial pressures of the monatomic and diatomic 
molecules in the saturated vapour of sodium at different temperatures were 
calculated with the help of relations (5) or (12) as the case might be, and (3A) 
In this calculation a was taken to be zero , / e , isotopes of sodium other than 
Nais were taken to be negligibly small 

The values of e at different tempeiatiires required in these calculations were 
obtained from equation (7) using the known values of D, Wo and I, and the appro- 
ximate value for pi The values adopted foi the other constants were D = 168 
K cal ; B«=0-154 cm'S Wo 5 cm ^ 


The calculated values of the partial pressures pi and pti aie plotted in 
Fig 2 Following Thiele we have plotted log T and log 71 ,, lespcctively 
against 1 /T Both give smooth straight lines 

The partial pressures Pi, and Pti at any desired tempeintine can be read 


off from these graphs. 



Tig « 




240 


A S. BOATNAOAlt 


Potasntm —Comparatively little work has been done on the vapour pressure 
of potassium. The results of Hackspill (1919) are approximate only. In our 
calculation the followms values have been adopted as being the roost 
accurate Those of Kroner (1918), who employed a modified statical 
method, and measured with the aid of a Rayleigh differential manometer 
the volume change, at constant pressure of nitrogen, that occurred when the metal 
was vaporized His \ allies extend over the range 250*~400*C. (2) Those of 
Edmondson and Rgeiton (1927) who employed Knudsen's method and have 
obtained the vapour pressHie in the I aiige 100*— 200'C, The values of Kroner 
and those of Edmondson and Egerton when plotted, are found to lie on a single 
line, as in the case of sodium, and these values have been adopted for our 
calculations. 

The calculated values of the partial pressures pj and Pn are plotted in 
lihg. 3 The values adopted for the constants were D = 145 K cal, li=0 056 
cm Wo =92 64 cm' ‘ p, can be obtained from Pi from the known value of a, 
namely, 0*07 



Lithtnm —The earliest work on the vapour prsssure of lithium is that of 
Hartmann and Schneider (1929). When a line is drawn through their high 
pressure points it passes tolerably well through the low pressure points of Bogros 
(1982) and Manoherat (1989) also In the following oaloulations Maucherat's 
values have been adopted, as the straight line drawn through his observations 
yields for the boiling point the value 14fK)*C, which is in agreement with that 
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given by Ruff and Johnasen (l‘)06) and foi Xo a valne well in agreement with 
the value 36410 cals given by Fischei and Kelley (1935) Since the points of 
Mauchciat are widely soatteied the values adopted in our calculations aio 
those diiectly obtained from the giaph Krom these values the partial pressures 
are calonlated with the help ol u latioiis (6) and (3\) The lesults aie plotted 
in Fig 4 
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It will be seen fioiH the giuphs that the lationf ihe diatomic to the lunn- 
atoniic molecules m veiy small at low tcmpei atm es but giadiially inf)iiuie<t with 
use of temperatiiie This increase with teinperatiire may appeal at first sight some- 
what stiangi . but it can be seen to be the diicct consequence of the law of mass 
action and the laigo increase in the atomic vapour piessiires with iisnoftem- 
pe ratine 

My sincere thanks aie due to I)i R N Hnvnstavi imdei whose giiidaiiee 
this work has been i ai i leil out 
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f’ll\Mts LmioUAIOUY, \ll MIAIlMt I'MMUSin 
(CoiiiiiiiiiiK a(i.d b) IboUjisDi K S KiiHlinati KUs— Hixci\cil Itbiiiiin 4, 

\ii au oiiiil 1-1 giM,!! ur lilt lauiLiiiuilei oil the tliuiiial loiiuitioii o£ njJiuiu aud ]X)lAbsium atoms 
Ibi v.ijiouiN of Ihtso biibslQiucs riitor a iHcinim Kfuplntc fuiimtc where thej bufln Ihuitiiil loni/n 
lioii 'Iho ])roduttM of the loni/ilion, n tiiul>, the loiii/ed atom-' luul clettroiib, ctiusc out thiou);h a 
imiiow oiKiiui}', iiid arc st|iiiiHlUy tolkitt-d and nuahured From these muisurcmiiils their 
us|n tlive toiiti iiti ilious iiihide Iho furiuuc an i akulatui and thenct the lOiiiAatioii i oiiblant and the 
( iicinv of loiii/iition rhi (noriry of loiii/iilioii w found to he 118 6 K ciil fjr the hodiiim iitom and 
on 0 K ( il for till iwl isbiiim itoni 


1 fMiit)i)i;t l^o^ 

Tho thoiiuiil ionjA.itu)ii ol atoms has boon studii d t vpennK'iitally by sc\cial 
woikcis Tlio 1 IIHC 1110 U 8 method doN eloped by LaiiKmuii and Kinjrdon (1025) 
and used by them foi the study of the theimal loni/atiou of caesium \apoui has 
been adopted by many workois, t (j by Killian (1920) for rubidium, by Moyer 
(1030) for irotassium, and by MoikuIis (1934) for sodium Tins method, however, 
involves unceitaintics due to the adsoiption of the atoms a id ions on the surface 
of the filament The thickness ot this adsorbed layer is found to vaiy with the 
temperature of the filament and with the piessiiie of the vapour, and is not 
iimfoim all over the filament surface 

The adsorbed layer alters the theimionic work function and thereby con- 
siderably changes the rnten'>ity ol eleotionio emission Hence the unceitaiiitics 
referred to On the other hand the method developed by Rrivastuva (1940a) is 
direct and simple It is based on the measurement of tho i,ito of efl’usion of the 
products of thermal ionization fiom inside a heated chamber containing the 
vapoui through a tiny hole in the side of the chamber Using this method, and 
using a vaciiuin furnace for the pi odnotioii of the required high temperatures, 
Snvastava investigated e\penraentally the thermal ionization of barium and 
strontium up to about 1600°C The results obtained were found to be in good 
agreement with the theory 

In the piesent papei the same method has been employed to study the 
thermal ionizations of sodium and potassium atoms The temperatures used are 
243 



hiKhei than those used by biivastava foi baiium and stiontiiim, and extend up to 
1700°C I he liiKh i eactivity of sodium and potassium requires caie in working 
'rh(' loiii/ation iiotential of potassium being low the ionic currents involved are 
ninth largej thau inbiiiuimoistiontinra,oievcninsodiuin.andonocantheic- 
lore woik with smallej angular aptitnics foi the collecting Faiaday cylinder 
— winch 18 an advantage 


J AI'OAUAIIIS 

V lull dcstiiption ol the .ippaiatus has b< i ii given by Si ivastiu a in hn 
papti on baniiin 



111 all) the main ill! iiacc consists ol a giaplute tnbi K (Kig, 1) bound to 
electrodes inside a vacuuni chauibci The tube is heated by tlio passage of a 
heuij ciurent through it from a loiv tenxioii tiausbumei Since foi soduiiu 
and iKitiissiuni much lower tempeiatiiies aic leipiued to develop the neccssaiy 
vapour pressure, the nuxiliaiy tiiinace A, containing the metal, was screwed on 
to the Olid of the main giaphite furnace and was made of non The auxiliary 
fuinacc IS heated by conduction fiom the mam fimiace and the length of the 
tube coiinettiiig the two was adjusted so as to pi ovule the icipiisite temperatuie 
in the aiuiliaiy furnace, which was lead bj the thcimocoiiplo T 

3 TufcnjiY ot' TUI Mkhiod 

Fiom a consideration of the g( omctiy ol the aiiangement of the giapliite 
furnace, namely, with the elfusiou hole at its end and the liimtiiig diaphragm 
of the Faraday cylinder placed at some distance, Srivastava (193S| has shown 
that the ionic cunent is given by 
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where pi is the partial piessure of the ions inside the fiiinaoe m, the mass of eaoVi 
ion, S the area of the effusion hole f the chaise on an ion, r tibe ladiiis of the 
hinitinc diaphragm and d is the distance of the limitin(f diaphrajjra from the 
cilusion hole fSimilai ly, for the electronic cviiiont 


^ Pc b _i 

f^ + rr ’ 


wheie p denote^ tlio i),ii tiiil piessiiio ol tlie ohctioiis in the iniiin luinacc and 
vh the mass of an election 

Kioni (l) and ( 2 ) ive li.ue 


IC ^ 


P‘ P< 
l>> 




'S ' 4 ' 
/'< 


V lit, Vlf 


(3) 


when i>,i deiioUs the inc^suic of tin umoni/,ed .itoins m tlic mam fiiinace 

Tf 1 IS th(' sensitiNily ol the eal\ aiiometei .111(1 f/"'' and (/ .ue tlic dellections 
toil Chpondin;;; 1(1 .iiid wt havi (d* and —ctl and subsLitutuiu in 
( 3 ) wc obtain 


‘S'V /•* ' 1>« (lOldxK)'')* 


(4) 


whole the pieshuies aic cxiircssed in atmospheres 

VccoidiiiK to Daiwin and Kowki s modihcation ol the lonuation foimula 
we ha\ c 

h + 2 - 1» >' <'•') + 

wlmio /'i IS the (iierjiy icipurcd to loni/c the uneccited atom and Qe the weight 
factoi of the electron whu h is equal to 2 Now 

/, (T) = + , (6) 

5 (T)= + e-(x'i-x..dMJ’4. yg,„ c-'x-.-x'. ")Mr+ (7) 

7h and !//,, denote the weifjht latlois and /„ and v,, „ the en'‘iL(ies n-qiiircd to 
10111/, e the iioimal atom and the evuteil .ilom in the Mth quantum stale lespcc- 
tively Kqn. ( 5 ) may be written 

loK K = 2 log T-h 471*+ loK 2 +loiir('/(T)-loK//(T) ( 8 ) 

where U is the energy of loni/ution of a Kiam-atom of the metal in calorics, and 

NeVi 

18 equal to g^j, wheie Vi is the ionization potential of the metal The pre#- 
Burcs nio all cvpicssed in atmospheios Vi foi sodium is equal to 5 12 volts 
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and for potassium 4 3J volts. />(T) and b(T) have been calculated fioni the 
energy states given by liachei and Gondsmidt (I9d2) For both sodium and 
potassium <i(T) comes out to be 2 0002 and //(T) 1 0000 at the temperature of the 
expoiimeiit Eq (8)ieducesto 

logK=— y IogT-<)47'i (0) 

Substituting tilt c\peiinK iitally dotcimincd value ol K lioiii (1) in (O) 1; can be 
calculated 


1 ExPERlMhN'l \i 

The giHiiliite tube luinace w.is Ihoionghly outgassed bj sending i large 
iiitcrinitti'ut heating (.uncut Ihiough the giiiphito tube till the (diaige collected lu 
the Faiaday cyliiidci m a blank (xpciinienl became negligible.* The metal was 
then intiodiiced 111 tlu au\iiiaiy tuiiiace The heating cuiieiit was vaiitd to 
change the tenipej atm c of the main fnin.ice Ooiicsponding to anyone teiu- 
poiatiuc of the Iiiinace, the leinpeiatui c of the auxiliaiy fninace was ineasiiied , 
the negative and positive cm Kill delleclions of the galvanomctei, £oi a given 
positive 01 negative potential applied to the Faraday cyliiidci were also obsoivod. 
The cun puts aie exticinely sensitive to tempeiatiire lluctiiations in the main 
furnace caused by slight variations in the supply voltage Headings aie taken 
ouly when the tempeiatiire is steady 

One of the quantities to be detei mined III eij (3) is p,. This is the partial 
pressure of the atoms in the mam furnace This can be aiipioximatoly calculated 
from the i elation 


+?>« V2) (10) 

as has been shown by ISiivastava (1040) Here p*. and pn lefcr to the paitial pics- 
Biires of the monatomic and the diatomic molecules respectively in the auxiliary 
furnace in which the metal is contained T' and T are the temperatures of the 
mam and the auxiliary fin naces uspcctively The values of pA and Pm in the 
saturated vapour of sodium and potassium at diHeient tcmperatuies have already 
been calculated by the aiithoi elsewhere (Bhatnagai, 1043) aud the results 


‘Though the vapour pressure of the electrons inside the graphite chamlxr duo to the evaix) 
mtioii of elc< trons fmm the surface of graphite m negligible III lompariBoii mth the \apour pressure 
of electrons due to the loniratinn of the sodium or the potassium atoms led into the chamber, thi 
former pressure (namely of electrons lu erpiilibrium with the graphite surfai e) can be measured 
and the uork function of graphite lalcuintcil therefrom This is deali mtb m a separate papi i 
which will be published sbo> in this Journal 



THF TllEUMAl- lOMZA'IlON <»r ‘'OPHTM AND l*OIA"'lITM ATOMS 24 ? 
(IciMcted III tho foiiii o£ ‘'i.ijihs fiom wliu h th< \aliifs ipqniicfl at difforpiit 

tcmporatiues 111 tins p\|)pnm<*iit liavp bp<>n iPtul 

■|. K 1 ST 1 Ts 

iSw/i/tt/i — Mni-riihs (I'tJi) sjiudiod the tlieinml loni/ation oE sodiiipi viiiiom 
on a "lowint? tungsten sni fac 0 Latoi in tho ‘■amc >cni l)obii/ow (1M?4) invcsti- 
tiatc'd tho ionization of eodinni \aiioin on tiinnsten md inolj bili'ninn sm-faios, and 
that of potassintii on tiin<^stca coated witli tlioiinm Mtnmiim Keibeand 
l^oiniie (1034) bn\ e studied tlie loni/ation of sodium and i nnsinm vaiionrs on 
ttlowuip; tnn^'sli n and rheninni sill laces Tlie cvpeiuiK iital method billowed in 
all llie above detei minations was tb if of Lanamnii and Kinifdon. With sodiinn 
on tniifrstoii sni fiu ( Moiu:ulis found little loiii/.ition it low bmpeiatnios 
but at hit'll teinpn itni es (he sodium layei evapontis lesultin;' in an iiu 1 1 asi' ot 
lonizalion Foi i snii'li tempeiatiiie howe\<i he finds ddlrient det'ieesol 
ionization foi diifeient picssuiet. wIik h si ems to be due to Die laijiiiK 
adsorption of the atoms on the filament siiiface 'I'he e\pei iinent's can, 
tlieiefore bo eonsideied liaidly satislactoiy 

The obsei \ ntions oil the thei mal loiii/atioii of sodium, made by the pieseiit 
method, are mvon in Tabic 1 As will be seen lioni the Table die result' 
obtained ai<‘ within I b% of the value of U as detei mined spocti ostopieallj 

/Vosstow — The loni/atiou of potassium on tungsten surface has been 
studied by M J 0opJp> and '1' K Phipps (103')) and on -rlowina plntimim and 
tnnifsten siiifaces by H Meyei (1037) These d(teiminntions also ai e subject to 
tlie same imccitaiiities as those of sodium 

The \ alue of j), toi iiotassiiini has been detei uiiiied in the saim wh> as foi 
sodium 

Table n I'll (s the obsen.itioiis on the thermal loiii/ntioii of potaasiiini and 
the calculated value of U Tt will be obsoived (bat (he evpenniental value of 1' 
at!:!! es \Mtli (lie V aliie of ( detei mined speetiosi opieallv to williin IS% 
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G DiscP'isioN ot riiK Results 

It will be ob8eived that a amali pciceiitaKC oiioi in the measuioinont of tin 
temperatiiic of the mam furnace produces an erroi of the same oidiT m I’ ^o^\ 
1 % error m the mean teiupoiatuie used in the calculation is veiy likely The 
temperature distubution along the graphite furnace depends on the thickness 
of the tube Tt IS maximum over a small region in the middle and falls otV at 
the ends. To get the mean temperatuie, the tempeiatuie ovei the whole length 
of the tube at short distances fiom the centie is measnied up to the effusion hol(‘ 
and the mean obtained This proceduie, though not the best, is the only one 
available. This limits the degree of accuracy with which the tcmperatnic ot 
the furnace can be determined though the pyrometer can measiiie tempei atm c*. 
correct to about 2‘C. Hence the observed deviations in the value of U in oiir 
experiments with sodium and potassium aie well withm the limiti o£'e\peiimeutal 
error The value of log K is very much affected by any enoi m the measurement 
of the radius of the effusion hole as this quantity occurs in the foiiith [lowei 
in the equation The hole is extremely small and is made as pei fectly cirtulsi 
ns possible. The diameter is then taken as the mean of twenty diameters 

In conclusion, I take this opportunity of expressing ray sincere thanks to 
Dr B. N. Snvastava, D Sc , under whose guidance this work has been done, and 
to Dr A. N. Tandon foi allowing me to use some observations made by him on 
sodium and potassium, and to the University of Allahabad for meeting the 
expenses of publication of this paper 
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By Bj-shambhajj Dayal SAX8fc>A 
Lectuwr, Allahabao University, Aii.ahabad 
(( oiuruuriiculed by Professor K fi ICnshiiiiii, h R8 —Received August. 10 1048) 

The triangular bi pyramid model and the square pyramid model for the molecule of liquid PCU 
hava been czaminod, and a normal co-ordinate treatment has been made to find tbo force-constants 
niid frequencies m cilbci ease fhe force-constants arc obtained from the |JoIaril^ Raman fror{Uoii 
( los of the liquid spectrum U is found that for the triangular bi pyramid model the P-01 force* 
( onstiiiit in pel, has a gieatcr value than that in PCI, although the P (.T distance in PCI, is greater 
than (hat in PCij The Cl Cl foice-constaiit w negative although it is positive in other coinpoiinds. 
Those considerations and those of dipole moments enable us to discard (he triangular U-pyraraid 
model 

A fairly good agreeraoiit between the observed and calculated fi-equcucies for the square pyramid 
model IS obtained by assuming tho P-Cl force-constant as 1,5 x 10* dynes, Cl-Cl force-constant as 8 x 10* 
dynea, if* , » 01 x 10* dynes, where J is the force-coDsUnt of Cl P-Cl angular deformation. 
The calctilatwl value of P-Cl force constant w in good agroement with ibe value lo bo expected on 
the basis of the dissociiitioii ciicigy of the compound and the P-Cl distance. 

1 Introduction 

Mom eii, Magat and Wetroff (1938) have made a spectioscopic study of the 
stiucturc of liquid PClj, and have come to the conclusion that iii the liquid and 
vapoai states the subetaaoe exists lu the form of a triangular bi-pyramid. These 
Authors have studied the Raman spectra of PC1& nv the solid, liquid and vapour 
states, and have also studied the polarisatiou characters of Raman hoes. Then 
lean Its aic as follows 


Tabi.e 1 


Liquid 

lot) ( 10 ) 

i% ( Id) 

271 (b 

8s) 

392 (i) 5«) 

449 {'2d) 498 ( 2d) 

p 

6/7 

b/7 


P 

b/7 b/7 

Solid 



224 

356 

409 

450 

Vapour 

w 


226 


400 


Solution 

96 

189 


^51 

396 


in PCI,- 

P 

6/7 


P 

P 



The selection rules for the triangular bi-pyramid model (Wilson 1034) give 
siv Raman lines of which two should be polarised and four depolansed As this 
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numbei i8 observed foi the liquid, these authors conclude iii favour of bi- 
pyramidul model foi the molecule of liquid PCU It appears quite justifiable 
to assume that fioquencies 44*) (2d) and 4*).) ( 2i1) aie not independent 
chaiacteiistic ii equencies but aio duo to a Peiini splittinp; ot a churactoiistic 
fiequency at 461, because ]')0 + 27l=4bl The observed iiiinibir is thus even less 
than that required foi the triaiiKiilai bi-pyraniid model Wc find that the 
spectioscopic results arc not in favoui of the tnanaulai bi-pyiamid model , on 
the contiaiy, they sii^j^est a squaie pyiamid modf 1 foi the liquid molecule 

It is possible to calculate the P-CI and Cl-Cl loice constants in the molecule 
by assuming the two totally synuiutiic vibiations ol the tiiangulai bi-pyiamid 
model to be 100 and 302 The values of iJie P*C1 and Cl-Cl force constants will 
depend’ on the P-Cl and C1*C1 distances. According to Magat* Mourcu and 
Wetrott' (1*030), the P-Cl distance 18 2 00 A TJ and the Cl-Cl distances aie2 96 
and 3‘62 A U Konaiilt (1038) finds fiom the election diffraction studies in 
PCls vapour that the miuiinuni Cl-Cl distance is 3 08 A 1', and takes the P-Cl 
distances as 2 1 and 2 2r)A U According to Uiockway and Beach (1038), P-Cl 
distance in PClj, POCl* and other phosphorus compounds is 2 02 A U, while 
theC'I-Cl distance is 3 08 A in PCI j and 322 A 1) in POClj One may, 
therefore, reasonably expect the P-Cl force constant in PCI 5 to bo less than 
that in PCI f, whole its value, uccoiding to the calculations of Howard and 
Wilson (1031) IS 2 1 X 10® dynes. 


2 CaF/CUI/Ation or’ Foacb Constams for hie Tkiaaoular 

BI-PYRAM11> MOllLr, 

Assuming the tnangulai bi-pyramld nuHlel fbr the molecule, the three 
ohlorine atoms (1), (2), (8) he in one plane at the corner of an equilateial triangle 
with the phosphorus atom (6) in the centre The two remaining chlorine atoms 
(4) and (’i) form two pyramids on cithei side of the tnanglc so as to keep the 
plane of symmetry 111 the triangle Tfic system belongs to the point group Djl, 
and the two polaiieed Bamaii lines aie the two totally symmctiic vibrations (7 e , 
those that preserve all the elements of symmetry) of this point group. These 
iiu (a) one III which the thicc chlorine atoms (1), (2), (3) move along the P-Cl 
VH lent e bonds, all towai da or away fjom the iihosphonis atom (6) , and (b) the 
othei in which the cliloiiiic atoms (4) and (h) move towards 01 away from the 
phosphoius atom (6). 

Foj hnding the force constants we consider two different cases (x) one in 
which all the P-Cl bonds in the molecule have the same length and (ii) the other 
in whif^’jli the P-pij distance outside the plane of chlorine atoms (1), (2), (3) is 
dtfl^ipreyt fioin thq P-Cl distaupe in the plane. 
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The moetuoneial potential energy function for the totally syunnetnc vibra* 
tions may be written as 

/. ^3 (A»i 6)* + /.‘ + l«(Aru)‘ + Ai ^^(Aiii)- 

whcie /i and arc the foicc constants of P-Cl valence in the plane and outside 
the plane of chlonne atoms (1), (2), (3), A, and At the Cl-Cl force consUnts 
outside and in this plane and Ar,j is the vaiiation of the distance rij between 
the atoms * and j If the displacements in the two symmetry modes (a) and (b) 
given above be a and P lespectively, the ])Otoiitial eneigy V and the kinetic 
energy T aio given by 

2V=3A a* + 2A' p' + 3 /. , (y3u)’ + (W, i 


The frequencies u)i and loj are given by the expiessioiis 


(1+*) • 




^ 2 2 vn* - 


( 1 ) 


wheie (Aj/Ai)=x, (A '/A) = * and w (in cins ') = , c being the velocity of light 

For hnding A*/Ai wc use the Cl-Cl loice coastaats calculated by Nath (1134) 
loi various tetra-chloiides (Table 2» If we assume the Cl-Cl distances 


Table 2 



Cl-Cl force constant 

Intel -iiucleai Cl-Cl 
distance 

GCli 

. 1 045X10* dynes 

2-98 A’ 

Si Cli .. 

283 X 10* 

3 29 A* 

GeCli 

j 232x10* „ 

343 A* 

Ti Oil 

i 155X10* ,, 

3^1 A’ 

Sn Cl 4 

1 129X10* „ 

8-81 A* 


in the PC1( molecule to be 2 90 and 3 02 (Moureu, Magat) the above table 
gives {}ctfki)^k, whereas if we take these distances as 3 08 and 8-62 





204 


hlSHAMHlIAh DAYAF. SAkbEiVA 


(llouHult) we &ud We solve equation (1) foi k, k'’ aud ki tor dirfeient 

values of X (/i}//.i) and *(/.'//. i) Foi * = I we obtain the solution loi case (i) in 
winch all the P-Cl bonds have the same length Table 3 shows the lesultsof 
calculation foi cases (i) and (ii) sepaiately 


Tabi,e 3 



Case 

(l) 



I 


Case (ii) 



a-* 

' 1 


h 

0 

[ 

i 

1 

1 ' 

1 

A 

*-*• 

1 

1 

1 


1 

1 

05 

1 

05 

1 

4x10 » 

1 3 67 

380 

3 96 

32 

1 813 

3 33 

312 

8 36 

3 09 

3 4 dynes 

4^x10-“ 

3 67 

3 80 

3% 

21 

1.56 

333 

156 

336 

154 

34 

A 1 X 10 “ 

1-121 

-1 20 

-1U| 

0 

+ 035 

-08 

1 035 

- 083 

04 - 

-085 


For case (i) wc find that the (alcnlatcd values of P-Cl and Cl-Cl force 
constants aie veiy much highei than the expected values, and the latter foi ce- 
ooustauts aie also netcative It follows that the structure as represented by case 
(0 does not fit in with the expeiimental data 

For case (ii) the value of P-CI force coustant in the plane of Cl atoms 
(1), (2), (8), 1 c , /c 18 in all cases much gieater than 21x10“ Furthoi for a 
positive value of /ij (Cl-Cl foicc constant) the value of * (k'lk) is less than 1, t e , 
/> 10 A.' Wo can reject this structure as well on the basis of, the iirst lesult 
alonq (A:>2 1) but the second result also leads to the same conclusion According 
to the Allen and Longair (1935) the force constant Kr and the intcr-nucleai 


distance K« may be connected by a relation of the foim ll«’ = 


(Kd* 


or Rf® Ke = const 


Wc may use this i elation to find the variation of P-CI force constant with 
P-Cl distance According to Rouault the P-Cl distance in the plane of 
the Cl atoms (l), (2), (3) is 2 1 A while outside this plane its length is 2*25A The 
P-Cl force coaatants in the two cases are h and k^ respectively. Therefore 
(2 25)" A* »(2 1)*A: or kik'’ =1 5 Thus for a bond length 2 25A the value of P-Cl 
force constant 4' should be 4/1 5 By calculation on the basis of triangular 
bl-pyramtd struettiro 4‘< 4/10 Wc are tbciefore justified in assuming that 
the trlangulai bi-pyramld sti itcturc is not in accordance with the spectroscopic 
data. 
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The tiianfiiilai bi-pyramid model will havezeio dipole moment but Irniiel 
(1931} finds that m CCI 1 uohition the gubstance shows a dipole moment of 87 1) 
This IS m anieemont with oui deduction that the spectroscopic icsnlts do not 
support the tfiaiignlai bi-pyiamid model foi the luimd molecule Rouault has 
suggested the tnangulai bi-pyiamid stinctuic foi theiapoiii molecule, but ns the 
spcctioscopic lesults loi the \apoHi state aie viij incomplctf, nothing can be 
stated definitely about it Howeiei, it will be i\oith while to uot<' an obseiiation 
of Riockwuy and Beach on the election difiractioii stiidi ol g.i^ ‘ that the 
sqiiaie [lyiamid model and the tiiangulai bi-pyiainid model both show good 
agieenn lit with idiotogiaidis and the « hone between tin two much Is ( niuiot be 
made on eleelion ditti action lesnlts 

3 Square Pyramid Modfi 

We shall now evaraine the squaie pyiamid model ns an altoi native stiuctnie 
Let the chloi me atoms at the foHi coiiieia ot a Mpiaio he called (l) (j). 13' 14) 
III succession, thechloime atom outside the sipiaie on a iiui mal to tlu‘ iilaiie 
passing thiough the centie ns (5) and the phosphoius ati m at the lentie ol the 
square as (b The sjstein belongs to the point gioup 0*1 The chaiactei table, 
uiimbei ot modes of \ ibiatiou and then selection iiiles in the Rani'll! Elfec t and 
mfia-ied aie given b< low m Table 4 


Table 4 


Oiv j K 

2Ci‘ 0% 

>0. 

I 

2<j'. 

n T 

1 

Selection mb's 
Raman | Infra-ied 

A 

1 

' I 

1 

1 

1 <? 

3 

pol 1 1 

B 

L 

1 1 

'-1 

1 

-1 

1 Q 

1 

0 


C 

1 ' 

1 1 


1 -1 

2 ' 0 

2 

dep 1 

I) 

1 

- 1 1 1 

~l 

1 

1 0 

1 

dep t 

K 

" 

0 —2 

1 

(1 

Qk. Qjr, 

) Qajr, Q« 

3 

1 dej) a 

11 11 1 


1 ■ ' ' 

^ 1 

0 

loi the who 

le mnlec ule 

Fit 

IH 

1 4 -* 

S 

^ 4 





a - nctiv e, f - foi bidden, dep— dcpolai isc d 
The table shows that we should expect nine lines of which thiee should be 
polarised and six depolarised The fact that this nninber is not observed is 
most likely due to experimental difficnlfies beeaiise, as the < aiciilatioii shows, 
several frequencies he wttfam 150 cm'* 
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We shall now calculate the foice constants by asBumina three polarised 
trcqiiencicB lOfl d'iO 3»6 as belonmnK to class \ and then evaluate the remaimnk' 
tieqiiencies hor this pnrpo'-e we have to write the symmetry co-ordinates in 
terms of the co oidinates of atoms lefeired to thm equilibrium positions as 
origin If -r y * be the co ordinates of the t th atom with lespeot to its position 
of rest as oiigin then foi the atoms (I) ( *) ( 3 ) ( 4 ) positive a* points towards 
the phosphoi us atom (61 at the centie positiio a points iipwaids pei peiidicnl ii 
to the plane of the sqiiaie and y is at light ingles t<» both such that the motion is 
right Innded hoi atoms Ci) and ( h) and / lepiesoi t m >tioiis pei pi nilu nlai 
to the plane of th( sqiiaie while \f \ aiulYs Y lepieseiit motions painllel 
to the r and y axes lespeitivdy I he syinimtry co oidinates aio 
(i -♦ (*1 + * f *1 f / is ) + / ■.^ / 


u'.-* 

iri4^,4aj + x, 

1 

\ 4 

q' -> u 

(*,+*,4 *, + *, + / ) 

(b/ ) 1 


q\-* 

*1 4-*i + * +*1-4/ 




Vi + Vi+yt + yi 


B 1 

Q' - 

ii + r'^-Xi~T^ 1 


. C 2 

q':-* 

*l + *T*,-*4 f 




U's-* V\*V3 Vi- Vi 

(i*-* Wi* (l/i -Ts-y, + T 4 ) + «?i* + X 

(ri-^Vt-x Yj-wj^ ^ 

Q« -» r (n 1 +w/i® (rt-c) Yo-»»j* eXfl 

+wjj^ n (* 5 -*i) 

Qti./ -♦ r (t/i-T,-?/s + '»i)-»'i* + c \r 

4 rt {Xf - Xi ) 

Q'l -aJs)"* ( yi ~ Vi ) 

Q,'its“*»«»* (l/i-S'i-yo + irtl - 4 »ii) \ 

{xi + y —Ji — y ,) + 4 «ii^ 

Q'l - cwi* yi “Vi + a"d 

+ (a-c) rw,) c \c 

«ii* (sci + y»-!r,-yi) 

Y|+ 7 »t* c Yfi 
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wheie ‘ a ’ 18 the P-Cl distance, ’ the dwtame of the centre of gravity of the 
square pyramid model above the cential atom (6) Ic=rtwij/(5j«, + w,), where 
wi) 18 the mass of the chlorine atom and w* that of the phosphorus atom ] 

( For the formulation of the potential energy function wo use only three force 
constants. 4: that of the primaiy valence P-Ci, of the repulsion between 
the Cl-Cl atoms, and d the force constant of angular Cl-P-Cl deformation The 
calculation of foice constants and frequencies ^s given below 

r'/ass A If a, P and y aie the displacements in the thiee modes Q,'i, 
and Q'o the potential energy is given by 

+ (pP-4y)'' + 44»(v 

where p=(i«i + w/j* 

and the kinetic energy by 4mi o* f(')Wj+25»W|)p* t 20wj y* 

The fre(|uen( us aie given by the deteiminant 

4/. + 10/,,- 4m, X’ 0 104, «0 

0 3M54+158/-r)(;M,+ 

104, -2') 15(4-1/') lG4+.504,+4d'-2ft««,X* 

where d'=*d/«* 

Plata P The two frequencies (i'r. are given by the deti^inant 
44 + 24,-4m,X, 24, 1*0 

24, 24,+4d'-4»M,X’ I 

Clast D The single fiequency Qb is given by X* = (24:i + 4d0/wi. 

Class E The fiequencies Q'i*«, Q'u® ai? given by the determinant 

24+04, +4rf'~4miX' -(10 434 + 93464 ,-20 8(W') 4, *0 

-(10 434 ¥ '93464 , -20 86i/') 54 44 + 87354, +145 id’ -( 93464, - 8 W) 

— (16«ii + 4rKt)4* '• ' 

2»ii(l--^'X* 

4, -(93464,-8 56/) /,+2/- — 

3 - 

a t 

If we take 4:=153xl0^ 4, =02x10®, / = 0'0lxi0® dynes, we 'get the 
frequencies given m the second column of Table 5, Observed frequencies afe 
also given for comparison, , 

V 4 
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Class 

A 

C 

I) 


Fioquoncica Qalciilutod 
410, 314, l‘J3 

2fi0, 70 

' 'i46 

' '44*7, V>\ Ilf) 


Ficquoucics obseped 
306, 351, 06 in solutimi 
302, ( ), lOOln llq “PCI, 

271. ( y 

( 100 ) ' ' ’ 
440,405, ( ),( ) 

— ' \ 


The aKioenioiit bctwi'ou the obsoi vcd and cttU iilfttod values is fhlrly qrtttd 
and the values qf the (force constants obtained aie quite lensonable The value 
of P-Cl force coufetant u. less than that in PCl^ as the P-Cl distance m POIj 
18 ttrcatci than that in PCL The Ci-CI foi c( constant is positne and ol the 
right order The calculation also fehows that the missing ticqutiicu s ai< neai 
the evciting lino, and so theie 18 a likelihood of then being masked on .n/c^iint 
of the back-ground The cxpciimcntal obseivations, theiefoie Pit in with the 
square pyramid model E'lom chemical eiidence {te, reactions of PCI5 with 
liidene, styrol, asymmetric diphenyl athylen) Borgmann and Boqdi (l9ol) 
conclude lu favoivof the equate pyramid model for the molecule of liquid PClj 
Rmlick, Kurz, and Rosenfold have proposed the same stiucture for the molpciilc 
ofjhqdfd ‘labels' 1 

Sutherland (1938) has shown that the dissociation energy, of a linkagq, ^ 

IC R * 

given,, by jwtT whore D is tlva dissociation energy, R« the intei-nuclcni 

distance between tho^atoms and K, the force constant betyt^en them and m and n 
are constantlB M^ckc (1931) also proposed the same 1 elation Using thi^ 
relation it is possible to compare the values of P-Cl force constadts in PCI 1 
and PCIb* 'P huB ■ ' ' ' 

I , wheie, Ri !«%? P-Cl distanccl 

I I ' 1 ' < t " t < 

Th^e value of the P-Cl distance (n PCI# is' 2 02A (Brockway and Beach) and iq 
PpU Its value may be taken as 2 lA U (Rouault) The P-Cl foice constant irl 
Pt?l» IS dynes (Howard and Wilson) Accoiding to Jan Khan and 

Samuel (1936) the dissociation encigy of the P-Cl linkage in PCI , is 8 K Cal 
wfule in PClj Its value is only 69 K Cal Substituting these values in the abovJ 
equation the value of Kpcj^ conies out as I 54 x 10*^ dypes Thie compares veiy 
well withtfie valiue of ICpj;;,^ = l'53x 16* calculated, with the help of spectroscopic 
dita on the basis of the square pyramid mode], 
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We may alw use Allen-Lonnaii’s i elation to compaie the P-Cl bond strouKth 
inPOlaandPCU We Uve 

^PClj ^ ~^PCl3 ^ 

Hubbtitutmg 111 tins equation the valueh ot K and R as given in the 
picvious paragraph wc have «=(‘J 1/2 02)® The left-hand side is equal 

to 1 37 while the right-hand side is equal to 1 2b These considerations 
show that the value of Kp(^,^ = 1 53 X 10® m veiy nearly the correct value, 
and agrees with that to be expected on the basis of the value of the intei- 
nuclear distance and the dissociation eneigy of the uiolcculc. They tliiia lend 
additional suppoit to the squaii pyiamid htiiictuie tei the molecule of the 
liquid pels 


4 8UMMARY 

The Raman trequeucies foi liquid PCfj spectrum aie examined and 
assuming the stinctuie to be triangular bi-pyramid, the foice constants bf P-Cl 
\alcncc, Cl-Cl zepulsion are calculated by using the two polarised JJaman 
licquencics 302 and 100 ems * It is found that the value of P-Cl foioe constant, 
if wc assume that all the P-Cl bonds in the molecule have the same length, 
IS 3 07 X 10® dynes which is highei than the coi responding value L’ 1 x 10® dynes 
111 PCls ulthongli the P-Cl distance in PClj is greatei than that in PCI3. 
h'liithei, the Cl-Cl foice constant is negative while it is positive in other 
comjioiinds The case, 111 which the P-Cl distance outside the plane of Cl atoms 
( 1 ), ( 2 ), ( 3 ) IS greater than the P-Cl distance 111 the plane, has also been consideied 
and leads to similar results It was found by the use of Allen-LongaiPs lelation 
that in this case the ratio of the calculated values of P-Cl force constants is very 
different from what one womld expect on the basis of the P-Cl distances These 
considerations and those of dipole moments enable us to discard the tuangular 
bi-pyramid model 

The square pyramid model in which the phosphorus atom is at the centre 
of a sqiiaie with foul chlorine atoms at the coriieis and the hfth chlorine atom 
18 outside the squaie is next considered Using k (P-Cl) force constant 1 63x 10® 

dynes, Cl-Cl force constant =*‘4x10* dynes and d'= , the Cl-P-Cl deforma- 

tion force = 01 x 10® dynes, the frequencies calculated for class A are 410, 314, 
128 (obs 396, 851, 96, 392, ( ), 100) , foi class C, 280, 70, (obs 271, ( ) ) , for 

class D, 14b (obs. 100) ; and for class K, 497, 165, lib (obs 495, 449, ( ), ( ) ) 
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A fairly close aKroement between the obseived and the calculated frequencies 
and the leasonable values of force constants obtained justify the pioposcd 
stinctuie 1 Hither the calculated value of PCI foico constant is in good 
agreement with that to be expected on the basis of the dissociation energy of the 
compound and the P-Cl distance 

The author wishes to express his thanks to the Univeisity of Mlahabad foi 
a gmnt towards the expenses of publication of this papci 
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THE CllYSTAL STRUG riJRES AM) THE SPACE GROUPS OF SOME 
AROMATIC CRYSTALS 

I-PHLOROGLUCINOL DIHYDRATE, s-Gf.\U{OHh. 2H,0 

« 

By S L ClIOHGHADK 
Lajiokaioiiy, IfNivtiwiry ot Ai>iaiiabai> 

(Coinmuniciitod by Profcasor K. S Krishiiaii, F R is — lUituvcJ Ottobcr 14, 1943) 

(Plate 1( 

I’hloroj'liumol <lihjdmli, cryhtAlli/u> ui ibt orlhotboiiibic sy^ttnl Its unit cell h«s the 
dmicnfiioiiH 

/i-81«, ^ = 13 61 A 

and It contains 4 molc< ulfj of »n ,(OH), iH,0 Ihe uyulal habit i« pseudo hex aj?onal, with 
‘a as the pseudo hexAgunal aits 

Ihe ohseivcil (haraitenslii iTtiiiiliotis it) X ray ivlliitions m 

(Oil) with U+ A odd 

(40/) with i odd, 

whuh iJOiut to Ihespiu-c group being cither Q/,'* or btiiec these s|)aee gioups belong to the 

bipyramidal aud the jiyramidal classes reapeetively, observutions on the external form of the erystal 
should enable us to decide between the two space groups But unfortunately the pyramidal tea's 
do not appear on the crystals broiu other eonsiderotions, however, the space group Q;^" can bo 
definitely ruled out Ihis space group rwiuireb the moletulc to ikwscss cither a centre of symmetry, 
orapluucof syninictry patallello(OOl), a centre of symmetry foi the moletulc will be iiieonbistcnt 
with Its ehcniieal formula, and a plane of symmetry parallel to (001) inconsistent with the observed 
X ray reflations, and also with the magnetic and optical properties of the crystal Ihe only other 
siiacc group that < an fit with the observed cxUnttions namely <''ii should thcaforc be regarded 
as the correct space group foi the eiystnl 

1 Introduction 

Evteiisivc raeafiuremeiits* have been made diiritig leoeitt years by Professor 
Kiishnaii and his collaborators. Mis Lonsdale, and others, ou the magnetic and 
other propei-ties of single crystals of aromatic compounds, and the results obtain- 
ed have been discussed by them in relation to the orientations of the benzene 
lings in these ciystals. For some of the crystals a detailed knowledge of the 
eiystal structuiet is available from the X-ray studies made by Robertson, Mrs 
Tjonsdalc, Miss Knaggs, and others , foi some others the dimensions of the unit 
cell and the space gioup are known ; while for the majority of them the availa- 
ble crystallographic data are meagre We have, therefore, undertaken a 

*Sce K IxiuBdale, Rtpor/s ok Progress tn PAjius, 4 (1888), 368 
fiJec J M Kobcrtwii), silJ 4 (1938), 889 
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systematic study of the space {rioiips of these ciystals, and the results will be 
published in a senes of paiieis of which this js the fust The piesent papei 
cojMjerns itself with the dcteminatioii of the space gioup of phlorOKlucuiol 
dihydrate 

Pbloroglucipol dihydrate ciystalhnes i|i the orthorhombic system Well- 
developed single crystals are easily gro#u by the slow e\ aporation of a solution 
of the substance in ether oi absolute alcohol They appear as thick, transparent 
six-sided tabular plates parallel to {001} and bounded by {201} and {110} 
Occasionally {100} is also developed and impei feet cleavage has been obsened 
along this plane This compound is soluble in water and ciystals grown out of 
aqueous solutions, while letainmg the same axial latios, show a remarkably 
dlffeient habit, in which {Oil}, {001} and {201 } arc found to be developed The 
latter ciystals picscnt a pseiido-hcxagonal appeal aiicc, with the pseiido-hexagonal 
8^18 along ‘a * 

The present X-ray studies on phloioglucinol dihydrate were undertaken 
with the view of vciifying whcthei these two types of ciystals weie cijstallo- 
giaphically identical Rotation photogiaphs about the thiee crystallographic 
axes showed definitely that this was the case This conclusion is supported by 
the optical mcasuiements made by the present writer and by the magnetic 
measurcDients made by Saiitilal Bancijee (1038), which gave identical icsults 
ioi the two types of ciystals In the couise of tliesc \-iay studies it was Icuiid 
that the earlier analysis of the structuic of this oi ysta) and the space grou|) 
assigned to it, namely Qk'’’, in the orthoihombic bipyramidal class (1C Banerjee 
and R Ahmad, 1038), do not agicc with observation The piesent paper gives 
an account of fiesh X-ray studies made on the ciystal, and a critical discussion 
of its space gioup in i elation to these and other available data 

2 Tub Unit Cell 

Qonlometric measurements (see Table II made with a lai-ge number of well- 
developed crystals, grown from different aolvcUts, gave 
' 0 • 6 • f = 0 8383 1 • 1 06b 

X-iay lotatiQii photographs taken about the 'a', and 'c’ axes using the 
jadiation ofjC'oppQi (see ^’Igs a, b, c in Plate 1), gaye the following dimensions 
for the unit cell of the yrystal . 

a -6.76, 6=a.lJ0, fis.13.61 A. 


*rhe ciystals aio slightly coloutcd and ploochroic, the colour being more oonspioiioiiB in 
crystals grown from aqiuous solutions The colour w prcsnniably due to traces of the oxidation 
Iffoducto, 
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Table I 


Calculated troni axinl 




Ohseivcd 

1 Calculated 

ratios c 

if 





Baiiorjee & 
Vliinad 

Gfroth 

(110) 

(ilo) 

♦I'l* 



70 57 

7')*l' 

(001) 

(Oil) 

O't 6 


,0 24 

50 10 

(001) 

(>oo 

7^ .8 


76 

76 6 

(201) 

( >nl) 

S4 

S 1 

7 ni 

T 8 

(Oil) 

(Oil) ! 

(>l 4S 

6! 'hi 

ill J 

(lO 40 

(201) 

(oil) 

I S>r,^ 

SJ '>() 

S »S 

8] 12 

(201) 

(110) 

I _ 

— 


41 5 


1 lie density of the (tystal ditciiitiii(d by the Hoatatum iiuth(xl w is ^==^1 4^)(i 
/c C which ^ loi thciniinbd of inolcc lies of C H (OH) IljO in tlie 
unit ctll 4 0’ » e 4 ilu above a\nl dimensions had to 
n h c = 0 S 33 1 1 t)b7 

which a^ree well with the ifoiiiornotnc latios fTiven above but diffet ippuciablj 
flora those ^ivcn by Uiotli (1017) nanuly 

a h f = 0 8246 1 : > x 1 7086 

K Banerjee and R Ahmad (1038) who have made \ laj moasniemepts on 
this tiystftl K'to foi the dimensions ol the unit veil 

a = (,70 /,=810 ei=13 70 \ 

and for the density the value 1.304 .rni U c* 

3 DFTFRMINAriON OF THE hPAOl GrOUI 

Rotation pholO(;iaphs and oscillation photogiaph'^ o\ei suitably small 
langes of oscillation about the thiec crystal lo^iaphu a\es show that thi 
reflections fioiii che followm.; planes aie absent (see Tabb IT) — 

' (0/J) if (/+/) 18 odd, 

(AOf) if h is odd 

The reflections fiom all othei planes weie in Kmeial noinml showing 
that the nnderhinj: lattice is simple oithnihombu 

‘Since the paper ilns ariflen fh n has apj>enn-d in llie Mnn hmwl of Phpics f >r Tiiui, 1949, 
Vol 17 p 163 a piper b> < R (lose and llanjit Kiimar n on the axial dimeiiBione of Ihw 
crystal and It IS gnitifji 111, that till nxiil dimensions and the density uniii b\ thenj anrec well 
with oara Their values are 

<1^6740 /«-8090 C-.4860A, p=.l 460 i.m /ci 
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The absences noted above are cbaraotenstic of the space groups 
P**’ (Pnam) in the holobedral class, and 


(Pna) in the hemihedral class. 

Observations on the external form of the crystal should enable us to decide 
between these two classes and hence between the two space groups But unfortu- 
nately, though we have grown crystals out of several solvents, in none of them could 
we observe any pyramidal faces that would help us to settle the crystal class 
If the crystal should prove to be pyramidal only, » e, if there wore no real plane 
of symmetry parallel to (001), the space group would be (Pna), with a glide- 
plnnc of translation (A t c)/2 parallel to HOO), a glide-plane of translation a/2 
parallel to (010), and a two-fold screw-axis parallel to V ’ On the other hand, if 
the crystal were bipyramidal, the space group would be P/* (Pnawi), in which 
case in addition to the ghde-plaiies given above, each of the four molecules in 
the unit cell must possess either a centre of symmetry, or a plane of symmetry 
parallel to (001), 
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4 Evidence for the Hexagonal Ring in the Moleculi of 
Phloroglucinol Dihydrate Being Bbnzenk 
There lias been a lonK-standmi' contioverey among the organic chemists 
regarding the raoleculai structure of phloroglucinol In mn>-t of its reactions it 
behaves like a tnhydiic phenol 


On the other hand, it unites witli till ee molecules of hydiovj Imuiue to form ii 
triOYime, so tliat it may also be considcied a tiiketone 1 1 - ti iketolie\ameth>- 

lene, having the striietmal forraiihi 


(H) 



The benzoiuo structuie I should exhibit an nbiioinial diHiii.igiietism diKilcd 
along the normal to the plane of the ben/ene iiiig, and lienee also a laige 
magnetic anisotropy It will have similarly a large optical anisotropy as well 
On the other hand, structure II may not be pinnai at all, and will be iiearlj 
isotropic both magnetically and optically, in sti iking contiast with I 

Santilal Banerjee (193*1) has made magnetic susceptibility measure- 
ments on single crystals of phloioglucinol dihydrate He finds that the pnneipal 
susceptibilities of the crystal per gram molecule have the values 

X 4 = -1201x10-*, Xi= -831x10 ", X.= -8tlxln-^ 

giving for the mean gram molecular susceptibility of the crystal the value 
Xw«*— 96 8x 10"* The large magnetic anisotropy of the crystal, and the above 
value of the mean susceptibility, as pointed by Santilal Banerjee, are definitely 
111 favour of the benzenic structure I for the molecule 

Measurements of the prinoipal refractive indices of the crystal made by the 
present writer give for the 1) lines of sodium 

<v = 1.416, |) = 167", y = 17]8, V = 71^0' 
o=oc, h~y. e = p 

These data also strongly support the benzenic stiucture for the molecule 
Incidentally it may be noted that both the magnetic and the optical data 
ftre 111 conformity with the ‘o' axis of the crystal being a psendo-hevagonal avs. 
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’ S . Hbasonh for Rum no out tub Space Group 

We have seen that the crystal o£ phlorogluciiiol dihydratc belongs either to 
the space group oi to the space group We now proceed to give the 

leasons for evcluding the former space group, namely 

If the space gionp were each of the foiu molecules in the unit cell 

of the ciystal must possess eithei a centre of symmetij, or a plane of synimetiy 
paiallel to 0011 Now the chemical foimnia toi the molecule, iMth three (OH) 
groups in syrametiKal positions, definitely e\e hides ii eenlie of symmoti\ 
The plane of synuneti y for the molei iile is also iiiled out toi the following 
1 easons 

If the molecule of phloiogliiciiiol dihydiate were to possess a jilane ol 
synimeti y, then consstent with the known stnutuie of the ben/, cue ring this 
plane should be eithei of the following — 

(1) It may be parallel to the nng Such a plane of symmetiy has been 

observed, for example, in the molecule of ?«-diiutroben/,eiie (Hertel and 
Sehneidei, 1930, Hendricks, 1931 , K Hanerjee and M Ganguly, 1940) Since 
the X-iay data require that this symmetiy plane should niao be the (001) plane 
of the crystal, we aie then fotced to place all the ben/eue iiiigs in the ciystal 
of phloiogliicinol dihydiate paiallel to (OOl) This placement, howeici, is 
definitely inconsistent with observation (i) the rellection fiom (002)i8b> no 
means intense, noi does the intensity of higher order reflections fiom this plane 
fall off noimally, (ii) the above placement requires the'e’ axis to be both 
magnetically and optically an axis of symmetiy such tliat j Xc | | X/ I « I | , 

r-ss (X, X , 4 ^ p 2 Y. which are not actually the tasc 

(2) The plane of symmetiy may be peipeiidiciilar to the plane ot the 
hoiizenc nng. It should be mentioned beio that in none of the rinmerons aromatn 
compounds containing discrete benzene rings studied till now for then stiiictuie 
has such a symmetry plane perpendioidai to the plane of the benzere ring been 
observed (see, for example, Lonsdale, 1934) This makes the postulate of, a 
plane of symmetry perpendioniai to the benzene nng in phloioglucinol 
dihydrate highly improbable Apart from its improbability, the postulate 
of such a plane will place all the benzene rings iii phlorogluciuol dihydrate 
parallel to ‘ e ’ axis They may all be parallel to one another and he in the 
(010) plane, or in the (100) plane , or the benzene iings mav take intei mediate 
orientations, with all the benzene planes parallel to ‘ c ' If the motoeulai 
planes are all paiallel to (010) a little calculation from the positions of the 
vanoos atoms of the four molecules m the unit cell shows that the reflections 
from all the planes for which (Af/) is odd or(A + 2A;) is odd, depending upon 

th** itxial plane oi in the glide-plane parallel to it. wjU 
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all vaniah whereas actually many of these reflections are obseived and 
are quite etrouK Furthei the orientations of the benzene rings parallel 
to (010) will be quite inconsistent with the a aicis being a pseudo- 
hexagonal axis for the crystal and also incompatible with the optical 
and magnetic data foi the crystal , because then we should have 
I Xi I ^ 1 Xa I Z I Xf I and b=<^ Zy which are not consistent with 

observation 

If the molcculai planes are all parallel to (too) then again the leflections 
from plaqes for which (A + ^+/) is odd or (^+i)i8odd depending upon whether 
the atoms are in the (100) plane or in the glide-plane parallel to it will all vanish 
whereas most of these reflections are observed 

Intermediate orientations with all the benzene planes parallel to t will 
also be inconsistent with the X-ray data Because then one or the other of the 
various (AiO) reflections observed should be very intense whereas this is not the 
case as will be seen from Table II in which all tht reflections in this zone 
appear with low intensities Moreover the intermediate oiientations considered 
above will also be inconsistent with the ‘ a axis being an axis of pseudo hexagonal 
symmetryj and also with the observed optical and magnetic properties of the 
crystal 

We are thus foiced to conclude that the molecule of phloroglucinol cannot 
have either a centie of symmetiy oi a plane of symmetry parallel to (001) and 
hence the ciystal cannot belong to the space group 

fa Cjv* As THE Most Probable Space Group 

The only alternative left over, namely the space group C|,® should there- 
fore be regarded as the coi rect space group for the crystal In this space group 
the benzene rings in the unit cell may be inclined to one another, and to the 
axial planes also , and this space group docs uot require the molecule to possess 
any elements of symmetry 

7 The Location op the Molecular Planes 

Though we have not made quantitative intensity measuiemcnts to enable 
us to locate the exact orientations of the benzene rings, their appioximate 
oneutations can be deduced from the visual estimates of the intensities On an 
examination of the intensities given in Tables II and III it will be seen that 
the (201) planes have the strongest reflections, and the intensities fall ofi quite 
normally as we go to the higher orders The reflections from the (212) planes, 
each one of which is close to the corresponding (201) plane, are also quite strong, 
and the fall of intensity again normal in the higher orders of reflection One 
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may therefore presume that the oneatatioas of the benzene planes in the crystal 
of phloroglucinol dihydrate will be close to (201) and (212), and very probably 
intermediate between them Now the normals to these planes make the following 
angles with the ‘ a b’ and ‘ c ’ axes of the crystal. 

TAUtil- IV 

n l> c 

(201) 14* 00* 7fa* 

(212) 33* 70* 66* 

It IS giatifying that the orientations deduced by Santilal Banerjce (19.38) 
from the magnetic data for the ciystal, namely, the normals to the benzene planes 
making angles of 28’, 70*, and 70* respectively with the ‘o’, 7/ and ‘c’ axes, fit 
well with the orientations suggested above fram the X-ray data The optical 
properties also are roughly in quantitative agreement with the orientations 
suggested 

Wc should mention here that according to the space group (7|v® assigned 
to the ciystal of phloroglucinol dihydrate, with (100) and (010) as the ghde-planes 
of symmetry, the 'c' axis should be a polar axis, and the crystal should therefore 
exhibit piezo- and pyro-elcctric effects Wc are verifying this result. 

I am gieatly indebted to Professor K 8 Knshnan, P R.8.* for his con- 
tinued interest and helpful advice during the progress of this work, to the King 
Edward Memoiial Society of Nagpur for the giant of a Research Scholarship, 
and to the University of Allahabad for providing research facilities, and for 
meeting the expenses of publication of this paper 
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ON THE DIFPEBENTIABtLITY OF STEP FONCTfONS 
By P D Shukla 


(Communicated by Professor A N Sinp:h—BeceiTcd November 1 1, 1948) 

1 The object of this paper 18 to answer the following question pioposed 
by Prof A. N Singh* — 

Does the* existence of <#>' (0) for a step function <f> (r) depend upon the exis- 
tence of the metric density at a:=:0 of the set of values of x coi responding to the 
linos of invariability of <f> (j) ? 

It has been shown that the answer to this question is in the negative 

2 Wo shall first show that the eristenco of the metric density is not neces- 
sary for the existence of the diffei ential coefficient. Consider, for example, the 
step function defined below — 

In the interval ( — 1, 1) define a set of points xr such that Xr= r = 1, 2, 8, 
. Let |,+i denote the middle point of the interval (xr+i, xA , and let 
a function ^(a:) be defined as follows in the same intciial (xr+i, xA 


where ip (a:) is any monotone increasing and continuous function of x with ij) (S^+i) 


*I am indebted to Pmf A N Shigh for hin nuelng the question and helping me through 


Ltnhfheote f^thrmry 
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Let Uie function ^ (x) be defined as above for all positive integral values 
of r. Also let 't> ( - x) - —<t> (x) and </> (0)=0. 

Then <t> U) is an odd, monotone non-decreasing and continuous step function 
with<^(0)=0 Also the interval (xr+i, 5r+i) is a line of invariability of 
forr = l, 2, 3, 

Now, the differential coefficient <l>' (0) exists For, 

4,' (0) = * 

^ X-0+ X 

_ Lim <j» (x'> 

X ’ 


and the last limit exists. Because consider any x>0 , it must then fall in the 
intervals (x,+i, Xr) for some value of r, say for r = r» , 


t e , x*+i 5 X 5 X* 

Then for this x, due to the monotone character of <t> (x) we have 

X T«+1 


But 


(Xm ) 

Xm+i 


l/m2* 


which tends to zero with \/m 
Therefore, 


Lim » (x) 
X-0+ X 


ie, ^V0)=0 

Also ■/> (x ' 18 an odd function of X Hence >#>'.(0) also exists and equals ^'+(0), 
Thus <#>'(01 exists aud equals zero 

It shall now be shown that the motiic density of the set x corresponding to 
the lines of invariability of <!> (x) does not exist at x = 0 
If we take 

x=Uu 

the rcqimed metric density 


Lim 

r-*oo 


»» I 

S-^+i 


^ 1 S (Xr+,.J— Xr+,) 

^ Lim »-l 

r-*00 <1 (Xr + Xr+l) 


* (1) ^'+(0) denotes the nght-hand deriTative of at x>0 Similarly, ^'.(0). See Tttoh< 
marsh Tietrj $/ FimcHm, Oxford 1 1989), p 864 

(9i means x tending towards isro from the right. Bimllarly, x-*0' 
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_ Lira 

r-*oo SU'+* 

“ 3 

And if we take 

X = Xr, 

the same metric density can similarly be shown to be 
_ Lim 1/2'+} 
r— » ll2' 



Thus the required metric density at a:=0 does not exist though <^'(0) exists 
3 Wo shHll now show that the existence of the same metric density at 
x = 0 18 also not sM/^£ient foi the existence of ^'(0) Consider, for example, the 
step function defined below 

In the interval (0, 1) define a set of points Xr such that a:,— 1/2', r— 1, 2, 3 
In each interval 3-,) choose a point |r+i so that ?r+i = [(r+‘2)/(r + l)Ja:r+i 
Let then a function <t>{x) be defined in the interval (xr+t, Xr) as follows* 


<^(!<!)- -jj? . 
<^(a:)= , 

0(jr+|), 


X = Xr = with r even, 
* ss Xf = -^ with r odd, 

Xr+l S a? S Ir+i 
^r+l ^ X ^ Xr, 


where y^'a) is any monotone increasing and continuous function of x, with 

ij;{5r+il=s 4> (5r+i) and V («>■) = * («■') 

Let the function (x) bo defined as above for all positive integral values 
of r and let 0(0) = 0 

Obviously then 0 (x) is a monotone non-decreasing and continuous step 
function with 0(O) = O Also the interval (Sr+j, Xr+i) is a line of invariability 
of <f>{x) for r= I, 2, 3, 

We shall now show that the metric density at x=0 of the set of values of x 
corresponding to the lines of invariability of this function exists 

Whatever be (e>0, it imist lie in some of the intervals ixr-n, x<) , and when 
it lies in (xr+L, Xf) it must be either la (a^+i,5r+i) or in (Sr+i, x,). Suppose we 
consider the former 




Xr+l S * S 5r+|. 
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Theu the metric density required 


Lim 


— (sr-lCr+i) + 2 (5r+,-!er+«) 1 
* kbS J 


2 (5r+«”®r+)«)» 


which 18 easily seen to bo i^O and 

^ Lim 1 
r-*oo arr+i 

which 18 = 2'+‘ 2 Il/(r + M) 2'+"] 

f'*°° s-l 

=0 

Similarly if x lies in the other interval, 

%,e., Ir+i ^ X ^ Xr, 

the metric density required 




which again ^0, and 


Lim 


2 [l/(r+«)2'+*] 


f-+oo (r + 2)/(r+l)2'+' ' 
which 18 =0 . 

Thus the required metric density exists and equals zero 

But 4>'{0) does not exist , because ^'i.(0) does not exist. For if wo take 

1 

X = Xr 

we have from the definition of <t> (x), 

or 

according as r is an even or odd integer respectively 

Hence tends towards 1 or V 2 according as r tends towards «» through 

Xr 

even or odd integers respectively. 

It follows, therefore, ^at does not exist, ix„ ^'+(0) does not 


exist. 



LATTICE SUMS OP CUBIC CRYSTALS’ 


By Rama Dhar MibRA 
Lockmow Umivuksuv 
(Received 15 April, IW8) 


Introductioa 

If a be the lattice constant of the undefornied cubic lattice then the distance 
of the point (li, U, h) from the point (0, 0, 0) is given by 

= a* (ft* + L'+L‘) 


Here /(, /j, I 3 are always integral, positive or negative 

In order to explain the phenomena of stability, melting, tensile strength, etc 
we require lattice sums of the tjpe 






I 




the summation to extend over all possible positive and negative integral values 
of /i, 1|, L. The dash over 2 denotes that fi = L = L = 0 should be excepted. 
n is (lositive integral 

Some of these sums have been calculated for certain values of n by the 
author (1940), who in collaboration with Prof Max Born (1940) has also developed 
a mathematical theory of these sums Numerical calculations of the sum 
have been published by Jones and Ingham (1925) with help of the use of Epstein 
Zeta functions Our method, applicable to the geueial case, consisted in using 
Gamma and Theta functions and their transformations Unfortunately these 
calculations are tedious for values of n greatei than 10 + 2 (h\, + + Aig) 

A method just suited for large values of n due to Bom and Bormann (1920) 
IS that in which lattice sums are added up to a certain stage by direct summation 
and the rest approximated by an integral. 

The present paper consists of an improvement upon the latter method We 
can calculate the upper aud lower limits for the error committed in taking the 
approximation at any stage and thus we can obtain the lattice sums correct to 
any desired degree of accuracy 


A •ominary of thk paper troa nod at Ths ladiaa ddeaee Googreso, IMS 
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1. Let us consider the lattice sums 




' ‘ ai*+/i*+i,*)** 


8.<») =S 


■'/ *+2.*4 




Between these qnantities one has obviously the identities 

3 8* >’ = S. 

38 .<*’ + 6 8 ,“' " = 

so that and 8 '• '' cau be expressed in terms of 8^®' and 8 
2. 8.'^®^ can be expi essed as 


a;®' = L ^ =2 + R.'*^ (p) 


f- 1 


'i 


where v^®^ is the number of neighbours at the distance q* and 


. (21) 


R/®Mp)=2 ^ . . (2 2) 



wheie represents the sum of the fourth powers of h of all points at distance 
as (ii* + fi’ + f8*)* from the ongin and 


R.(»)(p) = 2 (2.4) 

The following table gives the values of v/®’ and for various possible 
values of q and. corresponding h and f«. 

If q=l, obviously we can have 
(i = ±l. f,=0J,^0 
or it*0,/,«±l,J,»0 

or /i=0,/,*0,/i«±l 

and thM*efore v/®^ for is 6 and Wa shall aUireviate all this into 
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saving that for g = li, It, h are li 0. 0 and understand that cyclic as well as 

positive and negative values are to be taken for the I'a. Thus 



Q 

1. 

It 

/. 

‘’f* 

>'1* 

8 

1 

0 

0 

1 

b 

2 

sf 

2 

0 

1 

1 

12 

8 

sb 

3 

1 

1 

1 

8 

8 

afb 

4 

0 

0 

2 

6 

32 

a 


0 

1 

2 

24 

136 

«f 

6 

1 

1 

2 

24 

144 


7 






afb 

8 

0 

2 

2 

12 

128 


1 

1 1 

2 

2 

24 

264 

a 

” ] 

lO 

0 

3 

6 

162 

sf 

10 

0 

1 

3 

24 

666 

ab 

11 

1 

1 

3 

24 

664 

afb 

12 

2 

2 

2 

8 

128 

a 

13 

0 

2 

3 

24 

7?6 

sf 

14 

1 

2 

3 

48 

1568 


15 






afb 

irt 

0 

0 

4 

6 

512 


1 


1 

4 

24 

2066 

a 

n 1 

l2 

2 

3 

24 

904 


1 

ri 

L 

4 

24 

2064 

sf 

18 ^ 

lo 

3 

3 

12 

648 

ab 

19 

1 

3 

8 

24 

1304 


Here a, f, b, denote simple, face-centred and body-centred lattices 
respectively. 
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It Will now be shown that 


a:’ + y* + **=y 2E* + y*®p" 


(2.5) 


but 



®* + V* + *’=p a:* + y*=p *=v'/ 


Here the three terms correspoud to those lattice poiuts for which none or one or 
two co-ordinates are zero and the values of lower limits p', p'' and p'^' have 
to be determined with the help of the above table Any decomposition of p is 
one of the thiee types /’ + wi‘4-«’ (space), + (plane), 7’ ^axis) , Several of 
these may appear simultaneously If one type or two do not occur for some p, 
we pick out the smallest of the numbers p+ 1, p+2, . . where the missini? types 
occur, say Pi and pi Then in all these decompositions of p, and, if necessary, 
of Pi and Pi, we reduce I, m, n by unity and add their squares The smallest 
amongst those of the three types are p', p" and p"' 

Consider the space divided into unit cubic cells by lines drawn at uiu( 
distances parallel to the axis, x, y and * axis being respectively parallel to the 
directions of /j , and Ig Then corresponding to any one corner Pf of a cubic 
cell in space, there will be one, and only one, value of g. But corresponding to 
any value of g there will be v/®’ corners in space, all at a distance Vy from the 
origin With every corner not lying on a co ordinate plane let us associate the 
cell of which it is the farthest ooimer from the origin As a matter of fact no 
point lying on a co-ordinato plane can be the farthest corner of a cell , with such 
a point let us associate the square (or the unit segment of the axis if the point 
lies on an axis) of which it is the farthest corner (or far end) fig. 1 illus' 
trates this for the xy plane. For iho point Py, gi = 3*+2* = 13 ; for y=5 there 
are 8 points in the xy plane (24 points in space). 

It 18 now obvious that in addition to tiie cubic cells we also require the unit 
squares on the co-ordinate planes and unit segments on co-ordinate axes so that 
every pomt corresponding to all possible values of 9 may have a cell or square 
or segment associated with it 
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As Py 18 the farthest couipr of the cell (oi sqtmie or segment) associated 
with it we have for all points x y xm the cell (oi square or setjinont) 

L ^ 1 

ql* (x'+y* + 

The nearest corner will be P/ where 

7'=(Z-1)* + (/h-1)’+(h-1)’ (2.7) 

We now replace the sum i, by integrals over coi i esponding colls, squares 

and segments and get quite easily the inequality (2 5) 



To obtain the otliei ineqn.ility wo associate th s tune with eici} corner that 
coll of which it 18 the iieaic'st point Eveiy point on a co-oidinnto plane can 
ha\e two 1 ells associated with it and oveiy point on an axis four cells This 
moans that on aS'Ociatiiig one coll with evoiy i»oint we shall have some cells left 
unassociated, and therefore while mtegiating over the entire space wo must ex- 
clude the integials over the unassociatod cells The entiie first Inver on one side 
of every co-ordinate plane will remain uuassociatcd so will a row of colls all 
along the length of every axis on the associated sides of the planes 
We can thus write 


2 ‘’i,. 

q 


,vv - . fir dy dx 

^ ] J j y'+ 


( 2 ' 8 ) 


where 0 is the integral oyer the excluded space. 
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Now from Fig 2 it is quite obvious that 
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at-OK at-OK Ji-d ^ *»()K >-0 z = o 


Using such inequalities to replace volume iiitegials over the ext ludod hpace, i e , 
first layers of cells over co-ordinate planes and rows of cells along axes by 
surface integrals ov( r the planes and line integrals over axes, lespectively, wu 
get instead of (J 8) the inequality (2 6) 

The evaluation of these integrals is easy 



>i/f 
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Then we jjet from (2 5), (2 6) and (2*10) 

h(p'l-h(p) + Iilpl+h(p'") > s." -(V +Ii(p) ) 

> -(l.(2») + I.(p)] (2-11) 

3 Next we consider Sa<*' and the form expressed in (2 3) Associating cells, 
squaies and lengths with s as before we get 

h* I r cos g I 4 1)* . , 

wheie r is any point m the cell, square oi segment of which Pj (q = /i * + /, ’ + /s ’) 
18 the farthest point, uid 1 r toa « I is the numerical value of rcos 8 

Al.« > ( keos 6 I -D* 

where r is any poiii^ in the cell, square or segment of which is the nearest 
point 

On iry plane !• =0 and consequently also on x and y axes 
Replacing sums by integrals we obtain 

JiV) - Jr(p) + J,V0+J.V") > ^ 

> -(j,-(p)+J, ip)) 

oa r 3»- 

where j j (_LL£21^IiiI r^miBdrdo ^d<t‘ 

0 0 


= U(n-7)p'«'' ’)+ 




(p)~f j ^ r’ sin 6 drdefn4> 
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- the same as Ji ■*■(/?) but with alternate teims positive and negative. 

V/T 0 


* (»-3) (n-1) 

Jj'(p) and J»'(p) are related to and J|‘''(p) respectively as Jr(p) 

18 related to Ji"*" Ip) 

13y properly choosioK P we can make the difference of the two extreme sides 
of inequalities (2 11) and (3 3) as small as we like and then have approximately 


2 ^ +1, ip) 

«=1 9 


2 +jr(p) 

yal 9 J 

If p be large enough then quite a good appi oximation is obtained by 
considering only the first teims of Ij (p) and Ji (p) and we can then write 

P-1 4n 1 

,-..r 4» r - • •'"® 
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The above calculation holds for the simple cubic lattice For other two 
lattice types a modification has to be applied, namely, this While the simple lattice 
has one cell per particle, facc-contred has two and body-centred four uells per 
paiticle Therefoie It 18 easily seen that foi the face-centicd and body-centred 
lattice the remainder sums of the infinite senes are one-half and one-fourth of 
those of the simple lattice 

4 So far we have discussed lattice sums of the type S™ ” , 8. ^ 8» 
only The analysis can be extended to any and it 1 as not been given 

here for reasons of space 


References 

Born, M and Bormann, E, 1920 Jmi Piyt Lpz , 82,218 
liorn, M and Miara, R D , 1940 Ptoc Comb Phil Sm , 36, 4t>b 
Jones, J E and IngLani, A E,, 1925 /Vx Piy Sk 107, 0 ib 
Miara, E.U, 1940 /V« Cmi Phil Soc, 36,173 



INTENSITY CALCUL/VTIONS FOR THE FINE STRUCTURE OF 
HYDROGENIC ATOMS PART I 


By K Ba8u, D Sc , 

Lfctdrbr in Appiii-d Mathpmatios, Univkrsipy of Caicdtta 
(Commiinuftted bj Professor K b IvrwhnaD, F B y -Received May 13, 194d) 

1 Introduotoky 

In their treatise on the Theory o£ Atomic Spectra (I‘>3')), Condon and 
Shortley having discussed the question of intensity in hydrogen spectia from the 
standpoint of Schroedinger mechanics write . “The relative strengths of the 
different doublets are not so simple since these (calculations) involve diffeient 
radial integrals ” They have suggested by this statement that caleiilatioiis earned 
out so far by various authois* beginning with Pauli (1‘ 33) and Schroedinger (1*126) 
are defective in that they do not really lend any clue to relative strengths if the 
radial parts of the integrals in the intcnsity-matrir of the type (n I m jj Pl n' t' 
m' f) be not exactly of identical value for both components of the doublet , amd in 
the circumstances, these strengths must bo assessed from spin consideration, that is 
to say, on the basis of Dirac’s wave equations The sum-rule for any Russell- 
Saiinders multiplet as given by Ornsteiu, Burger and Dorgelo tells us that 
the strengths of a doublet would be proportional to the statistical weights of the 
components, and consequently the relative strengths of the lines *S-**Pj and 
'8-»*Pj would be in the ratio 1 2 (there is one level in the S-etate) This is 
not only true for hydrogen but for the S-P doublets of the alkalis But 
departures have been noticed in the experimental ratio in Rb for the 2nd 
doublet, in Cs for the 2nd and 3rd doublets This anomaly was tried to be 
solved by Fermi (1929) on the giound that there would be alteration in the spin- 
orbit interaction for the *Pj and ’Pj series , ai d he suggested an altered radinl 
function to explain the departure But what actually would be the altered radial 
function ? I think no body has yet attempted to find it out by actual calculation 
I have attempted to show in this and the following papers, from the quantitative 
point of view, that inasmuch as the radial parts of the eigenfunctions in Duac’s 
equations for hydrogenic atoms for the levels y=i+ i andy=/-4 are different 
in^e geneial case (Sec 6), and the intensity matrix for S-P transitions with the 
same j value differs apparently from the matrix with different y’s, it is pure 

♦For literature, see Coudon and Shortley, “ Theory of Atomic Spectra ” 11936), pp. 131—138 
284 
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accident that we get ideuticai values for the matrices, and as a matter of conse- 
quence, the relative strengths ns 1 2 in the principal senes of hydrogen I have 
verified this ratio for the Lyman senes of hydrogen in the present paper The 
general method chalked out here can be utilised for intensity calculations 
for the Balraer senes also (which will be taken up in Part II) I have utilised 
the eigenfunctions of Dirac’s waie equations as expressed by me in terms of 
Sonine’s polynomial functions, essential propeities of which have been studied 
in sepai ate papers (Basil 1943/1) 


2 Strength of a Multiplft 

In a mnltiplet having (2s+l)-foldy values {j is two-fold for doublets, vn , 
/-ii) an energy level (w I j) is ehaiactensed by;, and is (2;+l)-fold de- 
generate in the absence of an external field , and the diilcrent states of the level 
have different J- 1, ,~(;~l),~;' Since the ludiation emitted dueto 

transitions between any state of ; mid another /(=/+ 1, y, 1), anti governed 
by^/=±l,form one component of the hue, and the total intensity is the sum 
of the intensities of its components, we have in the case of dipole radiation 

I (« /; , n' /)=N(71 f y 1, [in I j m\ cr \ n' I' jf m')]* . . . (2T) 

oi* m' 

where 7n'=m, m—1, m+ I, and N (n I j m) is the number of atoms in the initial 
slate (n I j m), and S [(n I j m I er\n' l' m /)]* is the sum of spontaneous omission 

probabilities for sevoial transitions {n I j m-*ti l' j' m') Since the numbers of 
atoms in different states of the same level y are the same we have 

N(« /y) = (2y-*'l) N(« /y w) , (2 2) 

and \[v I ] ,n' I’ jf) = ^{.nl j) hv k {nl J , n I' j), (23) 

where A inlj, n' f) denotes the tinnsitiou piobabihty of Einstein for 
(n I ]~*n I' f) , that is to say, 

A inlj, n' I m \(n I j m\r \n' l' f w')]* (24) 

Jy+ I 

where 8(r» I j, n'l'f) is called the strength of the line (n I y-*^' I' y )• 


. (2 6 ) 
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We see then that the intensity (in ergs/sec per emitted atom) = 8(n 
n ' t /)/(2j+l), and 8 is given by 

8(n I j,n' If /) = j ? - 2[(n/jtnlr| n' / w')]* (v = eo) (2*6) 

do „ 

We shall calculate S instead of I which is not sj mmetricnl in the initial 
and final levels on account of the factor (2y+l)'‘ associated with the initial 
level, whereas 8 is free fiom this assymetry* 


d 8 ketc'ii op Solutions, op Dibac'8 Equations 

The solutions of Dirac’s 4-equation8 as given by Betho (1933) are (note 
that p*co8 0 ; and j+^l+ i, 

111, (« I mji)= Vi/ -«»+ J)/(21+3) P/+1 exp t im- (r) 

{n I tn j+)= >/(/+ m+ j)A2i + 8) P/+i (n) exp » (md- ^)i>tfnt* (r) 

till (nlfni+)= ^s/li+«i+i)/(2/+l) P/«-i (b) «*P (r) 

'Vi in lmj+)= + iJ)7(2i+ 1) P/ w+i (p) exp t(m-¥i)<i>gni^ (r) 

iji, (n •“ VlHtM-iT/l'dl-f) P/.j (|i)exp t (m-i)'/>t/;/' (r) 

111, (n Iw;-)* V(/-wi-J)/(27-1)P/_i *,^.4 (p) exp t {m-\-i)<hf»r (r) 

liij (n I m ;-)= VU - w + iff (21+ 1) P/ «. j (p) erp 1 {in-i)<l>gnr (r) 

»li, (« /f» /-)= ■^^V(/ + w + i)/(2/ + l)P/ »r+i ((«) + (^) • (8 1) 

where ili (n 1 wi j+) denotes eigenfunction for (=/+i) state, 

111 (n / wi j.) denotes eigenfunction for j- (=i— i) state, 

=|'|' ( 2 /+ 1 ) PJ* (associated zonal harmonic), 


*Oondon and Shortley, bc.eU.Ch. 7, Sec 7, p- 98. 
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F,l=^fnl*{x=-(j^.+ i)=^~l-l),fj (* = 0 +i) = /) 

Qni=g.iHx=-lj++i)=- t~lhg„i (x=(J +l) = i) . ( 32 ) 

and the radial functions in a combined foim (Bose and Hasii 1943) aie yiven 
below : 


rF«/=- A«;e'*'’s/l-e p‘>' 




* lJ-^+ Y/f_7> 82 y+iW ^ 

I' V iTt w { —I 1 w 

- /IVr-7CRn, ••<53) 


where 

8=E/«»«c’,Y= V®’— a*Z*, a=e*/eft. P=2Xr, 

«r + Y = aeZ/V I- 8*, n (principal quantum number) 
=nr]radial quantum numbei) + | ® 1 
Aw (norm»hna6 t.cto. )= 

and 8/ (p) is a Sonine’s polynomial of dejiree K and order v (non-inteitral) 
The two-fold eigenvalues aie 


, 1-1 1«’Z* 


la^/J _1K 
2 «* [l+l 4ni 


, . , , 1 a*Z* 1 a*ZV 1 


(3 4 ) 


<»6) 


We shall ignore in oui calculations aZ, a’ Z*, terms, as the value of 
a 18 1/137 2, provided Z is not very large (in the ease of hydrogen it is 1) Again 
because F«/ involves a factor \/i-e which is ~ oZ, it is small in eomparison with 
Gw (the so-called "big component” of the radial function) and can safely be 
F.8 
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neglected in our present case. Paying heed to these approximations we write 
down the following approximate values 

X=Z/a« j ; Vl-8*=aZ/«, v'l + s =v'2, «=—(;'+ i) gives 

= l + ,y{j=l~i)=yi = l-i~f-, Yi-Yj-1 = ^ 

a small +te fraction, (/=0 gives single state for 8-level), *=+ O+i) 

gives Y 0-i-i) =Yi'=^-i^^» Y 0*=/-8)=Y/^^-l-i Yi'-Y.'-1 = 

i (J>l)=sa small +ve fraction. 






AV/-1 {j=l~i)~ 


X J./ \/2 ^+n'-l +l 


^2 


r(2Y/+l)V„'-ji 


(nr'-n'-l) 


(3 6) 


The ' a ' given above is the radius of tl>e innermost Bohr H-atom, which is 
taken as unity in atomic (Hartree) units 


4 Sblbotiok Bulbs and Intensity Matbiobs 
Since (n 1 0 f I n') is the matrix defining the moment of electrical density 
in space for the transition n-*n' and the dipole radiation for the transition is 
isotropic and unpolansed it will be independent of the angular co-ordinates 
At first we shall calculate the matrix elements 

(« I wi I * I »i' m' /) > (« f w j I *+ Jp I n' l' wi' /) (J = ± 0 . . (4'1) 

remembenng *=r coaO, ®+ Jy=»r sintf 

3ir 1 

exp t im~ m*)4>di *= , |p/ ..(p) P/ »( p) dp = hi'i, . (4 2) 


and the following sequence relations * 


CO«#P/ii= fj 
81D0 Pi ■= - 
•in# Pi sj 


p, 

(21+3) (21 + 1) 


X 


X2l+\)(2l-\) 


P/-, , 


»-m + l)(f-wi-^2) p, , / (/ + >n)(l+m-l) 

(2/+1M2/ + 8) (2/ + ])Ul-l) 


(f->-tw+ 1) (f^fw+2) p _ / (f-wl (f-wi-1) 

(2i+l)(2l+8) N («l)+ 121-1)“ 



P/-1 «+i 

. (+8) 
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W e have 

j] jWilnlni}^i{n'l'm'f )+5 othet 8 ]r''coBedyidr^<t> . (44) 

*njlx + Jylnlmj}~I J^ + i at\ier6]e^*t*nxxM[idrd<f> 

«=in'(Am=0). l=t'±UAl=±l) from (4 4) 

and an additional rule Am= ± 1 from (4-5) 

We Kive below the results of our calculations in a tabular form, noting 


Matrices 

x]n'l-\-lm > + l) r*'^+‘+] 

2 f +3 \ / 

(n i jw 1 E 1 n' i-l ffj /f-1) 

2i+l V *^+ / 

(niwi- I * ln '1 + lwi ;’- + !) 

(n Imj. I z I n'l~l m j. - 1) ( p *’^' \ 

^ 2i+l \V J 

T2PtW.) «"*) 


(A; Af Am) 
1 1 0 

- 1~1 0 
1 1 0 
~ 1~1 0 
0 J 0 


0-10 


inlm Ig + tyj «^| + lpt+i + 1 j ^ 

{nlmi+\x+ty\ n'l~1 /w-t-l , 

2/+1 \ a/^. / ^ 

{ Bim /+ iit -,’, iM ' j + i „_ i ^^+ i )_ v !! Ei | ME«iS i j.j 
(»!«/.! I „‘l-lm-l ,.-l) -J -I -1 
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i.nlm3-\x-\-xy\n'l~\m^-\ j--\) - j (_j jj 


(n/my-la;-ty|M '/+ 1 wj-l;- + l) - (j j _jj 

[nlm j.\x-iy\n'l-l m-i j.-l) 

(nlmu\x+%y\nn -\.^»>-\ j 4-1) - gy»-w4-?) i^ + w»+j)/ «/+i.\ 

^ ^ (:2/+j)(2/-)-3) lx ; 

(»i».,*l^-.„l»V+l»+u.+ ,) - , J, 

(»l».J-l*+.vln'(-l»,-l,*-l) - 

(nl«;'.|,-.,|„-,-l,„M;*-.) - (O-I 1) 

where 


(<(*)=|'-' {fiKl* it, it, K 4 ’ it, it, dr. 

® 0 

(x ]^W ^ni' + oh 0i,f)fir >'jr’ g-^ di , 

(X )~P ( ‘>'«VK ~p On! X 

(V^)=p ( f'nl fnt^vh 9li)dr ~Jr' g'^ dr 


(oZ<l) 


Workingfout the suthmiittoui for all the states of m' 
accoraiDg; to the welf-kiiown rule • 


(tw, «», m + 1, w-1) 
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i[{n I tn ] nl±i m + 1 /)]* + '![(«/ \x~iy \ nl + l m-1 /)]’, 

we derive the followinji 

0+ I r I n' 1 {^•^+ Al-\) 

^\lnl \ r\ n I- ] 3+-l)\*~ {^ol+ 

lJ(nlj |r|n'i + l j +l)r= (A;=l A/-1) 

liinlj. \r\nn-ij (r/"’ ]', (Aj--l,A/=-l) 

^ [(«0+lr|«'/-Hj +1)] =(_>/+T)l2H3j( ’ (A;-0,A/-I) 

S (A;^0.Ai=-l) 

. (4 6) 


Written explicitly . 


5 EXFBBShlONh FOR THE R*8 

(y, = v^(/To’ -7’z’ , Y. = 

A^,^_jV/ 1+7+W v/lTe;(«'FIF/(^?^i»)^‘(2X,r)^*e" 1 ( n nO^'x 


(v- 




v/ 1 -e+’(m 1) a>,+l' «n /j 


)!x 
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Noting the approximations given m (3 6) and remembering Xi~Z/on, X| 
•^Ti/an', we get the following results 


{ \ _ 2Y>-<-v« y/T(2y,+n-l)V(2y, + n' -J+\)_ ^ 

I «/+ / “ nV>+t ri2Yi + l)r(2Yi + 1) \/„_ / - i i 1 

in,- 




\U'+i 


{IV} 




(5 2) 


,iv, -/.-+-+■ .-KT+i)--c; (?)c+.‘(f K’ 


Vr(2Y\ + 71 - nrt nw + 2^1 

\ j '* „7i+l„^.+t r(2Y', + l)r{2Y', + l)v'n-nn'-l+ll’^ 

v'(w-i)W-i+i)[ {v}+{vi}-{vn}-mn} ] ( 63 ) 

where [y'i = V^/*-a’Z* , y'*®^ V({~l)*-a’Z* ] 


{VI 

{VI} 
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ivm,= y s- ,(f >-4,0, 

0 

(B-^r- [<»-*-. ux-xi, 

+ {n+i+iHx-xriH, [Y=^/uT^)»-T‘Z‘J, 

where 

0 

ixi=>.^' .-==( -; + K, 

0 


(6 4) 


0 

Evaluation of these integrals has been earned out in Appendices A and B 
ignoiing the constant factor V In the expressions for 8 we will get 32 n’o* 
(«’a*)/3ft times the values given in the appendices In the atomic unit (ea) is 
taken to be unity and the wave number o, which is given by a= — Ry Z’/n*, 
where Ry stands for the Rydberg constant ?WoeV4nft’c is calculated taking Ry 
to be unity. 


6 Calculation op Relative Strengths 

With the help of results (A. 1), (A 2) and (A 6) of Appendix A the 
matnees given in (4 6) can be worked out in the general cases 

Let ns consider a general case of tiansition^ for the doublet spectra of 
hydrogen, from the two levels (nlh,nl}~) to (n'i“l ;+-l , n' 1-1 1). 
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From the selection rules we get only three lines in general, viz ,a(nl 1—1 

e(n 1 3 --**%' l—l j~ — l) From ^ 

(2 4) and (4*6) we get the 
strengths 8 (a), S (6), 8 (c)^ 
barring the constant factor 


(3'2ji"o> e*o*/8ftZ’). Z-/ j 


according to the rule of Ornstein-Dorgelo : 


8(a) = (2;++l)^j| 

[<■'*)’ • • • 

. (61) 

8(6)+S(c)=(2j- + l)| 


(6 2) 

Evidently, in the above, the initial state is l-state (the lines m the fig are 
indicated to the left). Again, if the initial state be the (1— l)-8tate, we get, 
according to the same rule (sec lines to the right) 

8(a) + 8(6) = (2 jV-1) 


1 (6 3) 


-(<".-)■ • ■ • 

(6 4) 


Taking for granted that the R’s have identical values in (6 l), (6*2), (6 3), 
(6*4), easy calculations give after simplifications * 



S(fe) + S(cl I 
8(a) “ / + ! 


. (6B) 


and 


8(o) + 8(f>) _ I 

8(c) ■" 1-1 


Adding 1 to both sides of (6 5) and (6*6) we get 

8(c)/S(o)=(l-l) (‘Jl+D/dfl) (2/-1) . . 

S(l;)/S(a) = l/a-t-l){21-l) . . 

The last two equations yield the result : 

S(a) { S(A) ; S(c) = {l+ 1) (21-1) : T. (1- l) (21+1) 


. (6 6 ) 


. (6 7) 
. ( 68 ) 


. (6 9) 
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In particular, we know when 1= 1, (line c is absent , there is no doubling 
of the S-state) and for the Ljtnan senes, the R's are identical (according to our 
calculations given in Appendix B) so that we get 

8(o)/8(A)=2/l, or, 2 I (610) 

Similarly, by putting i =2, 1=3 we derive 

pd-transitions p^d^ . P{d^ * 1 5 

^/’-transitions d|/j dj/j . dj/’| = 20 1 !4 

This rule does not hold true if the B's be different In the case of Rb 
and Gs, for instance, we may remark a prtort that the departures noticed in 
experiments will be quite consistent with theoretical results (although it is 
pi ematiire to verify the experimental results at present) The electron compo- 
sitions for those alkalis are 

Rb (Z = 37) (1«*2«* 2p*8«*3p*3d‘®4«*4p‘)5s 

Cs (Z = G5) (1<*2«* 2p*3s*3p*'3d‘®4s‘4p*4d'®6«*6p*)6s 

The s-levels start with principal quantum numbers n' = 6 and n'=6 respectively ; 
and we have to calculate for Rb ^9-*np^,np^ (n=6, 6, for the 1st, 
2nd, doublets) , and for Cs i np^ (« = 6 7, for the Ist, 

2nd, .. doublets) for their principal senes Since in these cases aZ is of the 
order ~ 1/8 7 and 1/3 6 which are not negligible quantities in comparison with 
unity, we will have to evaluate the radial parts of the eigen-functions without 
Ignoring the oZ terms This will possibly explain the departures from 
experimental values 

For the Lyman series the radial functrons |r^^| , j and 

I R,;^ j have the same value (See Appendix B, Eqs B ’i, B 11, B 16 ) 


APPENDIX A 

In Papers I and II the following integials have been established . 


(A]«J (2X,i) S;(2Xi*)d* 


(p+121Stp) 


nlmir(X P 'p) 1 

(ll +l,''^-*-‘r(X + n) r(n+ m) r-0 r'-O r-0 


Xl-Kt Y+r-2, 

. ll+x, ) 


i p+i-x w p+i-ii ) iXp-t- i+T -i-v-v) 
I n-X /I / T-vh?-v!vl 


X 


F. 4 


. (A.l) 
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(2X,*) s;;^^^j(2X,»)d*(Yi-l-Y.=* + w«r«!- 
tion <^1) 

^ nl w ! r(2Y. + 1)r(2Yt-l-ll ' I "f* 

(Xi + X,)^'+>‘+® r(2Yi + n + l)r(-Y» + »»+l)r(Yi-Yi-l)r-0r'-0r-0 

V / Yi ■*• 1 - Y» ^ r(Y -Yt-1-^w-TT(Yi-l-Y»+2-»-T-*-T'-v) 

\X,+X, j \ m-x' ) n-T ! T“V 1 V-v 1 v ! 

. (A. 2) 


Inte;;rAl8 in '5 2) and (5 3) can be evaluated with the help of (A.2), and the 
integrals lu (6 4) can be evaluated with the help of lA 1). In the former case, 
Yi and y» being equal (each=Y)< contribution to the senes 


(Yi + l-Y*V 
I m-V } 




comes fiom t'=»i and x'=m - 1 only, and for each of these values of x' the con- 
tribution IS 1 For ordinary calculations tn generally takes the values 0, 1, 2, 
So we lequire to evalute a simpler integral of the type given below : 


[C]*|*^e (2Xj*W* . 

0 

o exp (-2X| r(X+nl o» 

su,« — = Sir ^uT ® ' *> • 


. (See, I) 


tpnltiply both sides by «^exp( — KX^-t- Xf)x and integrate between 0 and eo. 

■ s; (a.4) 


where A= (Xj+X*) (l + W)/(l-/) aud #=(Xi-X|)/iXi + X,) 
Right-hand member^-^ . 




r{X + n) 


X {coefiT of r in the expansion of (A .5)1 


_ nir(x] ^ r(p+i) ft fp+ i-X\ r(p4T,-i- p . 

‘ T(K + n) Tai + X,)^‘ ' I r, i r(p+l)r,r * 

r,ri ' 
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If Fj +ri = n, then putting r,=T say, we derive : 


[C] = 


n\m) XV_sn-rf 

rmO 


p+i-i\r(p4-t+ivx, -Xj^T 

n-T / Tl [l, fxj 


(A 6) 


APPENDIX B 

Making yi =^+1> Y»=^< (5 2) becomes 
Z>'+*2*'+‘ 

PsJ n-l-\\n'-l\ 


' {n-l-D (n'-l) 
iV^(n + /+l)(n' + « 


{I'}+\/(n + n 1) {n'j- 




VnTm imi-'”- 


(B.l) 


In the above put i=l n''=landKet 


(rW+)=: Z*2*y(n M) n - („-2){ni'} {B2) 


,ir, -.(..4)^ s;->.(--rv= 

7,-*a 0 

(from A 5) (B 3) 


{iin 


y,^a 0 

Yi-*l 




(042) in')-(«-2) (m')= 


Hence from (B’2) : 



K. &ABU 


Take (6 3) ; 

I Z»'2*^- Vn+tlw ^i-l'l An-i)(n ^ -Hl) ^ 

n^+V m (21-2)1 V 

[{v}-{vii}+{vi}-{vm}] 

‘ 1 / n^-llrl+l-W . , 

~n'^^n'‘ (2l)m~2)\^ n-l-iW-l\ * ‘ 

In the above put / = l, n'*l 

..(R!J' )= -^y(n+l)n(n-l)[{v'l-{vn'} + {vr}-{vm'}, . (B7» 

Rl. JJ 

where 

IV'l =/rl'‘'-*''''+‘«-z(t+T)’-Si;?+,(?|^)ir, Iy.'-1.T.'-01 

0 

0 


0 ^ 
Now.elnce ®i„'+l(^)=l-f'' 


0 

{vn')- in -2z/rl’>’+«'+*.-* (i+t)' 
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. Hence the expression within the pareiithesee oi (B 7) 

=2z[/r-'‘ 

0 

IBS) 

0 

T / ^ ) hA8 two contributions for T— 71 *"2 and « —3 , 

r.O 

^ Was two contributions for T=n- 1 and n-~2. 
rxo\n-l-'t' 

4/ « V/w-M"'* -^-2- 

"'F'^TTi) i^T+l) (n-l)(n+l) Z'ln+ir’ 


(BIO) 


I 2*nKn- ir* 

’ Z 


i^rrrrj 

, / pto. 2Vj»^lV’ ‘ 

and ^ I “ 

From (6 4) we have, putting 1 J 

I »y+i- \ z*^+’2*'+’ /^;r+7ri?T7+Ti_ 

r Tnii'A' 

[(«-7-l){IK-XI}l-l»Ht-l'{X-XII} J . 

For « = J,;=0 (b )= 


(BID 


{B12) 

(BH) 
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where 

(x't ihCilfh 

v-*l 0 

{xn'} - 8^;“ 

y-*l 0 


Applying (A.6) as before we derive : 


m= 


tXII}. 


2n'*{n'-lY'* 
ZM«7+1>"+‘ * 


Hence 


and 


(®io+ )-■ 


r V'(n' + 1 W(n^l)' [X' - XII'] 




[ (0=-«V)] • • 
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